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Résumé. Il s’agit du deuxième volet d’une série d’articles en deux par-
ties portant sur les catégories doubles librement globulairement engendrées.
Nous introduisons la construction canonique de la double projection. Celle-ci
transporte l’information des catégories doubles librement globulairement en-
gendrées aux catégories doubles définies par le même ensemble de données
globulaires et verticales. Nous utilisons cette double projection pour définir
des extensions fonctorielles linéaires formelles compatibles de la forme stan-
dard de Haagerup et de l’opération de fusion de Connes aux morphismes
entre facteurs d’index éventuellement infini. Nous l’utilisons encore pour
montrer que la construction de la double catégorie librement globulairement
engendrée est adjointe à gauche à l’ ”horizontalisation décorée”. Nous in-
terprétons ainsi les catégories doubles librement globulairement engendrées
comme des analogues formellement décorés des catégories doubles de quin-
tettes et comme des générateurs pour l’internalisation.

Abstract. This is the second installment of a two part series of pa-
pers studying free globularly generated double categories. We introduce the
canonical double projection construction. The canonical double projection
translates information from free globularly generated double categories to
double categories defined through the same set of globular and vertical data.
We use the canonical double projection to define compatible formal linear
functorial extensions of the Haagerup standard form and the Connes fusion
operation to possibly-infinite index morphisms between factors. We use the
canonical double projection to prove that the free globularly generated dou-
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ble category construction is left adjoint to decorated horizontalization. We
thus interpret free globularly generated double categories as formal decorated
analogs of double categories of quintets and as generators for internalizations.
Keywords. Bicategory, double category, 2-group, double groupoid, von Neu-
mann algebra
Mathematics Subject Classification (2010). 18D35, 46M05, 46M20, 46L10

1. Introduction

Globularly generated double categories were introduced by the author in
[15] in order to study ways of minimally lifting bicategories into double
categories along possible categories of vertical arrows. Free globularly gen-
erated double categories were later introduced in [16]. The free globularly
generated double category construction minimally associates to every bicat-
egory together with a possible category of vertical arrows, a double category
fixing this set of initial data. Free globularly generated double categories are
related to free products of groups and monoids, free double categories in the
sense of [9] and to the Ehresmann double category of quintets construction
[10], they define numerical invariants for both bicategories and double cat-
egories, and provide formal linear functorial extensions of operations in the
representation theory of von Neumann algebras.

In this paper we study the canonical projection double functor. The
canonical double projection transfers information from free globularly gen-
erated double categories to other double categories defined through the same
set of initial data. In the language of [15, 16] given a decorated bicategory
(B,B∗), i.e. given a bicategory B together with a category B∗ having the
same set of objects as B, and a globularly generated double category C in-
ternalizing (B,B∗), i.e. having B∗ as category of objects and B as horizontal
bicategory, the canonical double projection associated to C is a strict double
functor

πC : Q(B,B∗) → C

from the free globularly generated double category Q(B,B∗) associated to
(B,B∗), to C, such that πC is surjective on squares and acts as the iden-
tity on objects, vertical morphisms, horizontal morphisms and 2-cells of B.
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We summarize this by saying that the restriction of the decorated horizontal-
ization pseudofunctor H∗πC of πC , see [15, Section 2.6], to (B,B∗), is the
identity on (B,B∗), or equivalently by the equation:

H∗πC �B= idB

In Theorem 2.1 we prove canonical double projections always exist and that
are uniquely determined by the above properties. We interpret the properties
defining canonical double projections by considering free globularly gener-
ated double categories and canonical double projections as generators and
relations presentations of general globularly generated double categories. In
Section 3 we exploit this to provide bounds for numerical invariants of dou-
ble categories, to prove that every lift of a decorated 2-groupoid canonically
contains a double groupoid, and to provide compatible formal linear functo-
rial extensions of the Haagerup standard form and the Connes fusion opera-
tion extending the corresponding functors provided in [1]. In Section 4 we
extend the free globularly generated double category construction to a func-
tor Q : bCat∗ → dCat and in Theorem 5.2 we prove that Q fits into a left
adjoint pair (Q,H∗) with the collection of canonical double projections as
counit thus making free globularly generated double categories free objects
with respect to H∗, see Corollary 5.6. We regard this result as a fibered ver-
sion of the classic result of [18] and [4] exchanging horizontalizationH with
decorated horizontalization H∗ and the Ehresmann double category of quin-
tets functor Q with Q. We provide a more detailed account of the contents
and motivation for the main results of the paper.

Internalization

Given a bicategory B we will say that a category B∗ is a decoration for
B if the collection of 0-cells of B and the collection of objects of B∗ are
equal. In that case we say that the pair (B∗,B) is a decorated bicategory.
Given a double category C the pair (C0, HC) formed by the category of
objects and the horizontal bicategory of C is a decorated bicategory. We will
write H∗C for this decorated bicategory. We will call H∗C the decorated
horizontalization of C. We are interested in the question of how generic
the decorated horizontalization construction is, i.e. we are interested in how
and when a given decorated bicategory con be presented as the decorated
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horizontalization of a double category. We study solutions to the following
problem:

Problem 1.1. Let (B∗,B) be a decorated bicategory. Find double categories
C satisfying the equation H∗C = (B∗,B).

We call any solution C to the equation H∗C = (B∗,B) an internalization of
(B∗,B). Problem 1.1 admits the following pictorial interpretation: Suppose
we are given a collection of globular diagrams of the form:

• •

β

α

ϕ

forming a bicategory, together with a collection of vertical arrows of the
form:

•

•

f, g, etc.

forming a category, satisfying the condition that the collection of vertices of
both sets of diagrams coincide. With this data we can form hollow squares
of the form:

• •

• •

α

f g

β
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formed by the edges of the diagrams we are provided with. Problem 1.1
asks about ways to fill these hollow squares equivariantly with respect to the
globular diagrams in our set of initial conditions. That is, Problem 1.1 asks
for the existence of systems of solid squares of the form:

• •

• •

α

f g

β

ψ

forming a double category such that every square as above admits an inter-
pretation as a globular diagram together with extra structure provided only
by our category of vertical arrows, that is such that the only solid squares of
the form:

• •

• •

α

id id

β

ϕ

are the globular diagrams provided as set of initial conditions. We regard the
decorated horizontalization condition of Problem 1.1 a formalization of the
equivariance condition on the above squares.

Constructions of this sort appear in different parts of the theory of dou-
ble categories. Notably the double category of squares and the double cat-
egory of commuting squares construction, the Ehresmann double category
of quintets construction [10], the double category of adjoint pairs construc-
tion [17], and the double categories of spans and cospans constructions all
follow the pattern described above. Double categories of squares have cat-
egories as globular and vertical sets of initial data, the double category of
quintets has a given 2-category and the corresponding category of 1-cells
as set of initial data, the double category of adjoints has a given 2-category
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together with adjoint pairs of 1-cells as set of initial data, and the double
category of spans/cospans has the bicategory of spans/cospans of a category
with pushouts/pullbacks and the arrows of this category as globular and ver-
tical sets of initial data. In all cases solid squares are carefully chosen so as
to encode different aspects of the globular theory.

Our main interest in Problem 1.1 comes from the theory of representa-
tions of von Neumann algebras. In [1, 2] a double category of semisimple
von Neumann algebras, Hilbert bimodules and finite index bounded equiv-
ariant intertwiners was defined. See [3] for applications to conformal field
theory and the Stolz-Teichner program. The main goal of this construction is
to serve as an intermediate step in the construction of an internal bicategory
of coordinate free conformal nets. The main obstruction for the existence of
an internal bicategory of general, i.e. not-necessarily-semisimple coordinate
free conformal nets, is the existence of a compatible pair of tensor functors
extending the Haagerup standard form construction [11] and the Connes fu-
sion operation to not-necessarily-finite index morphisms of semisimple von
Neumann algebras. The existence of such tensor functors is equivalent to
the existence of a tensor double category of (not-necessarily-semisimple)
von Neumann algebras, Hilbert bimodules, and (not-necessarily-finite in-
dex) equivariant intertwiners extending the double category defined in [1].
We achieve this in this paper in the case of linear double categories of factors.

Globularly generated double categories

Globularly generated double categories were introduced in [15] as minimal
solutions to Problem 1.1. A double categoryC is globularly generated ifC is
generated by its collection of globular squares. Pictorially a double category
C is globularly generated if every square of C can be written as vertical and
horizontal compositions of squares of the form:

• • • •

• • • •

α

id id

β

ϕ

id

f f

id

if
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Given a double category C we write γC for the sub-double category of C
generated by squares of the above form. We call γ the globularly generated
piece of C. γC is globularly generated, satisfies the equation

H∗C = H∗γC

and is contained in every sub-double categoryD ofC satisfying the equation
H∗C = H∗D. Moreover, a double category C is globularly generated if
and only if C does not contain proper sub-double categories satisfying the
above equation. Globularly generated double categories are thus minimal
with respect to H∗.

The comments in the previous paragraph admit the following categori-
cal interpretation: Let dCat, gCat and bCat∗ denote the category of double
categories and double functors, the full sub-category of dCat generated by
globularly generated double categories and the category of decorated bicate-
gories and decorated pseudofunctors respectively. Decorated horizontaliza-
tion extends to a functor H∗ : dCat → bCat∗ and the globularly generated
piece construction extends to a functor γ : dCat → gCat. In [15, Proposi-
tion 3.6] it is proven that γ is a coreflector of gCat in dCat. It is easily seen
that this implies that γ is a Grothendieck fibration. Moreover, H∗ is constant
on γ-fibers. We present this through the following diagram:

dCat bCat∗

gCat

H∗

γ H∗ �gCat

i

`

where i denotes the inclusion of gCat in dCat. The above diagram breaks
Problem 1.1 into the problem of studying bases of γ and then understanding
the double categories in each fiber. We follow this strategy and thus study
globularly generated double categories, i.e. bases with respect to γ.

The vertical filtration
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Globularly generated double categories admit a helpful combinatorial de-
scription provided in the form of a filtration of their categories of squares.
Given a globularly generated double categoryC we write V 1

C for the category
formed by vertical compositions of squares of the form:

• • • •

• • • •

α

id id

β

ϕ

id

f f

id

if

and we denote by H1
C the (possibly weak) category formed by horizontal

compositions of squares of this form. Assuming we have defined V k
C andHk

C

through vertical and horizontal compositions respectively, we make V k+1
C to

be the category generated by squares in Hk
C and Hk+1

C the (possibly weak)
category generated by squares in V k+1

C . The category of squares C1 of C
satisfies the equation C1 = lim−→V k

C . We define the length `C ∈ N ∪ {∞}
of a double category C as the minimal k such that the equation γC1 = V k

γC

holds. Intuitively the vertical length of a double category C measures the
complexity of expressions of squares inC by globular and horizontal identity
squares.

We further explain the vertical filtration construction through the follow-
ing pictorial representation: We regard the globular and horizontal identity
squares of a double category C as the simplest possible squares of C, i.e. we
regard these squares as having ’complexity’ 0. We thus represent globular
and horizontal identity squares diagramatically as squares marked by 0, i.e.
as:

0

The collection of such squares is what in Section 2 we denote by G. Observe
that the collection of 0-marked squares is closed under horizontal composi-
tion. Squares in V 1

C are those squares in C admitting a subdivision as vertical
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composition of 0-marked squares. Diagrammatically every square in V 1
C ad-

mits a decomposition as:

0

0

0

···
where we draw internal 0-marked squares as rectangles for convenience. If a
square as above is not globular or a horizontal identity, i.e. is not 0-marked,
we mark it with 1. We represent 1-marked squares pictorially as:

1

Squares in H1
C are thus those squares in C that admit a subdivision as hor-

izontal composition of squares marked with i ≤ 1. Given two horizontally
composable squares ϕ, ψ in V 1

C we might be able to find compatible verti-
cal subdivisions of ϕ and ψ in 0-marked squares, i.e. we might be able to
represent the horizontal composition of ϕ and ψ as:

0

0

0

···

0

0

0

···

where the internal 0-marked squares of the left and right outer squares match
and can be composed horizontally. In that case we can use the exchange
identity to re-arrange the above horizontal composition into a vertical sub-
division of 0-marked squares. Example [16, Example 4.1] shows that this
is not always the case and that there might exist horizontally composable
squares ϕ, ψ such that any two vertical subdivisions into 0-squares look like:

- 251 -



J. ORENDAIN THE CANONICAL DOUBLE PROJECTION

0

0

0

···

0

0

···

i.e. the internal 0-squares cannot be arranged to match horizontally. Such
horizontal compositions are not 1-marked. We represent squares in H1

C as
above, i.e. squares in H1

C \ V 1
C as squares marked with 1+1/2, i.e. as:

1 + 1/2

V 2
C is thus the category of squares admitting a vertical subdivision into squares

marked with ≤ 1 + 1/2. Inductively, given k ≥ 1, V k
C is the category of

squares admitting vertical subdivisions as:

i1

i2

is

···

where the ij’s are all ≤ k − 1/2. Squares marked with k are squares in V k
C

not marked with i < k. Hk+1
C is the (possibly weak) category of squares

admitting a horizontal subdivision as:

i1 i2 is

···

where the ij’s are all ≤ k. Squares marked with k+ 1/2 are those squares in
Hk
C such that no subdivision as above can be reduced as a vertical subdivision

as i-squares with i ≤ k − 1/2. In [16] it shown that there exist globularly
generated double categories such that squares marked with k+ 1/2 exist for
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every k ≥ 0. The formula C1 = lim−→V k
C thus means that in a globularly

generated double category C every square admits a N + 1/2N-marking as
above. The length of a square ϕ marked by x ∈ N + 1/2N is dxe and the
length `C is the maximum of legths of squares in C. The above pictorial
representation is only meant to serve as intuition for the vertical filtration
construction and we will not use it for the remainder of the paper.

Free globularly generated double categories

The free globularly generated double category construction associates to
every decorated bicategory (B∗,B) a globularly generated double category
Q(B∗,B). The double categoryQ(B∗,B) lifts the bicategory structure of B in the
sense that the category of objects Q(B∗,B)0 of Q(B∗,B) is equal to B∗, the hor-
izontal morphisms of Q(B∗,B) are the 1-cells of B and B is a sub-bicategory
of HQ(B∗,B)0 . The equation

H∗Q(B∗,B) = (B∗,B)

holds only in special cases, e.g. B∗ is reduced or B∗ is the category of factors
and unital ∗-morphisms, but the inclusion

(B∗,B) ⊆ H∗Q(B∗,B)

always holds. Free globularly generated double categories thus not always
provide solutions to Problem 1.1. An example where the above inclusion is
proper is provided in [16, Example 3.1], where it is proven that in the case
in which B∗ is the delooping groupoid ΩZ2 of Z2 and B is the double de-
looping 2-group 2ΩZ2 of Z2, i.e. when ΩZ2 is the groupoid with a single
object having Z2 as group of automorphisms and 2ΩZ2 is the 2-group having
a single object with endomorphism category ΩZ2, the horizontal bicategory
HQ(2ΩZ2,ΩZ2) associated to the decorated bicategory (2ΩZ2,ΩZ2) is equal
to Ω(Z2 ∗ Z2). The inclusion (B,B∗) ⊆ H∗Q(B,B∗) is in this case obviously
proper. We call decorated bicategories for which their free globularly gen-
erated double category provides solutions to Problem 1.1 saturated. Every
decorated bicategory (B∗,B) has a saturated decorated bicategory associated
to it with the same free globularly generated double category as (B∗,B). Free
globularly generated double categories are related to free products and free
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double categories in the sense of [9]. Moreover, free globularly generated
double categories provide examples of double categories of arbitrarily large
and infinite length and provide formal equivariant functorial extensions of
the Haagerup standard form and the Connes fusion operation in the theory
of representation of von Neumann algebras.

The canonical double projection

The canonical double projection construction relates free globularly gener-
ated double categories to general solutions to Problem 1.1. Precisely, given
a decorated bicategory (B∗,B) and a double category C satisfying the equa-
tion H∗C = (B∗,B) the double canonical projection associated to C is a
strict double functor πC : Q(B∗,B) → γC satisfying the equation:

πC �(B∗,B)= id(B∗,B)

and such that πC is surjective on squares. Moreover, πC is unique with
respect to this property. We interpret the existence of such double func-
tors as the fact that every globularly generated solution to Problem 1.1 for a
decorated bicategory (B∗,B) can be canonically expressed as a double quo-
tient of Q(B∗,B). We apply the canonical double projection to length, double
groupoids, double deloopings of groups decorated by groups, and to double
categories of von Neumann algebras. All applications of the canonical dou-
ble projections follow the slogan: Saying something about the free globularly
generated double category associated to a decorated bicategory translates
to saying something about all its globularly generated internalizations, the
intuition of which clearly follows from the properties defining the canonical
double projection.

The canonical double projection construction provides free globularly
generated double categories with the structure of universal bases with respect
to the fibration γ as follows: We extend the free globularly generated double
category construction to a functor Q : bCat∗ → gCat using methods analo-
gous to those used in the construction of the canonical double projection. We
prove that the set of canonical double projections π• =

{
πC : C ∈ gCat

}
provides a counit to a left adjunction pair (Q,H∗). We thus obtain a diagram
as:
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dCat bCat∗

gCat

H∗

γ H∗

i

a

Q

`

completing the similar diagram above. Further, we prove that the restriction
H∗ �gCat is faithful. This provides gCat with the structure of a concrete
category over bCat∗ and provides Q with the structure of a free contruction
with respect to H∗.

We consider the above statement as a generalization of a classic result in
nonabelian algebraic topology. In [5] the concept of edge symmetric double
category with connection is introduced. In [18] and later in [4] it is proven
that the category dCat! of edge symmetric double categories with connec-
tion is equivalent to the category 2Cat of 2-categories, with equivalences
provided by the horizontalization functor H and the functor associating to
every 2-category B its Ehresmann category of quintets QB. Pictorially H
and Q fit into a diagram of the form:

dCat! 2Cat

H

Q

∼=

The above diagram can be considered as a statement on fillings of hollow
squares. When considering problems of filling squares through data pro-
vided by general decorated bicategories and not just by data provided by
2-categories decorated by 1-cells, one wishes to obtain a similar statement.
We regard the diagram involving H∗ and Q above as a decorated bicategory
version of the diagram involving Q and H above, fibered by γ.

Notational conventions
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We will follow the notational conventions appearing in [15, 16]. We refer the
reader to Section 3 of [16] for the details of the notational conventions used
in the construction of the free globularly generated double category. We will
heavily use the notation and results presented there. In the introduction we
have written decorated bicategories in the form (B∗,B) with B∗ denoting the
decoration and B denoting the underlying bicategory of (B∗,B) respectively.
In what follows we will suppress B∗ from this notation and we will denote
B for a decorated bicategory (B∗,B).

Contents

In Section 2 we introduce the canonical double projection construction. We
prove that the canonical double projection always exists and that it is uniquely
determined by the conditions mentioned in the introduction. The construc-
tion of the canonical double projection follows a strategy similar to that
of the free globularly generated double category construction. In Section
3 we study applications of canonical double projections. We provide up-
per bounds for lengths of internalizations, we prove that every globularly
generated internalization of a decorated 2-groupoid is a double groupoid
and we provide compatible formal linear extensions of the Bartels-Douglas-
Hénriques Haagerup standard form and Connes fusion functors to the cate-
gory of factors and possibly-infinite index morphisms. In Section 4 we ex-
tend the free globularly generated double category construction to decorated
pseudofunctors thus extending the free globularly generated double category
construction to a functor. In Section 5 we prove that the pair formed by the
free globularly generated double category functor and the decorated hori-
zontalization functor forms a left adjoint pair. Moreover, we prove that the
restriction of the decorated horizontalization functor to globularly generated
double categories is faithful. We use this to interpret globularly generated
double categories as a concrete category over decorated bicategories and the
free globularly generated double category construction as a free object.
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2. The canonical double projection

In this section we present the canonical double projection construction. Given
a decorated bicategory B the canonical double projection construction asso-
ciates to every double category C satisfying the equationH∗C = B a unique
strict double functor πC : QB → γC such that πC acts as the identity on B
and such that πC is surjective on squares. The following is the main theorem
of this section.

Theorem 2.1. Let B be a decorated bicategory. LetC be a globularly gener-
ated double category such that H∗C = B. In that case there exists a unique
strict double functor πC : QB → C such that the equation

H∗πC �B= idB

holds, and such that πC is surjective on squares.

Given a double category C satisfying the conditions above for a decorated
bicategory B we will call the double functor πC provided in Theorem 2.1
the canonical double projection associated to C. We divide the construction
of πC in several steps. We begin by summarizing the free globularly gen-
erated double category construction. We do this in order to set notational
conventions used throughout the section and the rest of the paper. The exact
details of this construction and the corresponding notational conventions can
be found in [16, Section 2].

The free globularly generated double category: Quick summary

Given functions s, t : X → Y between sets X and Y , which we interpret
as source and target functions for elements of X , we write Xs,t for the set
of evaluations of finite compatible words of elements of X with respect to
different parentheses patterns. Geometrically Xs,t is the set of compatible
evaluations, with elements of X , of the vertices of all Stasheff associahe-
dra [19, 20]. The functions s, t extend to functions s̃, t̃ : Xs,t → Y and
concatenation provides a composition ∗s,t : Xs,t ×Y Xs,t → Xs,t. Given
another pair of functions s′, t′ : X ′ → Y ′ as above and a pair of functions
ψ : X → X ′, ϕ : Y → Y ′ intertwining s, s′ and t, t′, evaluation on ψ pro-
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vides a function µψ,ϕ : Xs,t → X ′s′.t′ intertwining s̃, s̃′, t̃, t̃′ and ∗s,t, ∗s′,t′ .
We apply these conventions to the situation we are interested in as follows.

Let B be a decorated bicategory. We formally associate to every 2-cell ϕ
in B a diagram of the form:

• •

• •

ϕ

and we associate to every morphism f in B∗ a square of the form:

• •

• •

f fif

where the blue and red arrows above always denote identity arrows in B∗
and B respectively. We write G for the collection of the above diagrams.
The free globularly generated double category QB is the double category
freely generated by G. We explain this in more detail. Going around the
edges of the above squares there are obvious vertical domain and codomain
functions d0, c0 : G→ HomB1 and obvious horizontal domain and codomain
functions s0, t0 : G→ HomB∗ . We write E1 for B1s0,t0

. The functions d0, c0

extend to functions on E1. We write F1 for the free category generated by
E1 with respect to these extensions. The functions s0, t0 extend to functors
on F1. We extend this construction inductively and obtain increasing se-
quences Ek and Fk equipped with corresponding functions dk, ck and func-
tors sk+1, tk+1 satisfying certain compatibility conditions, see [16, Lemma
2.5]. We consider limits in Set and Cat and obtain a category F∞ together
with functions d∞, c∞ and functors s∞, t∞ extending d0, c0 and s0, t0 respec-
tively. The category F∞ does not capture the information contained in B∗.
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We thus consider an equivalence relationR∞ on the set of morphisms E∞ of
F∞ implementing this information, see [16, Definition 2.10]. We write V∞
for the quotient F∞/R∞. The structure used to define F∞ descends to V∞
and provides the pair (B∗, V∞) with the structure of a double category. This
is the free globularly generated double category QB associated to B.

The category V∞ described above comes equipped with a filtration Vk,
which we call the free vertical filtration of QB and the set of squares H∞
of QB comes equipped with a horizontal filtration Hk. We call Hk the free
horizontal filtration of QB, see [16, Lemma 2.20]. In Section 4 we deal with
the free globularly generated double category associated to more than one
decorated bicategory. In that case we will write the corresponding decorated
bicategory as superscript in the pieces of structure described above. We now
proceed to the proof of Theorem 2.1. We first briefly explain our strategy for
the proof.

Strategy

The construction in Theorem 2.1 will follow a strategy similar to that em-
ployed in the free globularly generated double category construction ex-
plained above. Let B be a decorated bicategory. Let C be a globularly
generated double category satisfying the equation H∗C = B. We will begin
the construction of πC by first defining πC on squares of the form

• • • •

• • • •

ϕ f fif

Recall that we denote the set of the above squares by G. We thus first define
πC on G. The equation

H∗πC �B= idB

together with the requirement that πC is a strict double functor, forces πC

to act as the identity in such squares. We extend πC formally to E1 and
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we extend this freely to F1. We proceed through an induction argument, to
extend πC to Ek, Fk for every positive integer k. We do this carefully so
as to make these extensions compatible with the finite terms of the structure
data dk, ck, sk, tk, ∗k defined on categories Fk. This is the content of Lemma
2.3. We take limits and define a functor on F∞. We prove that this functor is
well defined with respect to the equivalence relation R∞ defining QB. This
is the content of Lemma 2.6 and Lemma 2.7. This will prove that our limit
functor descends to a functor from V∞ to C1. This will be the morphism
functor of the canonical double projection πC . Finally we take advantage of
the vertical filtration on C to prove uniqueness and square surjectivity of πC .

We show how the construction of πC works in a specific example. Let
B be the decorated 2-group (2ΩZ2,ΩZ2) as in [16, Example 3.1]. Consider
squares of the form

∗ ∗

∗ ∗

a a(a, b)

where a, b ∈ Z2. The collection of squares as above forms a double groupoid,
which we denote by C. The vertical composition of two squares (a, b) and
(a′, b′) in C is the square (aa′, bb′) and the horizontal composition of two
horizontally composable squares (a, b) and (a, b′) is (a, bb′). It is easily seen
that C is globularly generated, has vertical length 1, and that the groupoid of
squares of C is the delooping groupoid ΩV of the Klein 4-group V . More-
over, if we identify the 2-cells in B with the squares (1, b) with b ∈ Z2, then
the equationH∗C = B holds. We briefly describe the procedure to construct
πC in this case.

The generating set G for the free globularly generated double category
QB is formed by the formal squares
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∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

−1 −1i−1 1 1i1 1 1−1

The first step in the construction of πC associates to the above squares, from
left to right, the following squares in C:

∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗

−1 −1(−1, 1) 1 1(1, 1) 1 1(1,−1)

The second step of the free globularly generated double category construc-
tion for B considers the free category F1 on G. In this case F1 is the deloop-
ing category on the free monoid generated by the three squares forming G
above. The second step of the construction of πC is thus the unique functor
from F1 to C1 extending the value of πC on G described above. We can
recover the square

∗ ∗

∗ ∗

−1 −1(−1,−1)

in C as the image, under πC , of the formal composition
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∗ ∗

∗ ∗

∗ ∗

−1 −1i−1

1 1−1

in F1. By [16, Proposition 5.1] the decorated 2-group B has free length 1 and
thus every square inQB can be written as a vertical composition of squares in
F1. It is not difficult to see that, V∞ which in this case is F 1/R∞, is equal to
the delooping groupoid Ω(Z2∗Z2) on the free product Z2∗Z2 that the canon-
ical double projection πC is the double functor from QB to C induced by the
projection from Z1 ∗ Z2 to V induced by the square-assignments described
above. In the case where a decorated bicategory B has free length > 1, e.g.
[16, Example 4.1] the construction of the canonical double projection πC

follows the above pattern inductively.

Construction

Notation 2.2. Let C be a double category. We denote by qC the function
from HomC1s,t

to HomC1 associating to every evaluation Φ of a compatible
sequence of squares Ψ1, ...,Ψk in C, the horizontal composition Ψk∗· · ·∗Ψ1

following the parenthesis pattern defining Φ.

Lemma 2.3. Let B be a decorated bicategory. Let C be a globularly gener-
ated double category satisfying the equation H∗C = B. There exists a pair,
formed by a sequence of functions Eπ

k : Ek → HomC1 and a sequence of
functors F π

k : Fk → C1, with k ≥ 1, such that the following conditions are
satisfied:

1. The restriction Eπ
1 �G is equal to idG.
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2. For every m, k ≥ 1 such that m ≤ k, the restriction of Eπ
k to the set

of morphisms of Fm is equal to the morphism function of F π
m, and the

restriction to Em of the morphism function of F π
k is equal to Eπ

m.

3. The following two triangles commute for every positive integer k:

Ek HomC1

B1

Eπk

dk, ck dom, codom

4. The following two triangles commute for every k ≥ 1:

Ek HomC1

HomB∗

Eπk

sk+1, tk+1 s, t

5. The following two triangles commute for every k ≥ 1:

Fk C1

B∗

Fπk

sk+1, tk+1
s, t

6. The following square commutes for every k ≥ 1:
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Ek ×HomB∗ Ek HomC1 ×HomB∗ HomC1

Ek HomC1

Eπk × E
π
k

∗k

Eπk

∗

Moreover, conditions 1-5 above determine the pair of sequences Eπ
k and F π

k .

Proof. Let B be a decorated bicategory. Let C be a globularly generated
double category such that H∗C = B. We wish to construct a sequence of
functions Eπ

k from EBk to HomC1 and a sequence of functors F π
k from FBk to

C1 with k running through the collection of positive integers, in such a way
that the pair of sequences Eπ

k and F π
k satisfies conditions 1-6 of the lemma.

We proceed inductively on k. We begin with the definition of function
Eπ

1 . Observe first that from the fact that H∗C = B it follows that the col-
lection of morphisms of B∗ is equal to the collection of vertical morphisms
of C. There is thus an obvious identification between the formal horizon-
tal identities of QB and the collection of horizontal identities of C. We use
this identification and consider the horizontal identities of both QB and C
as being the same. Observe that that the equation H∗C = B also implies
that the globular squares of C are precisely the 2-cells of B. Thus G is the
set of generators, as a globularly generated double category, of C. We make
Eπ

1 to be the composition qCµidG,idB∗ . Thus defined Eπ
1 is a function from

E1 to HomC1 . Moreover, from the way it was defined it easily follows that
Eπ

1 satisfies condition 1 and conditions 3-5 in the statement the lemma. We
now define the functor F π

1 as follows: Observe first that from the fact that
H∗C = B it follows that the collection of horizontal morphisms of C is
equal to B1. We make the object function of F π

1 to be idB1 . From the fact
that Eπ

1 satisfies condition 3 of the statement of the lemma and from the fact
that E1 freely generates F1 with respect to d1, c1 it follows that there exists a
unique extension of Eπ

1 to a functor from F1 to C1. We make F π
1 to be this

extension. Thus defined F π
1 trivially satisfies condition 2 of the statement of

the lemma with respect to Eπ
1 . The fact that the functor F π

1 satisfies the con-
dition 5 in the statement of the lemma follows from the fact that the function
Eπ

1 satisfies condition 4 and from the functoriality of s1 and t1.
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Let k > 1. Assume now that for every m < k the function Eπ
m from

Em to HomC1 and the functor F π
m from Fm to C1 have been defined, in such

a way that the pair of sequences Eπ
m and F π

m with m running through the
collection of positive integers strictly less than k satisfies the conditions 1-
6 in the statement of the lemma. We now construct a function Eπ

k from
Ek to HomC1 and a functor F π

k from Fk to C1 such that the pair Eπ
k , F

π
k

satisfies conditions 1-6 in the statement of the lemma with respect to the
pair of sequences Eπ

m, F
π
m with m running through the collection of positive

integers strictly less than k.
We first define the function Eπ

k . Observe first that from the assumption
that F π

k−1 satisfies condition 5 it follows that the function µFπk−1,idB∗
is well

defined. We make Eπ
k to be composition qCµFπk−1,idB∗

. Thus defined Eπ
k is

a function from Ek to HomC1 . From the way it was defined it is clear that
Eπ
k satisfies conditions 4 and 6 of the lemma. From the induction hypothesis

it follows that Eπ
k satisfies conditions 1 and 2. The function Eπ

k satisfies the
condition 3 of the lemma by the fact that it satisfies condition 2 and by the
functoriality of F π

k−1. We now define the functor F π
k . By the fact that the

function Eπ
k satisfies the condition 3 of the lemma it follows that there is

a unique extension of Eπ
k to a functor from Fk to C1. We make F π

k to be
this functor. Thus defined F π

k satisfies the condition 2 of the lemma. This
follows from the way F π

k was constructed and from the fact that condition
2 is already satisfied by the function Eπ

k . From the fact that Eπ
k satisfies

condition 4 it follows that the functor F π
k satisfies the condition 5 of the

lemma. We have thus constructed, recursively, a pair of sequences Eπ
k , F

π
k

satisfying the conditions in the statement of the lemma. This concludes the
proof.

Observation 2.4. Let B be a decorated bicategory. Condition 2 of Lemma
2.3 implies that for every pair m, k ≥ 1 such that m ≤ k the following two
equations hold:

Eπ
k �Em= Eπ

m and F π
k �Fm= F π

m

Notation 2.5. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category satisfying the equation H∗C = B. In that case we
write Eπ

∞ for the limit lim−→Eπ
k in Set and we write F π

∞ for the limit lim−→F πC

k

Cat. Thus defined Eπ
∞ is a function from E∞ to the set of squares of C and
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F π
∞ is a functor from F∞ to the category of squares of C. The function Eπ

∞
is the morphism function of F π

∞.

The following lemma follows directly from Lemma 2.3 and Observation 2.4.

Lemma 2.6. Let B be a decorated bicategory. Let C be a globularly gener-
ated double category such that H∗C = B. In that case Eπ

∞ and F π
∞ satisfy

the following conditions:

1. The equations Eπ
∞ �Ek= Eπ

k and F π
k �Fk= F π

k hold for every k ≥ 1.

2. The following two triangles commute:

F∞ C1

B∗

Fπ∞

s∞, t∞
s, t

3. The following square commutes:

E∞ ×HomB∗ E∞ HomC1 ×HomB∗ HomC1

E∞ HomC1

Eπ∞ × Eπ∞

∗∞

Eπ∞

∗

Lemma 2.7. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category such that H∗C = B. In that case the functor F π

∞ is
well defined with respect to the equivalence relation R∞.
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Proof. Let B be a decorated bicategory. Let C be a globularly generated
double category such that H∗C = B. We wish to prove that F π

∞ is well
defined with respect to the equivalence relationR∞. The fact that F π

∞ is well
defined with respect to relation 1 in the definition of R∞ follows from the
functoriality of F π

∞ together with the fact that F π
∞ satisfies conditions 5 and

6 of Lemma 2.3.
We now prove that F π

∞ is well defined with respect to relation 2 in the
definition of R∞. Let first Φ and Ψ be globular squares of B such that the
pair Φ,Ψ is compatible with respect to d∞ and c∞. In that case the image
F π
∞Ψ •∞ Φ of the vertical composition Ψ •∞ Φ of under F π

∞ is equal to the
image F π

1 Ψ•∞Ψ of Ψ•∞Φ under F π
1 , which is, by functoriality of F π

1 equal
to the composition F π

1 Ψ • F π
1 Φ in C of F π

1 Φ and F π
1 Ψ, which is equal, by

the definition of F π
1 to Ψ • Φ. Now, F π

∞Ψ • Φ is equal to Eπ
1 Ψ • Φ, which

is equal, by the way Eπ
1 was defined, to Ψ • Φ. The functor F π

∞ is thus well
defined with respect to relation 2 in the definition of R∞ when restricted to
the 2-cells of B. Let now α and β be morphisms of B such that the pair α, β
is composable. In that case F π

∞iβ •∞ iα is equal to F π
1 iβ •∞ iα, which is

equal to F π
1 iβ • F π

1 iβ . This is equal, again by the definition of F π
1 , to iβ • iα.

Now, F π
∞iβα is equal to Eπ

1 iβα which is, by the way Eπ
1 was defined, equal

to iβα, that is, F π
∞iβα is equal to iβ • iα. We conclude that F π

∞ is well defined
with respect to relation 2 in the definition of R∞ when restricted to formal
horizontal identities and thus F π

∞ is well defined with respect to relation 2 in
the definition of R∞.

We now prove that F π
∞ is well defined with respect to relation 3 in the

definition of R∞. Let Φ and Ψ be globular squares in B such that the pair
Φ,Ψ is compatible with respect to s∞ and t∞. In that case F π

∞Ψ ∗∞ Φ is
equal to Eπ

1 Ψ ∗1 Φ. This is equal, by the fact that Eπ
1 satisfies condition 6 of

Lemma 2.3, to Eπ
1 Ψ ∗Eπ

1 Φ, which, by the definition of Eπ
1 is equal to Ψ ∗Φ.

Now, F π
∞Ψ ∗ Ψ is equal to Eπ

1 Φ ∗ Ψ. This is equal, again by the way Eπ
1

was defined, to Ψ ∗ Φ. We conclude that F π
∞ is well defined with respect to

relation 3 in the definition of R∞.
Finally, the fact that F π

∞ is well defined with respect to relations 4 and 5
in the definition of relation R∞ follows from conditions 3 and 5 of Lemma
2.3 and from the fact that idB carries left and right identity transformations
to left and right identity transformations and associators to associators. This
concludes the proof of the lemma.

- 267 -



J. ORENDAIN THE CANONICAL DOUBLE PROJECTION

Notation 2.8. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category such that H∗C = B. In that case will write V π

∞ for
the functor from V∞ to C1 induced by F π

∞ and R∞. We write Hπ
∞ for the

morphism function of V π
∞.

The proof of the following lemma follows directly from Lemma 2.6 by tak-
ing limits.

Lemma 2.9. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category such that H∗C = B. In that case V π

∞ satisfies the
following conditions:

1. The following two triangles commute:

V∞ C1

B∗

V π∞

s∞, t∞
s, t

2. The following square commutes for every k ≥ 1:

V∞ ×B∗ V∞ C1 ×B∗ C1

V∞ C1

V π∞ × V π∞

∗∞

V π∞

∗

Existence

- 268 -



J. ORENDAIN THE CANONICAL DOUBLE PROJECTION

We now prove the existence part of Theorem 2.1.

Proof: Let B be a decorated bicategory. Let C be a globularly generated
double category such that H∗C = B. We wish to construct a double functor
πC : QB → C such that H∗π = dB.

We make πC to be equal to the pair (idB∗ , V
π
∞). The pair πC is a double

functor fromQB toC by Lemma 2.9 and by the fact that it clearly intertwines
the horizontal identity functor i∞ in QB and the horizontal identity functor i
in C. The fact that H∗π �G is equal to idB follows directly from the way V π

∞
was defined. This concludes the proof. �

Definition 2.10. Let B be a decorated bicategory. Let C be a globularly
generated double category such that H∗C = B. We call the double functor
πC defined in the above the canonical double projection associated to C.

When necessary we will write V πC

∞ for the morphism functor V π
∞ of the

canonical double projection associated to a globularly generated double cat-
egory C. We will use the same convention for F π

k , H
π
k , V

π
k and Hπ

k

Surjectivity

We now prove the surjectivity on squares part of Theorem 2.1. We begin
with the following lemma.

Lemma 2.11. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category such that H∗C = B. Let k be a positive integer. The
image of HπC

∞ �Hk is equal to Hk
C and the image category of V π

∞ �Vk is equal
to V k

C .

Proof. Let B be a decorated bicategory. Let C be a globularly generated
double category such that H∗C = B. Let k be a positive integer. We wish to
prove that the image of Hπ

∞ �Hk is equal to Hk
C and that the image category

of V∞ �Vk is equal to V k
C of vertical filtration associated to C. We proceed

by induction on k.
We prove first that Hπ

∞H1 is equal to H1
C . From the obvious fact that H1

C

is contained in H1, and from the fact that π is a double functor, it follows
that H∞H1

C is contained in H1
C . Now, Hπ

∞ acts as the identity function when
restricted to 2-cells and horizontal identities of B. It follows, from this, from
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the fact that Hπ
∞ satisfies condition 2 of lemma 2.6, and from the way H1

C is
defined, that H∞H1

C . We conclude that πH1 is equal to H1
C . We now prove

that the image category of V1 under V π
∞ is equal to V 1

C . From the previous
argument, and from the fact that V π

∞ satisfies condition 2 of lemma 2.6 it
follows that V π

∞H1 is equal to H1
C . This, together with the fact that V π

∞ is a
functor, implies that the image category of V π

1 under V π
∞ is precisely V 1

C .
Let now k be a positive integer such that k > 1. Suppose that for every

m < k, Hπ
∞Hm is equal to Hm

C and that the image category of Vm, under
V π
∞, is equal to V m

C . We now prove that Hπ
∞Hk is Hk

C . From the fact that
Hk is obviously contained in Hk and from the fact that π is a double functor
it follows that Hπ

∞Hk is contained in Hk
C . Now, Hπ

∞ satisfies condition 1 of
Lemma 2.6, the induction hypothesis implies that Hπ

∞HomVk−1
is precisely

HomV k−1
C

. It follows, from this, from the fact that Hπ
∞ satisfies condition

3 of lemma 2.6 and from the fact that every square in Hk
C is the horizontal

composition of a composable sequence of squares in HomV k−1
C

that Hπ
∞Hk

contains Hk
C . We thus conclude that Hπ

∞Hk is equal to Hk
C . Finally, we

prove that the image category, under V π
∞, of Vk is precisely V k

C . From the
the previous argument, from Observation 2.4 and from the fact that V π

∞ sat-
isfies condition 1 of Lemma 2.6 it follows that the image of Hk under V π

∞ is
equal to Hk

C . This, together with functoriality of V π
k implies that the image

category of the restriction to Vk, of V π
∞, is equal to V k

C . This concludes the
proof.

We now prove the surjectivity part of Theorem 2.1.

Proof: Let B be a decorated bicategory. Let C be a globularly generated
double category such that H∗C = B. We wish to prove that V π

∞ is full.
Let k be a positive integer. The restriction, to Vk of V∞ defines, by

Lemma 2.11, a functor from Vk to V k
C . We denote this functor by Ṽ π

k . The
fact that V π

∞ satisfies condition 1 of Lemma 2.6 implies that for every pair of
integers m, k such that m ≤ k, the functor Ṽ π

m is equal to the restriction, to
Ṽm, of Ṽ π

k . The sequence Ṽ π
k is thus a directed system in Cat. The functor

V π
∞ is equal to its limit lim−→ Ṽ π

k in Cat. This, together with the fact, following
Lemma 2.11, that Ṽ π

k is full for every positive integer k completes the proof
of the proposition. �
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Uniqueness

We begin the proof of uniqueness part of Theorem 2.1 by extending the
notation used in the above proof.

Notation 2.12. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category. Let T : QB → C be a double functor. Let k be a
positive integer. We write H̃T

k for HT
k �Hk . Thus defined H̃T

k is a function
from Hk to Hk

C . Moreover, we write Ṽ T
k for V T

k �Vk . Thus defined Ṽ T
k is a

functor from Vk to the k-th vertical category V k
C of C.

Lemma 2.13. Let B be a decorated bicategory. Let C be a globularly gen-
erated double category. Let T, L : QB → C be double functors. If H̃T

1 and
H̃L

1 are equal, then for every k ≥ 1, H̃T
k and H̃L

k are equal and Ṽ T
k and Ṽ L

k

are equal.

Proof. Let B be a decorated bicategory. Let C be a globularly generated
double category. Let T, L : QB → C be double functors. Let k > 1.
Suppose that H̃T

1 = H̃L
1 . We wish to prove the equations H̃T

k = H̃L
k and

Ṽ T
k = Ṽ L

k .
We proceed by induction on k. We first prove that Ṽ T

1 = Ṽ L
1 . Observe

first that the restriction of the morphism function of Ṽ T
1 to H1 is equal to

H̃T
1 and that the restriction of the morphism function of Ṽ L

1 to H1 is equal
to H̃L

1 . From this and from the assumption of the lemma it follows that
the restrictions of the morphism functions of Ṽ T

1 and Ṽ L
1 to H1 are equal.

We conclude, from this, from the fact that H1 generates V1, and from the
functoriality of Ṽ T

1 and Ṽ L
1 , that Ṽ T

1 and Ṽ L
1 are equal.

Let now k > 1. Suppose that for every m < k the equations H̃T
m = H̃L

m

and Ṽ T
m = Ṽ L

m hold. We now prove that the equation H̃T
k = H̃L

k holds.
Observe first that the restriction of H̃T

k to HomV Bk−1
is equal to the morphism

function of Ṽ T
k−1 and that the restriction of H̃L

k to HomV Bk−1
is equal to the

morphism function of Ṽ L
k−1. From this, from induction hypothesis, and from

the fact that both T and L are double functors that the equation H̃T
k = H̃L

k

holds. We now prove the equation Ṽ T
k = Ṽ L

k holds. Observe again that the
restriction of the morphism function of Ṽ T

k to Hk is equal to H̃T
k and that the

restriction of the morphism function of Ṽ L
k to Hk is equal to H̃L

k . From this,
from the previous argument, from the fact that HBk generates the category
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Vk, and from the functoriality of Ṽ T
k and Ṽ L

k it follows that the equation
Ṽ T
k = Ṽ L

k holds. This concludes the proof.

Given a double functor T : QB → C from the free globularly generated
double category associated to a decorated bicategory B to a globularly gen-
erated double category C, it is a straightforward observation that the mor-
phism functor T1 of T is equal to lim−→ Ṽ T

k in Cat. This, together with Lemma
2.13 implies the following proposition. We interpret this by saying that a
double functor with domain a free globularily generated double category is
completely determined by its value on globular squares.

Proposition 2.14. Let B be a decorated bicategory. Let C be a globularly
generated double category. Let T, L : QB → C be double functors. If H̃T

1

and H̃L
1 are equal then T1 and L1 are equal.

The uniqueness part of Theorem 2.1 follows directly from the above propo-
sition. We interpreted the surjectivity part of Theorem 2.1 by saying that
every globularly generated internalization of a decorated bicategory B could
be interpreted as a quotient of the free globularly generated double category
QB associated to B via the canonical projection double functor. We interpret
the uniqueness part of Theorem 2.1 by saying that in this case the choice of
canonical projections as projection is canonical.

Linear canonical double projection

Let k be a field. Let B be a k-linear decorated bicategory. In that case the
free globularly generated double category construction can be modified to
produce a k-linear free globularly generated double category Qk

B associated
to B, see the final comments of [16, Section 2]. Given k-linear decorated
bicategories B,B′ we will say that a decorated pseudofunctor G : B →
B′ is linear if G is linear on 2-cells and vertical arrows of B. It is easily
seen that the canonical double projection πC associated to a linear globularly
generated double category C satisfying the equation H∗C = B is a linear
pseudofunctor. We will make use of this fact in the next section.
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3. Applications

In this section we make use of the canonical double projection to obtain in-
formation about solutions to Problem 1.1. We study applications of Theorem
2.1 to length, double groupoids, single 1- and 2-cell decorated bicategories
and double categories of von Neumann algebras.

Length

Recall that the length of a globularly generated double category C, `C, is
the minimal k ∈ N ∪ {∞} for which V k

C = C1. In the non-globularly gen-
erated case we define the length of a double category C as `γC. The length
of a double category C is meant to serve as a measure of complexity on the
interplay between horizontal and vertical compositions of globular and hor-
izontal squares of C. Equivalently `C serves as a measure of complexity
on presentations of globularly generated squares of C. Double categories
of arbitrarily large and infinite lengths were constructed in [16]. Using the
free globularly generated double category construction we translate the def-
inition of length to decorated bicategories. Given a decorated bicategory B
we define the length `B of B as `QB. We prove the following proposition.

Proposition 3.1. Let B be a decorated bicategory. Let C be a double cate-
gory. If H∗C = B then the following inequality holds:

`C ≤ `B

Proof. Let B be a decorated bicategory. Let C be a double category such
that H∗C = B. We wish to prove that `C ≤ `B.

From the equations H∗γC = H∗C and `γC = `C we may assume that
C is globularly generated. Let k be a positive integer. Suppose `B = k.
We wish to prove that `C ≤ k. To prove this it is enough to prove that
Hk+1
C is closed under vertical compositions. Let ϕ, ψ be vertically compati-

ble squares in Hk+1
C . We wish to prove that ϕ • ψ ∈ Hk+1

C . By the fact that
πC is surjective on squares the function Hπ

k+1 : Hk+1
QB
→ Hk+1

C is epic. Let
ϕ′, ψ′ ∈ Hk+1

QB
such that

Hπ
k+1ϕ

′ = ϕ and Hπ
k+1ψ

′ = ψ
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By the fact that π intertwines vertical domain and codomains of QB and C it
follows that the squares ϕ′, ψ′ are vertically compatible. From the fact that
`B = `QB = k it follows that ϕ′ •∞ ψ′ ∈ Hk+1 and thus the square:

Hπ
k+1(ϕ′ •∞ ψ′) = ϕ • ψ

is a square in Hk+1
C . We conclude that `C ≤ k. The case in which `B = ∞

is trivial. This concludes the proof of the proposition.

An important case of Proposition 3.1 is when the length of the decorated bi-
category B is assumed to be 1. This is contained in the following immediate
corollary.

Corollary 3.2. Let B be a decorated bicategory. Suppose `B = 1. If C is a
double category such that H∗C = B then `C = 1.

Corollary 3.2 says that if we assume that `B = 1 then we have a good
control on expressions of all squares of any globularly generated double cat-
egory satisfying H∗C = B. More precisely, every square ϕ of a globularly
generated double category C satisfying the equation H∗C = B admits a
decomposition as a vertical composition of squares of the following four
forms:

• • • •

• • • •

• • • •

• • • •

ϕ f fif

ψ η
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and the horizontal composition of any such squares in C can be re-arranged
so as to be written in the above form. The following are examples of deco-
rated bicategories of length 1.

1. Groups decorated by groups: In [16, Proposition 5.1 ] the following
equation is proven:

`(ΩG, 2ΩA) = 1

for every pair of groupsG,AwithA abelian, where recall that ΩG and
2ΩG are the delooping groupoid and the double delooping 2-group of
G respectively, i.e. ΩG is the groupoid with a single object ∗ such that
AutΩG(∗) = G and 2ΩA is the 2-group with a single object, which we
also denote by ∗, such that End2ΩA(∗) is equal to ΩA. Every square ϕ
in any globularly generated double category C satisfying the equation
H∗C = (ΩG, 2ΩA) can thus be written as a vertical composition of
squares of the form:

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

ξ g gig

where ∗ denotes the only object in ΩG, ξ is an element of the monoid
of squares of the only horizontal morphism i∗ of C and where g is
any element of G. In Corollary 3.5 we obtain more information about
double categories of this form.

2. von Neumann algebras: In [16, Proposition 6.1] the following equa-
tion was proven:

`QC
W ∗fact

= 1
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where W ∗
fact denotes the bicategory of factors, Hilbert bimodules and

intertwiners, decorated by the category of possibly infinite index unital
∗-morphisms. Every square in any linear globularly generated double
category C satisfying the equation H∗C = W ∗

fact can thus be written
as a multiple of a vertical composition of squares of the form:

A A A A B B

A A B B B B

H

ϕ f fif

K

ψ

where A,B are factors, H is a left-right A-bimodule, ϕ is a bounded in-
tertwiner from H to L2(A), f : A → B is a possibly infinite index unital
∗-morphism, K is a left-right B-bimodule, and ψ is a bounded intertwiner
from L2(B) to K. In Proposition 3.6 we obtain more information of double
categories of this form.
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2-groupoids and double groupoids

Double groupoids and 2-groupoids categorify crossed modules and are thus
used to model homotopy 2-types [6, 12]. Relations between double groupoids
and 2-groupoids have been studied in [5] in the case of edge-symmetric
double groupoids with special connection. We apply the results obtained
in Section 2 to study relations between decorated 2-groupoids and general
double groupoids. We say that a decorated bicategory B is a decorated 2-
groupoid if B is a 2-groupoid and B∗ is a groupoid. Decorated bigroupoids
are defined analogously. Given a 3-filtered topological space (X,A,C), the
pair (Π1(A;C),W (X;A,C)), where W (X;A,C) is Moerdijk-Svensson’s
Whitehead homotopy 2-groupoid associated to (X,A,C) [14] and Π1(A;C)
is the fundamental groupoid of A relative to C, is a decorated 2-groupoid.
The Brown-Higgins fundamental double groupoid ρ(X;A,C) [7] satisfies
the equation

H∗ρ(X;A,C) = (Π1(A,C),W (X;A,C))

Decorated 2-groupoids of the form (Π1(A;C),W (X;A,C)) thus always ad-
mit solutions to Problem 1.1 and these solutions can always be chosen to
be double groupoids. A similar statement holds for homotopy 2-groupoids
G2(X) associated to Hausdorff topological spaces X by Hardie, Kamps and
Kieboom in [13] decorated by the full fundamental groupoid Π1(X), with
internalization provided by the Brown-Hardie-Kamps-Porter homotopy dou-
ble groupoid ρ�2 (X) defined in [8].

Invertibility is perhaps the most essential condition on structures involved
in the homotopy hypothesis. In our context it is thus an important question
whether every decorated 2-groupoid can always be internalized by a double
groupoid. The Brown-Spencer theorem [5] applies in the context of special
double groupoids with special connections [6], and thus every 2-groupoid
B, decorated by its groupoid of horizontal arrows is internalized by a dou-
ble groupoid, its Ehresmann double category of quintets. We treat the gen-
eral case of 2-groupoids decorated by groupoids which are not-necessarily
groupoids of horizontal arrows. We prove that given a general decorated 2-
groupoid (more generally a decorated bigroupoid) B, if there exists a double
category C (not-necessarily a double groupoid) such thatH∗C = B then γC
is a double groupoid. We begin with the following lemma.
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Proposition 3.3. Let B be a decorated bicategory. If B is a decorated 2-
groupoid then QB is a double groupoid.

Proof. Let B be a decorated 2-groupoid. We wish to prove that QB is a
double groupoid.

We prove by induction on k that every square ϕ in Vk is vertically and
horizontally invertible. By the condition that B is a decorated 2-groupoid all
squares of QB of the form:

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

f fif ϕ

are vertically and horizontally invertible, with the vertical and horizontal
inverse of a square on the left-hand side above given by

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

f−1 f−1if−1 f fif

respectively. Given any globular or horizontal identity square ϕ in QB we
will write vϕ−1 and hϕ−1 for its its vertical and its horizontal inverse in QB
respectively. Suppose ϕ is a general square in V1. Write ϕ as a vertical
composition of the form ϕ = ϕk • . . . ϕ1 where the ϕ′is are squares of C
as above. In that case the vertical inverse of ϕ is given by the composition
vϕ−1

1 • · · · • vϕ−1
k and the horizontal inverse of ϕ is given by the vertical

composition hϕ−1
k • · · · • hϕ

−1
1 .

Let n be a positive integer such that n > 1. Suppose that for everym < n
every square in Vm is both vertically and horizontally invertible. We prove
that every square in Vn is vertically and horizontally invertible. Let ϕ first be
a square in Hn. Write ϕ as a horizontal composition ϕ = ϕk ∗ · · · ∗ ϕ1 with
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ϕi in Vn−1. By the induction hypothesis the squares ϕi are all vertically and
horizontally invertible. We again write vϕ−1

i and hϕ−1
i for the horizontal and

the vertical inverse of ϕi respectively. The vertical inverse vϕ−1 of ϕ is given
by the horizontal composition vϕ−1

k ∗ · · · ∗ vϕ
−1
1 and the horizontal inverse

hϕ−1 of ϕ is given by the horizontal composition hϕ−1
1 ∗ · · · ∗ hϕ−1

k . Thus
every square in Hn admits both a horizontal and a vertical inverse. Using
this and the same argument used in the previous paragraph every square in
Vn is vertically and horizontally invertible. This concludes the proof.

Corollary 3.4. Let C be a double category. If H∗C is a decorated 2-
groupoid then γC is a double groupoid.

Proof. Let C be a double category. Suppose that H∗C is a decorated 2-
groupoid. We wish to prove that γC is a double groupoid.

It is enough to prove that every square in γC is both vertically and hori-
zontally invertible. This follows directly from Proposition 3.3 and Theorem
2.1. This concludes the proof of the corollary.

Observe that Proposition 3.3 and Corollary 3.4 still hold if we assume that
B is a decorated bigroupoid. The following corollary follows directly from
Proposition 3.1, Proposition 3.3, and [16, Corollary 5.2] by considering dec-
orated 2-groupoids of the form (ΩG, 2ΩA) whithG,A groups andA abelian.

Corollary 3.5. Let G,A be groups. Suppose A is abelian. Let C be a glob-
ularly generated double category. If H∗C = (ΩG, 2ΩA) then the category
of squares C1 is of the form ΩH for a group H such that H is a quotient of
G ∗ A.

von Neumann algebras

We study linear double categories of von Neumann algebras and their Hilbert
bimodules. In [1] a tensor double category of semisimple von Neumann
algebras, Hilbert bimodules, equivariant intertwiners and finite index mor-
phisms was constructed in order to express the fact that the Haagerup stan-
dard form and the Connes fusion operation admit compatible extensions to
tensor functors. In [16] it was proven that the bicategory of factors, Hilbert
bimodules, and intertwiners, decorated by possibly infinite index morphisms
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is saturated and thus its linear free globularly generated double category is
an internalization, providing formal linear functorial extensions of both the
Haagerup standard form and the Connes fusion operations. We investigate
the relation of these two constructions through the canonical double projec-
tion and we use this to construct a linear extension of the double category
of factors and finite morphisms accommodating possibly infinite index mor-
phisms.

We write Modfact for the linear bicategory whose 2-cells are of the form:

A B

H

K

ϕ

whereA,B are factors,H,K are left-right HilbertA-B-bimodules and where
ϕ is an intertwiner operator from H to K. Horizontal identity 2-cells in
Modfact are given by 2-cells of the form:

A A

L2(A)

L2(A)

idL2(A)

where A is a factor and L2(A) is the Haagerup standard form of A, see [11].
Given horizontally compatible 2-cells in Modfact of the form:

A B C

H

K

ϕ

H′

K′

ϕ′

their horizontal composition is provided by the 2-cell:
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A C

H �B H′

K �B K′

ϕ �B ϕ′

where H �B H ′ and K �B K ′ denote the Connes fusion of H,H ′ and
K,K ′ and where ϕ�B ϕ

′ denotes the Connes fusion of ϕ and ϕ′. We write
vNfact for the category of factors and unital ∗-morphisms f : A → B with
[f(A), B] possibly infinite. We write vNfin for the subcategory of vNfact

generated by ∗-morphisms f : A → B such that [f(A), B] < ∞. The
pairs (vNfact,Modfact) and (vNfin,Modfin) are linear decorated bicate-
gories. We write W ∗

fact and W ∗
fin for these decorated bicategories. In [1]

an internalization of W ∗
fin is constructed through functorial extensions, to

vNfin of the Haagerup standard form construction and the Connes fusion
operation construction. We write BDH for this double category. In [16] the
author proves thatW ∗

fact and thusW ∗
fin are saturated, i.e. H∗QW ∗fact

= W ∗
fact

and H∗QW ∗fin
= W ∗

fin. The exact relation between BDH and QW ∗fact
is pro-

vided by the canonical projection. We have the following consequence of
2.1.

Proposition 3.6. γBDH is a double quotient of QW ∗fact
through πBDH .

The category of squares BDH1 of BDH is the category whose objects and
morphisms are Hilbert bimodules over factors and finite index equivariant
intertwiners, i.e. the morphisms of BDH are the squares of the form:

A B

A′ B′

H

f

H′

g(f, ϕ, g)

whereA,A′, B,B′ are factors, H is a left-rightA,B-Hilbert bimodule, H ′ is
a left-right A′, B′-Hilbert bimodule, f : A → A′ and g : B → B′ are unital
∗-morphisms satisfying the inequalities
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[f(A), A′] <∞ and [g(B), B′] <∞

and ϕ is a bounded operator from H to K satisfying the equation

ϕ(aξb) = f(a)ϕ(ξ)g(b)

for every ξ ∈ H and a ∈ A, b ∈ B. In [15] the category of squares of
γBDH1 of γBDH was computed as the category of 2-subcyclic equivariant
intertwiners. The fact thatBDH is a tensor double category means that there
exists a tensor functor

L2 : vNfin → BDH1

associating to every factor A the Haagerup standar form L2(A) of A, and a
tensor functor

�• : BDH1 ×vNfin BDH1 → BDH1

associating to every compatible pair of squares AHB,BKA its Connes fusion
AH �B KC . The fact that these functors are compatible is expressed by the
fact thatBDH is a tensor double category. The fact that these are operations
on Hilbert bimodules and finite equivariant intertwiners is expressed by the
equation

H∗BDH = W ∗
fin

This equation is minimized by γBDH and the image category of the L2-
functor above is in γBDH1. We are thus interested in extending the functors

L2 : vNfin → γBDH1

and

�• : γBDH1 ×vNfin γBDH1 → γBDH1

to compatible functors on vNfact. The following proposition does this.
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Proposition 3.7. There exists a linear double category ˜BDH such that
H∗ ˜BDH = W ∗

fact and such that γBDH is a sub-double category of ˜BDH
satisfying the following condition: Given vertically or horizontally compati-
ble squares ϕ, ψ in ˜BDH if the vertical or horizontal composition of ϕ and
ψ is in BDH so are ϕ and ψ.

Proof. We wish to prove that there exists a linear double category ˜BDH
satisfying the equation H∗ ˜BDH = W ∗

fact and having γBDH as sub-double
category in such a way that given every pair of squares ϕ, ψ in ˜BDH such
that either the vertical or the horizontal composition of ϕ and ψ is a square
in BDH then both ϕ and ψ are in BDH .

WriteR for the equivalence relation on the collection of squares ofQW ∗fact

defined as: ϕRψ if πγBDHϕ = πγBDHψ. Thus defined R is compatible with
the vertical and horizontal structure data of QW ∗fact

and γBDH and thus
QW ∗fact

/R is a globularly generated double category. We make ˜BDH to
be this double category. From the equation H∗QW ∗fact

= W ∗
fact the equa-

tion H∗ ˜BDH = W ∗
fact follows. QW ∗fin

is a sub-double category of QW ∗fact
.

Moreover, it is easily seen that the equtation

QW ∗fin
= πγBDH−1(γBDH)

holds. We thus obtain an isomorphism of double categories

πγBDH �QW∗
fin

∼= γBDH

We make use of the above isomorphism to identify γBDH with a sub-
double category of ˜BDH . The fact that pairs of squares ϕ, ψ in γBDH sat-
isfy the required condition inside ˜BDH follows by an easy induction argu-
ment on min {`ϕ, `ψ} using the fact that given morphisms f : A → B and
g : B → C in vNfact such that [gf(A), C] <∞ then [f(A), B], [g(B), C] <
∞. This concludes the proof.

The horizontal identity functor and the horizontal composition functor of
˜BDH are functors:

L2 : vNfact → ˜BDH1

and
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�• : ˜BDH1 ×vNfact
˜BDH1 → ˜BDH1

compatible in the sense that ˜BDH is a double category and such that they
restrict to the corresponding functors on γBDH . By [16, Proposition 6.1]
and Theorem 2.1 the space of morphisms of ˜BDH1 is the complex vector
space spanned by formal vertical compositions of the form:

A A

A A

B B

B B

H

ϕ

f fif

K

ψ

where A,B are factors, f is a unital ∗-morphism of possibly infinite index,
H is a left-right A Hilbert bimodule, K is a left-right B Hilbert bimodule,
ϕ, ψ are bounded intertwiners from H to L2(A) and from L2(B) to K re-
spectively, and L2(f) is a formal object in ˜BDH1. Whenever f satisfies the
inequality:

[f(A), B] <∞

the formal symbol L2(f) is the image of f under the L2 functor of [1], the
three term composition above is the corresponding composition in BDH .
Moreover, this three term formal composition is a square in γBDH if and
only if [f(A), B] <∞.
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In the construction presented in Proposition 3.6 we have not addressed
the fact that we wish for ˜BDH to inherit, from γBDH the structure of a
symmetric tensor double category. We will address this issue elsewhere.

Representability

In Proposition 3.6 we have obtained a linear double category ˜BDH satisfy-
ing the equation

H∗ ˜BDH = W ∗
fact

and having γBDH as sub-double category. This provides compatible linear
functors of the Haagerup standard form and the Connes fusion operation on
linear categories of Hilbert bimodules and formal equivariant bounded inter-
twiners. We would like to obtain such functors, not on formal equivariant
intertwiners, but on the category of Hilbert bimodules and actual equivari-
ant intertwiners. We are not able to do this at the moment but Theorem 2.1
provides a possible solution to this. Assuming such functorial extensions
exist, compatibility would provide a linear double category C satisfying the
equation

H∗C = W ∗
fact

having BDH as a sub-double category and such that the category of squares
C1 is a linear sub-category of the category Modfact of Hilbert bimodules
and equivariant intertwiners. Such category would be in the γ-fiber of a
globularly generated double category, γC, satisfying the equation

H∗γC = W ∗
fact

having γBDH as a sub-double category and such that γC1 is a linear sub-
category of Modfact. In that case the morphism functor πγC1 of πγC will be a
linear functor from QC

W ∗fact1
to Modfact satisfying invariance conditions with

respect to the double category structures of QC
W ∗fact

and BDH . This suggests
we should study the structure of the 2-category

Fun(QC
W ∗fact1

,Modfact)
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under a possible set of initial conditions. We will analyze this point of view
elsewhere, but we would like to obtain a categorical version of the above
comments. In order to do this we need a way to understand functors between
free globularly generated double categories. In the next section we study free
double functors.

4. Free double functors

In this section we introduce free double functors between free globularly
generated double categories. We will use the free double functor construc-
tion to extend the free globularly generated double category construction to
a functor. We use this construction to prove the results of Section 5. The
methods employed in the construction of free double functors mimic the
construction of the canonical double projection of Section 2.

Strategy

Given a pseudofunctor G : B → B′ between decorated bicategories B,B′
the free double functor QG associated to G will be a double functor from QB
to QB′ satisfying the equation:

H∗QG �B= G

The strategy for the construction of QG will be analogous to that of the con-
struction of the canonical double projection of Section 2. We first define QG

on formal squares of the form:

• • • •

• • • •

The requirements in the definition of QG force QG to be uniquely defined by
G on the above squares. We freely extend this to a functor FG

1 : FB1 → FB
′

1 .
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We extend this to a functor from FG
k : FBk → FB

′

k inductively for all k and
we take the corresponding limit FG

∞ : FB∞ → FB
′
∞ . We prove that FG

∞ is
compatible with both the structure data and the equivalence relations R∞
defining QB and QB′ and that thus descends to the morphism functor of a
double functor QG from QB to QB′ . The coherence data for QG will be in-
herited from that of G. Most of the technical results used in the construction
of the free globularly generated double functor are analogous to arguments
used in Section 2. The precise statements are useful. We will thus record
statements for these results but we will usually omit proofs.

Construction

Let B,B′ be decorated bicategories. Let G : B → B′ be a decorated pseud-
ofunctor. We begin the construction of QG with the following lemma. Its
proof is analogous to that of Proposition 2.3 and we will omit it.

Lemma 4.1. There exists a pair, formed by a sequence of functions EG
k :

EBk → EB
′

k , and a sequence of functors FG
k : FBk → FB

′

k , with k running
over all positive integers, such that the following conditions are satisfied:

1. The equations EG
1 ϕ = Gϕ and EG

1 iα = iα hold for every 2-cell ϕ in
B and for every morphism α in B∗.

2. For every pair of positive integers m, k such that m ≤ k, the restric-
tion of EG

k to the collection of morphisms of FBm is equal to the mor-
phism function of FG

m , and the restriction of the morphism function of
FG
k to EBm is equal to EG

m.

3. The following two squares commute for every positive integer k:

EBk EB
′

k

B1 B′1

EGk

dBk , c
B
k

G

dB
′

k , cB
′

k
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4. The following two squares commute for every positive integer k:

EBk EB
′

k

HomB∗ HomB′∗

EGk

sBk , t
B
k

G∗

sB
′

k , tB
′

k

5. The following two squares commute for every positive integer k:

FBk FB
′

k

B∗ B′∗

FGk

sBk+1, t
B
k+1

G∗

sB
′

k+1, t
B′
k+1

6. The following square commutes for every positive integer k

EBk ×HomB∗ E
B
k EB

′

k ×HomB′∗ E
B′
k

EBk EB
′

k

EGk ×G E
G
k

∗Bk

EGk

∗B′k

Moreover, conditions 1-5 above determine the pair of sequencesEG
k and FG

k .

Observation 4.2. Let m, k be positive integers such that m ≤ k. Condition
2 of Proposition 4.1 implies that the equations hold:

EG
k �EBk = EG

m and FG
k �FBm= FG

m
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Notation 4.3. We will write EG
∞ for the limit lim−→EG

k in Set of the sequence
EG
k . Thus defined EG

∞ is a function from EB∞ to EB′∞ . Further, we will write
FG
∞ for the limit lim−→FG

k in Cat of the sequence of functors FG
k . Thus defined,

FG
∞ is a functor from FB∞ to FB′∞ .

The following observation follows directly from Lemma 4.1 and Observa-
tion 4.2.

Observation 4.4. The pair EG
∞, F

G
∞ satisfies the following conditions:

1. EG
∞ is equal to the morphism function of FG

∞.

2. Let k be a positive integer. The following equations hold:

EG
∞ �EBk = EG

k and FG
∞ �FBk = FG

k

3. The following squares commute:

FB∞ FB
′
∞

B∗ B′∗

FG∞

sB∞, t
B
∞

G∗

sB
′
∞ , t

B′
∞

4. The following square commutes:

EB∞ ×HomB∗ E
B
∞ EB

′
∞ ×HomB′∗ E

B′
∞

EB∞ EB
′
∞

EG∞ ×G EG∞

∗B∞

EG∞

∗B′∞
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It is easily seen, from the above observation, that the functor FG
∞ is compat-

ible with the equivalence relations RB∞ and RB′∞. We will write V G
∞ for the

functor from V B∞ to V B′∞ induced by FG
∞ and the equivalence relations RB∞

and RB′∞. We will write HG
∞ for the morphism function of V G

∞ . Thus defined
HG
∞ is function fromHB∞ toHB′∞ induced by the function EG

∞ and the equiva-
lence relationsRB∞ andRB′∞. The following proposition follows directly from
Observation 4.4.

Proposition 4.5. V G
∞ satisfies the following conditions:

1. The following squares commute:

V B∞ V B
′
∞

B∗ B′∗

V G∞

sB∞, t
B
∞

G∗

sB
′
∞ , t

B′
∞

2. The following square commutes

V B∞ ×B∗ V B∞ V B
′
∞ ×B′∗ V B

′
∞

V B∞ V B
′
∞

V G∞ ×G HG
∞

∗B∞

V G∞

∗B′∞

Notation 4.6. Let B,B′ be decorated bicategories. Let G : B → B′. We
write QG for the pair (G∗, V G

∞).

The following is the main theorem of this section.
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Theorem 4.7. Let B,B′ be decorated bicategories. Let G : B → B′ be a
decorated pseudofunctor. In that case QG is the unique double functor from
QB to QB′ satisfying the equation:

H∗QG �B= G

Proof. Let B and B′ be decorated bicategories. Let G : B → B′ be a dec-
orated pseudofunctor. We wish to prove that in that case the pair QG is a
double functor from QB to QB′ satisfying the equation

H∗QG � B = C

A direct computation proves that the pairQG intertwines the horizontal iden-
tity functors iB∞ and iB

′
∞ of B. This, together with a direct application of

Proposition 4.5 implies that the pair QG is a double functor, with the coher-
ence data of G as coherence data. The object function of V G

∞ is equal to the
restriction of G to B1 and the restriction of V G

∞ to 2-cells of B is equal to the
2-cell function of G. This together with the fact that the object functor QG is
G∗ implies that the restriction to B of H∗QG is equal to G. This concludes
the proof.

Definition 4.8. We call QG above the free double functor associated to G.

Observation 4.9. In the more general case in which G is a lax/oplax deco-
rated functor, the double functor QG is also lax/oplax respectively.

Functoriality

We now prove that the pair formed by the function associating QB to every
decorated bicategory B and QG to every decorated pseudofunctor G is a
functor from bCat∗ to gCat. We begin with the following lemma.

Lemma 4.10. Let B,B′,B′′ be decorated bicategories. Let G : B → B′ and
G′ : B′ → B′′ be decorated pseudofunctors. The equations:

HG′G
k = HG′

k H
G
k and V G′G

k = V G′

k V G
k

and
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H idB
k = idHBk and V idB

k = idV Bk

hold for every positive integer k.

Proof. Let B,B′,B′′ be decorated bicategories. Let G : B → B′ and G′ :
B′ → B′′ be decorated pseudofunctors. Let k be a positive integer. We wish
to prove that HG′G

k = HG′

k H
G
k , that V G′G

k = V G′

k V G
k , that H idB

k = idHBk and
that V idB

k = idHBk . We prove the first two of these equations. The proof of
the remaining equations will be analogous.

We proceed by induction on k. We first prove the equation HG′G
1 =

HG′
1 HG

1 . Let ϕ be a square in GB. Suppose first that ϕ is a 2-cell of B.
In that case HG′G

1 ϕ = G′Gϕ, which is equal to G′ϕGϕ = HG′
1 HG

1 . The
equation clearly holds for horizontal identity squares in QB. This proves the
equation HG′G

1 = HG′
1 HG

1 is true when restricted to GB. This and the fact
that HG

1 , H
G′
1 and HG′G

1 satisfy condition 2 of Proposition 4.1 proves that
the equality extends to HB1 . Now V G′G

1 and V G′
1 V G

1 are equal to HG′G
1 when

restricted toHB1 . This and the fact thatHB1 generates V B1 proves the equation
V G′G

1 = V G′
1 V G

1 .
Let now k be a positive integer such that k > 1. Suppose that for every

m < k the equations HG′G
m = HG′

m H
G
m and V G′G

m = V G′
m V G

m hold. We now
prove that the equations HG′G

k = HG′

k H
G
k and V G′G

k = V G′

k V G
k hold. We

first prove HG′G
k = HG′

k H
G
k . Both function HG′G

k and HG′

k H
G
k are equal to

the morphism function of V G′G
k−1 when restricted to the morphisms of V Bk−1.

This, together with the way HG′G
k is defined, and the fact that V G′G

k−1 satisfies
condition 2 of Proposition 4.1 implies that HG′G

k = HG′

k H
G
k holds. Now,

both V G′G
k and V G′

k V G
k are equal to HG′G

k on the set of generators HBk of V Bk .
This, together with the fact that HG′G

k satisfies condition 1 of Porposition
4.1 implies the equation V G′G

k = V G′

k V G
k of V G

k and V G′

k . The proof of the
remaining two equations is analogous. This concludes the proof.

Corollary 4.11. The pair formed by the function associating QB to every
decorated bicategory B and QG to every decorated pseudofunctor G is a
functor from bCat∗ to gCat.

Notation 4.12. We will writeQ for the functor defined in corollary 4.11. We
will call Q the free globularly generated double category functor.
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Let k be a positive integer. If we writeH•k for the pair formed by the function
associating HBk to every decorated bicategory B and HG

k to every decorated
pseudofunctor G then H•k is a functor from bCat∗ to Set by Lemma 4.10.
Similarly the pair V •k formed by the function associating V Bk to every B and
the functor V G

k to every decorated pseudofunctor G is a functor from bCat∗
to Cat. Further, if we write H•∞ for the pair formed by the function asso-
ciating HB∞ to every B and HG

∞ to every decorated bifunctor G then H•∞ is
a functor from bCat∗ to Set and if we write V •∞ for the pair formed by the
function associating V B∞ to every decorated bicategory B and the function
associating V G

∞ to every G then V •∞ is a functor from bCat∗ to Cat. Thus
defined H•k , H

•
∞ relate by the equation H•∞ = lim−→V •k and V •k , V

•
∞ are related

by the equation V •∞ = lim−→V •k .

5. Freeness

In this section we prove that the free globularly generated double category
functor Q defined in Section 4 is left adjoint to the restriction H∗ �gCat of
H∗ to gCat, i.e. we prove the relation:

Q a H∗ �gCat
Further, we prove thatH∗ �gCat is faithful thus making gCat into a concrete
category over bCat∗ and Q into a free functor on gCat. We interpret the
results of this section by saying that the free globularly generated double
category provides universal bases for γ-fibers with respect to H∗.

Adjoint relation

We define a counit-unit pair for the adjuntion Q a H∗ �gCat. We will write
π• for the collection of canonical double projections πC with C running over
the objects of gCat. We prove the following proposition.

Proposition 5.1. π• is a natural transformation.

Proof. We wish to prove that π• is a natural transformation from H∗Q to
identity idgCat. That is, we wish to prove that for every double functor
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T : C → C ′ from a globularly generated double category C to a globularly
generated double category C ′ the following square commutes:

QH∗C QH∗C′

C C ′

QH∗T

πC

T

πC
′

Let C,C ′ be globularly generated double categories. Let T : C → C ′ be a
double functor. We first prove that for each positive integer k the following
two squares commute:

HH∗C
k HH∗C′

k V H∗C
k V H∗C′

k

HomC1 HomC′1
C1 C ′1

HH∗T
k

HπC

k

T

HπC′

k

V H
∗T

k

V π
C

k V π
C′

k

T

We do this by induction on k. We fist prove that square on the left hand
side commutes in the case k = 1. Let ϕ be a square in GB. Suppose first
that ϕ is a 2-cell in B. In that case HH∗T

1 ϕ = H∗Tϕ, which is equal to
Tϕ. Now, HπC

1 ϕ = ϕ and thus the lower left corner of the left hand side
square above is also equal to Tϕ. The square thus commutes in the values
k = 1 and ϕ globular. An equally easy evaluation proves that the square
also commutes for the values k = 1 and ϕ = if for any morphism f in
B∗. We conclude that diagram on the left had side above commutes when
restricted to collection GB in the case in which k = 1. This together with
the fact that HH∗T

1 satisfies condition 6 of Proposition 4.1 and the fact that T
is a double functor, implies that square commutes HB1 . Now, the square on
the right hand side above restricts to the square on the left when restricted
to the set of generators EB1 of V B1 . This, together with the fact that all edges
involved are functors implies that the square on the right commutes in the
value k = 1.
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Let now k be a positive integer such that k > 1. Suppose that for every
positive m < k the squares above commute. We now prove that the squares
above commute for k. The square on the left hand side commutes when re-
stricted to the collection of morphisms of V H∗C

k−1 by the induction hypothesis.
This, together with the fact that the upper edge of the square satisfies con-
dition 4 of Proposition 4.1 and its left and right edges satisfy condition 5 of
Proposition 4.1 implies that the full square commutes. Now, the square on
the right above is equal to the square on the left when restricted to the set
EBk of generators of V Bk . This, together with the fact that all the edges of the
square are functors, implies that the full square commutes on k. The result
follows from this by taking limits.

Let B be a decorated bicategory. In that case B is a sub-decorated bicategory
of H∗QB. We denote by jB the inclusion of B in H∗QB. We write j for
the collection of decorated pseudofunctors jB with B running through the
objects of bCat∗. As defined above j is clearly a natural transformation
from idbCat∗ to H∗Q.

Theorem 5.2. Q and H∗ �gCat satisfy the relation:

Q a H∗ �gCat
with the pair (π•, j) as counit-unit pair.

Proof. We wish to prove that pair formed by Q and H∗ �gCat forms a left
adjoint pair with π• and j as counit and unit respectively.

It has already been established that π• is a natural transformation from
QH∗ to idgCat, and that j is a natural transformation from identity endofunc-
tor idbCat∗ of bCat∗ to H∗Q. We thus only need to prove that the pair (π•, j)
satisfies the triangle equations for a counit-unit pair. We begin by proving
that the following triangle commutes:

- 295 -



J. ORENDAIN THE CANONICAL DOUBLE PROJECTION

H∗ H∗QH∗

H∗

jH∗

idH∗
H∗π•

Let C be a globularly generated double category. The decoration and the
collection of 1-cells of both H∗C and H∗QH∗C are equal to C0 and to the
collection of horizontal morphisms of C respectively. Moreover, the restric-
tion of jH∗C to both C0 and the collection of horizontal morphisms of C is
the identity. The restriction of jH∗C to the collection of 2-cells of H∗C is
the inclusion of the collection of globular squares of C to the collection of
globular squares ofQC . Now, again the restriction to both the decoration and
the collection of horizontal morphisms of H∗πC is equal to the identity in
both cases. The restriction of H∗πC to the collection of 2-cells of H∗QH∗C

is equal to the restriction, to the collection of globular squares of C, of πC ,
which in turn is equal to the identity. It follows that H∗πCjH∗C is equal to
idH∗C . We conclude that triangle above commutes.

We now prove that the following triangle is commutative:

Q QH∗Q

Q

Qj

idQ π•Q

Let B be a decorated bicategory. In this case the restriction to both C0 and
to the collection of horizontal morphisms of C, of jB in H∗QB is equal to
the identity. The restriction, to both C0 and to the collection of horizontal
morphisms of C, now of πQB , is again equal to the identity. We now prove
that the restriction, to B, of H∗πQBQjB of composition πQBQjB defines a
decorated endopseudofunctor of B. It has already been established that the
restriction, to both the decoration and the collection of horizontal morphisms
of B, of both QjB and πQB and thus of πQBQjB is equal to the identity. Now,
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let ϕ be a 2-cell in B. In that case QjBϕ is equal to jBϕ, which is equal to
B. Now, πQBϕ is again equal to ϕ. We conclude that the restriction to B
of H∗πQBQjB defines a decorated endopseudofunctor of B. Moreover, this
decorated endopseudofunctor of B is the identity endopseudofunctor of B.
It follows, from this, and from Proposition 5.1 that the composition πQBQjB

is equal to the identity endopseudofunctor of QB. We conclude that triangle
above commutes. This concludes the proof.

As explained in the introduction we interpret Theorem 5.2 as a generalization
of [4, Theorem 5.3] and as a way to complete the diagram

dCat bCat∗

gCat

H∗

γ H∗ �gCat

i
`

to a diagram of the form:

dCat bCat∗

gCat

H∗

γ H∗

i
`

Q
`

Moreover, if we write bCat∗sat for the full subcategory of bCat∗ generated
by saturated bicategories and we write gCatfree for the full subcategory of
gCat generated by the image of the object function of Q, then Theorem 5.2
and [16, Corollary 3.4] say that H∗ and Q establish an equivalence between
bCat∗sat y gCatfree. That is, we obtain the diagram:
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gCatfree bCat∗sat

H∗

Q

∼=

Faithfulness of decorated horizontalization

We now prove that the decorated horizontalization functor H∗ is faithful
when restricted to the category gCat of globularly generated double cate-
gories thus allowing an interpretation of gCat as a concrete category over
bCat∗ and of Q as a free construction. We begin with the following propo-
sition.

Lemma 5.3. LetC,C ′ be globularly generated double categories. LetG,G′ :
C → C ′ be double functors. Suppose that the equation H∗G = H∗G′ holds.
In that case the equations

Hk
G = Hk

G′ and V k
G = V k

G′

hold for every k ≥ 1.

Proof. Let C,C ′ be globularly generated double categories. Let G,G′ :
C → C ′ be double functors. Suppose that the equation H∗G = H∗G′ holds.
Let k be a positive integer. We wish to prove the equations HG

k = HG′

k and
V G
k = V G′

k hold.
We proceed by induction on k. We first prove the equation HG

1 = HG′
1 .

Let ϕ be a globular square in C. In that case HG
1 = Gϕ. This is equal,

given that ϕ is a globular square, to H∗Gϕ, which by the assumption of the
lemma, is equal to H∗G′ϕ, and this is equal to HG′

1 ϕ. This, together with
the fact that both G and G′ are double functors and thus preserve horizontal
identities implies that the functions HG

1 and HG′
1 are equal. We now prove

the equation V G
1 = V G′

1 . Observe first that the restriction of the morphism
function of V G

1 toHC
1 is equal toHG

1 and that the restriction of the morphism
function of V G′

1 to HC
1 is equal to HG′

1 . This, the previous argument, the fact
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that HC
1 generates V C

1 , and the functoriality of V G
1 and V G′

1 , implies that the
equation V G

1 = V G′
1 holds.

Let now k be a positive integer such that k > 1. Suppose that for every
n < k the equations HG

n = HG′
n and V G

n = V G′
n hold. We prove that under

these assumptions the equation HG
k = HG′

k holds. Observe first that the
restriction of HG

k to HomV Ck−1
is equal to the morphism function of V G

k−1 and
that the restriction of HG′

k to HomV Ck−1
is equal to the morphism function of

V G′

k−1. This, together with the induction hypothesis, and the fact that G and
G′ intertwine the source and target functors and the horizontal composition
funtor of C and C ′ implies that HG

k = HG′

k . We now prove that V G
k and

V G′

k are equal. Observe that the restriction of the morphism function of V G
k

to HC
k is equal to HG

k and that the restriction of the morphism function of
V G′

k to HC
k is equal to the function HG′

k . This, together with the previous
argument, the fact that HC

k generates V C
k , and the functoriality of both V G

k

and V G′

k proves that the functors V G
k and V G′

k are equal. This concludes the
proof.

Corollary 5.4. Let C,C ′ be double categories. Suppose C is globularly
generated. Let G,G′ : C → C ′ be double functors. If the equation H∗G =
H∗G′ holds then the equation G = G′ also holds.

Proof. Let C,C ′ be double categories. Let G,G′ : C → C ′ be double func-
tors. Suppose that C is globularly generated and that the equation H∗G =
H∗G′ holds. We wish to prove that the equation G = G′ holds.

The globular pieces γG and γG′ of G and G′ are both double functors
from C to γC ′. We have the equalities H∗γG = H∗G and H∗γG′ = H∗G′.
It follows, from the assumption of the corollary that γG and γG′ satisfy the
assumptions of Proposition 5.3 and thus the equation V γG

k = V γG′

k are equal
for everu k. Both γG and γG′ admit decompositions as limits lim−→V γG

k and
lim−→V γG′

k . It follows, from this, that γG = γG′. Finally by the assumption
that C is globularly generated γG and γG′ are equal to the codomain restric-
tions, from C ′ to γC ′, of G and G′ respectively and thus γG and γG′ are
equal if and only if G and G′ are equal. This concludes the proof.

Proposition 5.5. H∗ �gCat is faithful.

Proposition 5.5 allows us to interpret gCat as a concrete category over bCat∗
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through H∗ �gCat. From this and from Theorem 5.2 we have the following
corollary.

Corollary 5.6. Q is a free functor with respect to H∗ �gCat.

We interpret Corollary 5.6 by saying that the free globularly generated dou-
ble category construction provides universal bases of fibers of the globularly
generated piece fibration γ and thus provides generators for globularly gen-
erated solutions to Problem 1.1.
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