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ABSTRACT. Nous étudions les revétements et les extensions
normales relatives aux structures galoisiennes munies de ce
gue nous appelons foncteurs test. Ces foncteurs apparai ssent
naturellement dans les structures galoisiennes associées alix
théories de torsion dans les catégories homol ogiques. Sous des
hypothéses additionnelles appropriées, tout morphisme a
noyau sans torsion est un revétement, et tout revétement est
une extension normale, pourvu qu’il soit un morphisme de
descente effective. Nos contre-exemples, qui montrent
I"'importance de ces conditions supplémentaires, sont semi-
abéliens, et proviennent de la théorie des groupes, en faisant
intervenir des produits semi-directs de groupes cycliques.
Nous comparons nos nouveaux résultats avec ceux connus
pour les revétements localement semi-simples et pour les
extensions centrales généralisées.

ABSTRACT. We study covering morphisms and normal
extensions with respect to Galois structures equipped with
what we call test functors. These test functors naturally occur
in Gaois structures associated with torsion theories in
homological categories. Under suitable additional conditions,
every morphism with a torsion free kernel is a covering, and
every covering is a normal extension whenever it is an
effective descent morphism. Our counter-examples showing
the relevance of those additional conditions are semi-abelian,
and moreover, group-theoretic, involving semidirect products
of cyclic groups. We also briefly compare our new results with
what is known for the so-called locally semi-simple coverings
and for generalized central extensions.

I ntroduction

The purpose of categorical Galois theory is to study covering morphisms
in genera categories defined with respect to so-called Galois structures,
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which sometimes are merely abstract semi-left-exact reflections in the
sense of [CHK] (see eg. [J1], [BorJ], [J2]). Apart from classical cases,
where the covering morphisms become (quasi-) separable algebras over
commutative rings, ordinary covering maps of localy connected
topological spaces, étale coverings of schemes in algebraic geometry, €tc.,
there are non-trivial examples far away from commutative algebra and
algebraic topology and geometry, such as generalized central extensionsin
congruence modular varieties of universa algebras. Another “non-
classical” case is the Galois theory associated with atorsion theory; it was
briefly examined in [CIKP] in the abelian case, and then in [GR] for non-
abelian torsion theories in the sense of [BG]. While being Galois theory of
the torsion-free reflection, it also substantially uses the torsion coreflection,
and clearly suggests considering a more general situation of an abstract
Galois structure equipped with what we call a test functor because such a
functor T is required to “test” trivial covering morphisms via the
equivalence

(Af) isatrivia covering < T(f) is an isomorphism.

As explained in Section 2 below, in the case of a torsion theory this
condition essentially follows from Bourn protomodularity.

The purpose of the present paper is to continue the study of Galois theories
associated with torsion theories, and, specifically, to prove/explain/clarify
the following:

e Under suitable additional conditions, every morphism with a torsion free
kernel is a covering, and every covering is a normal extension whenever it
is amonadic extension (=an effective descent morphism).

e There are simple (counter-)examples showing the relevance of those
additional conditions. The ones we consider have varieties of groups as
their ground categories, and all groups used in the covering morphisms we
construct are nothing but semidirect products of cyclic groups.

e The ground structure needed to obtain our main results is far more
general than a torsion theory: it is a finitely complete admissible Galois
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structure equipped with the above-mentioned test functor: in fact it is a
new notion we introduce.

e Coverings defined via torsion theories are to be compared with central
extension defined via Birkhoff subcategories [JK] (see also [J2], [G2], and
references there), and with locally semisimple coverings in the sense of
[IMT1].

The paper isdivided into six sections as follows:

1. Coverings and normal extensions in general categories. It recalls basic
notions of categorical Galois theory; the next sections fregly use them and
their ssmple properties.

2. Covering morphisms under the presence of a test functor. Test functors
are introduced and our main results are presented as simple propositions on
a Galois structure equipped with atest functor.

3. Gdlois structures of torsion theories. The main results are translated into
the context of atorsion theory.

Sections 4 and 5 present our examples, and Section 6 makes brief
comparisons with central extensions and locally semisimple coverings.

1. Coverings and normal extensionsin general categories

A finitely complete admissible Galois structure I' = (C,X,I,Hn,¢,F,®) (as
defined in [J2], dightly differently from the original definition in [J1]) on a
category C consists of an adjunction

(ILHn,e) : C — X (1.1)

between categories with finite limits, and two classes F and @ of
morphisms in C and X respectively, whose elements are called fibrations;
the following conditions on fibrations are required:
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o the classes of fibrations are pullback stable;

e the classes of fibrations are closed under composition and contain all
isomorphisms,

e the functors | and H preserve fibrations,

o for every object C in C and every fibration ¢ : X — I(C) in X, the
composite

1(Cx@H()) - IHX) - X (12)

of canonical morphisms is an isomorphism. This last condition is called
admissibility.

We assume such a structure to be fixed, and, for an arbitrary object Cin C,
write

(I°H 1 £% : F(C) —» ®(1(C))
for the usual induced adjunction, in which:

e F(C) is the full subcategory in (C4C) with objects al (Af) in (CLC), in
whichf: A— Cisafibration;

e similarly ®(I(C)) is the full subcategory in (X41(C)) with objects all
(X,0) in (X<1(C)), inwhich ¢ : X — I(C) isafibration;

o ISAN = (IA)I(F), H°X,0) = (CxmH(X),pre), and n° and £ are
defined accordingly; in particular (ac)(x,q,) is determined by the composite
(1.2) and so the admissibility condition simply says that €© is an
isomorphism for each Cin C.

Let usrecal (e.g. again from [J2]):
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Definition 1.1. (a) For afibration p : E — B in C, the object (E,p) in F(B)
issaid to be amonadic extension of B if the pullback functor

p* : F(B) > F(E)

is monadic, or, equivaently, p is an effective descent morphism with
respect to the class F.

(b) An object (Af) in F(B) is said to be a trivial covering of B if the
diagram

na
A—> HI(A)

[

B—m HI(B)
nB

is a pullback, or, equivalently, the morphism (n®)ap : (Af) - HEIB(AS) is
an isomorphism.

(c) An object (Af) in F(B) is said to be split over a monadic extension
(E,p) of B, if p*(Af) isatrivia covering of E.

(d) An object (Af) in F(B) is said to be a covering of B if it is split over
some monadic extension; we then also say that f : A — B is a covering
morphism.

(e) A monadic extension (E,p) is said to be a normal extension if it is split
over itself.

Remark 1.2. There is a long list of known examples, which we do not
recall here. Let us, however, mention that the main ingredient of a Galois
structure is of course the adjunction (1.1) that is usually a reflection. In

-175-



GRAN & JANELIDZE - COVERING MORPHISMS AND NORMAL EXTENSIONS...

particular the following types of reflections seem to be especialy
important:

(@) Totally disconnected reflections, where 1(C) is the object of connected
components of C in a suitable sense. These types of reflections produce
classical examples mentioned at the beginning of Introduction.

(b) Reflections of varieties of universal algebras into their subvarieties, or,
more generaly, reflections of exact categories into their Birkhoff
subcategories [JK]. Their covering morphisms are generalized central
extensions in the sense of [JK], and in particular central extensions of Q-
groups in the sense of A. S.-T. Lue [L], who also refers to A. Frohlich’s
work. A further generalization is developed in [G2].

(c) Torsion-free reflections associated with torsion theories, whose
covering morphisms are studied in this paper, continuing [GR].

2. Covering mor phisms under presence of a test functor

Definition 2.1. Let I" = (C,X,I,Hn,¢,F,®) be as above. A test functor is a
finite limit preserving functor T : C — Y from C to any category Y with
finite limits, such that the following conditions on a fibrationf: A - Bin
C are equivaent:

(@ (Af) isatrivia covering of B;
(b) T(f) : T(A) > T(B) isanisomorphisminY.

We will fix such a test functor T; the reasons for introducing it are the
following obvious facts:

Proposition 2.2. The following conditions on a fibration f : A — B and a
monadic (E,p) of B are equivalent:
(@ (Af) issplit over (E,p);

(b) the pullback projection T(ExgA) = T(E)xtgT(A) — T(E) is an
isomorphism. [

-176 -



GRAN & JANELIDZE - COVERING MORPHISMS AND NORMAL EXTENSIONS...

Proposition 2.3. The following conditions on a monadic extension (E,p) of
B are equivalent:

(@ (E,p) isanormal extension;

(b) the pullback projections T(ExgE) =~ T(E)xtgT(E) — T(E) are
isomorphisms;

(©) T(p) : T(E) — T(B) isamonomorphism. [

From now on we will assume that the category C is pointed, write O for its
zero object and its zero morphisms, and write ker(f) : Ker(f) - A for a
(the) kernel of a morphism f: A — B in it. We will aso assume that al
morphisms into O are fibrations. Furthermore, since the functor | must

preserve zero, the admissibility condition implies that the functor H is fully
faithful, and we will identify the category X with its replete H-imagein C.

Proposition 2.4. The following conditions on an object C in C are
equivalent:

(@ Cisin X, i.e. the morphism nc : C — HI(C) is an isomorphism;

(b) the zero morphism C — Qisatrivia covering;

(b) T(C)=0.011

Proposition 2.5. For a fibration f : A — B in C the implications
(8=(b)=(c) hold for:

(@ (A,f) isanormal extension;

(b) (Af) isacovering;

(o) Ker(f) isin X.

Moreover:

(d) if (Af) is a monadic extension and every morphism in Y with zero
kernel is a monomorphism, then conditions (a), (b), and (c) are equivalent
to each other;
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(e) if there exists a monadic extension (E,p) of B with E in X, then
condition (c) implies condition (b).

Proof. The implication (a)=(b) istrivial.

(b)=(c): When (A/f) isacovering, p*(A,f) = (ExgA,pr1) isatrivia covering
for some monadic extension (E,p) of B. Since the class of trivial covering
morphisms is (obviously) pullback stable, this makes Ker(pry : ExgA — E)
~ Ker(f) — O atrivia covering, and we can apply Proposition 2.4.

(d) follows from Proposition 2.3.

(e): We have T(ExgA) = T(E)xtg) T(A) = Ox1@) T(A) = Ker(T(f)) = T(Ker(f)),
which tell usthat ExgAisin X if and only if so is Ker(f). But having E and
ExgAin X impliesthat (A,f) issplit over (E,p) and therefore is a covering.[

3. Galois structuresof torsion theories

In this section we construct a finitely complete admissible Galois structure
I' = (C,X,I,Hn,¢e,F,®) equipped with atest functor T as follows:

e C isahomological category in the sense of [BB];

e (I,Hn,e) : C —> X isthe torsion-free reflection of atorsion theory (Y,X)
on C in the sense of [BG] (which generalizes the classica, i.e. abelian,
case of S. E. Dickson [D]; we do not consider here the most generd
context of [JT]);

e F and @ arethe classes of al morphismsin C and X respectively;

e T: C — Y isthetorsion coreflection of the torsion theory (Y ,X) above.

We need conditions (a) and (b) of Definition 2.1 to be equivalent to each
other. For, given amorphismf: A— Bin C, consider the diagram
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1A nAa
0 —— T(A A 1(A) 0
T(f)l lf ll(f)
0 — T(B) B 1(B) 0,
;] ul:

where 1 is the counit of the torsion coreflection. We need to know that the
right-hand square is a pullback if and only if the first vertical arrow is an
isomorphism. However, since the rows of this diagram are short exact
sequences and the category C is homological, this follows from Bourn
protomodularity (see [BB]).

For this Galois structure I' associated with the torsion theory (Y,X), the
main result of Section 2 becomes:

Theorem 3.1. For a morphism f : A — B in C the implications
(8)<(b)=(c)=(d) hold for:

(& (A,f) isamonadic extension, and f induces a monomorphism T(f) : T(A)
— T(B) in Y from the torsion coreflection of A to the torsion coreflection
of B;

(b) (A,f) isanormal extension;
(©) (Af) isacovering;

(d) Ker(f) istorsion free.
Moreover:

(e) if (Af) is a monadic extension and every morphism in Y with zero
kernel is a monomorphism, then conditions (a), (b), (c) and (d) are
equivalent to each other;

(f) if there exists a monadic extension (E,p) of B with E in X, then
condition (d) implies condition (c). []
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Such atheorem obviously suggests to:

e Find non-trivial examples where 3.1(e) and 3.1(f) can be applied; here
“non-trivial” has a specific meaning: not every covering should be trivial
(in the sense of Definition 1.1(b)).

e Show that conditions 3.1(a), 3.1(b), and 3.1(c) in genera are not
equivalent to each other. More precisely, find an example where (A)f)
satisfies 3.1(d) but not 3.1(c), and another example where it is monadic and
satisfies 3.1(c) but not 3.1(b).

Thiswill be done in Sections 4 and 5 respectively.

Remark 3.2. Theorem 3.1 certainly applies to protolocalisations of
homological categories in the sense of [BCGS]. However, in that case the
functor | preserves all pullbacks along regular epimorphisms, which makes
every covering trivial.

4. Two “non-trivial” examples where conditions 3.1(e) and
3.1(f) do apply

Example 4.1. The additional assumption on Y made in 3.1(e) obviousdy
holds in the following two cases:

(@ When Y is hereditary in C with respect to norma monomorphisms, i.e.
when every norma monomorphismm: C — Yin C withYinY must have
CinY. It followsthat Theorem 3.1 includes the main result in [GR], which
was obtained in the more restrictive context of quasi-hereditary torsion
theories.

(b) When C is (regular and) additive — since thisforces Y to be additive. In
particular C could be abelian asin [CIKP].

For both of these cases “the simplest” example of a non-trivial covering
morphism (which is even anormal extension) f: A — B has
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¢ C = the category of abelian groups,
¢ X = the category of torsion free abelian groups (in the usual sense);

o f = any epimorphism from the additive group of integers to a non-zero
cyclic group.

For this ordinary torsion theory of abelian groups 3.1(f) also applies since
every abelian group is a quotient of a torsion-free abelian group. However,
it does not apply well to e.g. the dual torsion theory (since only torsion
abelian groups are subgroups of torsion abelian groups, see [CIKP] for
some related remarks).

Example 4.2. Let T be a semi-abelian algebraic theory, i.e. an agebraic
theory whose models form a semi-abelian category, or, equivaently, a
pointed BIT speciale variety in the sense of A. Ursini [U] (see dso [BouJ],
[IMT2], and [IMU] for the clarification of the relationship between the
categorical and universal-algebraic approaches). The models of T are
universal algebras of afixed type admitting, among others, a constant 0, n
binary terms s, ..., S, and an (n + 1)-ary term t, satisfying the identities

t(S1(%Y),-sS(XY).Y) =X, S1(XX) = ... =s(xX) =0, u=0

for al O-ary terms u. Note that these terms al so satisfy the implication

si(xy) = ... =s(xy) =0=x=y. (4.1)

Wetake

¢ C =the category of topological 7-agebras (=models of T in the category
of topologica spaces), which is known from F. Borceux and M. M.
Clementino [BC] to be ahomological category;

e X = the category of totally disconnected topological T-algebras, hence
obtaining the torsion theory (Y,X), whose torsion objects are connected
topological T-algebras.
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We claim that every morphism f : A — B in the category Y of connected
topological T-algebras that has the trivial kernel in Y is a monomorphism
inY. Indeed:

Letg, h: Y —> AbemorphismsinY with fg = fh, and ky, ..., kK, : Y > A be
maps (which are not necessarily 7-algebra homomorphisms) defined by

ki(y) =s(a(y).h(y) (=1, ...n).

Our next step requires to compare the kernel of f in'Y with the kernel of f
in C, and we will denote these kernels by Kery(f) and Kerc(f) respectively.
We observe:

o fg=fh easily impliesthat fk, =Ofor al i =1, ..., n.

e Since Kerc(f) ={a e A|f(a =0} and fky = O for all i =1, ..., n, the
images of Y under al ki’sarein Kerc(f).

e Since Kery(f) is nothing but the connected component of 0 in Kerc(f),
and since Y is connected, the previous observation implies that the images
of Y under al k’sarein Kery(f).

e Therefore Kery(f) = 0 implies ki = O for al i = 1, ..., n, which itself
implies g = h by the implication (4.1).

That isKery(f) = 0 implies that f is a monomorphism.

There are many non-trivial coverings, e.g. the canonical map R — R/Z in
the case when T is the theory of groups, where R is the topologica
(additive) group of real numbers and Z is the group of integers. This is,
again, a normal extension, and, topologicaly it is nothing but the classica
universal covering of the 1-dimensional sphere S' = R/Z of course.

Remark 4.3. Concerning 3.1(f): We do not know if, in the situation 4.2,
for every object B in C, there exists a monadic extension (E,p) of B with E
in X. However, as mentioned in [GR] with a reference to A.
Arkhangel’ skii [A], thisis the case when T'is the theory of groups.
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5. Counter-examplesfor (d)=(c)=(b) in Theorem 3.1

Example 5.1. Let B, be the Burnside variety (of groups) of exponent n, i.e.
the variety of all groups G with x" =1 for all x in G, and C, the cyclic group
of order n. We construct the data described in Section 3 by taking C = Bg
and X = B3, and take f to be the unique epimorphism from the symmetric
group S to C,. Then Ker(f) = Cs istorsion free, but (S3,f) is not a covering.
Indeed:

Consider the pullback diagram

pr2
P—— S

ST

Ce—> &
Y

in which p is the unique epimorphism Cs — C,. An easy calculation shows
that the projection P — Cg induces an isomorphism [(P) ~ 1(Cg) of the
torsion-free reflections; since that projection itself is not an isomorphism, it
follows that (P,pr1) is not a trivial covering. On the other hand, since the
category C = Bg is exact, and since Cg is a projective object in it with
respect to regular epimorphisms, if (Ss,f) were a covering then it would be
split over (Ce,p), i.e. (P,pr1) would be atrivial covering.

Example 5.2. Now we construct the data described in Section 3 by taking:
¢ C =the category of groups,

e X = the category of torsion-free groups in the usua sense, which will
make Y to be the category of all groups generated by their elements of
finite order.

Let us aso take B = C, (=the cyclic group of order 2), A = BxZ = the
infinite dihedral group, and f : A — B to be the semidirect product
projection. In particular f is a split epimorphism and (A,f) is a monadic
extension. Consider the pullback diagram
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in which p is the unique epimorphism from the additive group of integers
to B. Since Z and P are (obvioudly) torsion free, and (Z,p) is a monadic
extension (since p is a regular epimorphism in an exact category), we
conclude that (A,f) is a covering of B. On the other hand, since f is a split
epimorphism, if (Af) were a norma extension it would be a trivid
covering. And (A,f) isnot atrivial covering since Aand B areinY, while f
is not an isomorphism.

That is, (Af) is a covering that is a monadic extension but not a normal
extension.

6. Remarks on central extensions and locally semisimple
coverings

In this section we compare three contexts, which we will call TT, CE, and
LSC for short. They are:

e TT: The context of atorsion theory described in Section 3.

e CE stands for “central extension”; it is the context used in [JK], where
the ground Galois structure I = (C,X,l,H,n,&,F,®) has C an exact category,
X a Birkhoff subcategory in C, and F and ®@ are the classes of regular
epimorphismsin C and X respectively. When C is pointed, we could try to
define atest functor T: C —» Y, where Y is a suitable subcategory in C, by
T(C) = Ker(nc). Moreover, such afunctor was actually used in [JK] (called
R there) in results similar to ours. However, in genera this functor will not
preserve finite limits.

-184-



GRAN & JANELIDZE - COVERING MORPHISMS AND NORMAL EXTENSIONS...

e LSC stands for “localy semisimple covering”; it is a context used in
[IMT1], where still having (exact) C and a full subcategory X in it, we do
not require the existence of the reflection 1 : C — X. One then replaces
trivial coverings with morphisms in X and modifies definitions of Section
1 accordingly. So, alocally semisimple covering isamorphismin C that is
“in X up to effective descent” rather than a“trivial covering up to effective
descent”.

Let us begin our comparisons with the property

((Af) is a monadic extension and a covering) = ((A(f) is a normal
extension), (6.2)

which we obtained in TT under any of the following conditions:
Every morphism in Y with zero kernel isamonomorphism,  (6.2)
There exists amonadic extension (E,p) of Bwith Ein X. (6.3

The implication (6.1) does not make much sensein LSC (unless Aisin X),
but it holds in CE under additional conditions that are (when C is exact)
much weaker (see [JK]) than what we requirein TT. And (6.2) holdsin CE
as soon as the category C has the similar property. Still, in order to prove it
in CE, neither the arguments we used for 3.1(e) nor the arguments we used
for 3.1(f) can be applied. The reason is that neither 3.1(a)=(b) nor (6.3)
can be used.

Now let us consider the property

(Ker(f) isin X) = ((A,f) isacovering). (6.9
It “amost never” holdsin CE: for instance it does not hold for the ordinary
central extensions of groups, which is avery basic fact in group theory (not

every group extension with an abelian kernel is central!); an example
where it does hold is given by the Birkhoff subcategory Dis(C) of discrete
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equivalence relations in the category Grpd(C) of internal groupoids in a
semi-abelian category C studied in [G1] and [EG].

But it holds in many special cases of LSC for essentially the same reasons
as for 3.1(f). Moreover, 3.1(f) is a consequence of Proposition 2.3 in
[IMT1] (in the case of exact C, dthough as mentioned in [IMT1],
exactness is not essential there). Indeed, it iseasy to seethat X in TT isa
semismple class in C (when C is exact) in the sense of [JMT1] satisfying
Condition 2.2 of [IMT1], asrequired in Proposition 2.3 there.

Finally, note that our examples, especially 5.1 and 5.2, are, in a sense,
suggested by these comparisons; in fact Example 5.1 can be used aso in
the context CE and Example 5.2 can be used aso in the context LSC (since
(6.3) holds there).
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