
 
 
 

 
 

 

 

WEAK FUSION 2-CATEGORIES

Thibault D. DECOPPET

Résumé. Nous introduisons un affaiblissement de la notion de 2-catégorie fu-
sion donnée dans [6]. Ensuite, nous établissons un nombre de propriétés des
2-catégories (multi)fusion. En particulier, nous démontrons que les duaux à
gauche et à droite d’un objet d’une 2-catégorie fusion coı̈ncident. Finalement,
nous décrivons la loi de fusion des 2-catégories fusion associées à certaines
catégories fusion tressées qui sont pointées.
Abstract. We introduce a weakening of the notion of fusion 2-category
given in [6]. Then, we establish a number of properties of (multi)fusion
2-categories. In particular, we prove that the left and the right duals of an
object in a multifusion 2-category coincide. Finally, we describe the fusion
rule of the fusion 2-categories associated to certain pointed braided fusion
categories.
Keywords. Multifusion 2-Categories, Fusion 2-Categories, Braided Fusion
Categories.
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Introduction

We present an algebraic definition of fusion 2-categories that partially fills
the gap between the two existing definitions ([6] and [13]). In fact, we show
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that our definition is essentially equivalent to that of [6]. Further, it is pos-
sible to show that the (separable) fusion 2-categories of [13] are examples
of the objects we call fusion 2-categories. The proof is not difficult, but
requires developing the theory of fusion 2-categories much further, so we
postpone it to [5]. However, proving the converse is a much more delicate
problem. Namely, it essentially amounts to proving that every fusion 2-
category is a fully dualizable object in an appropriate symmetric monoidal 4-
category. We hope to return to this point in following work, but, in the mean-
time, we present some elementary results on the structure of (multi)fusion
2-categories.

Let us briefly describe the content of the different sections of the present
article. Section 1 contains results on monoidal 2-categories that we will
be needed. We begin by reviewing adjoints. Providing we are working in
a monoidal 2-category that has right adjoints, we show how these adjoints
can be assembled to give a monoidal 2-functor. We go on to review the
definitions of duals and of coherent duals. Further, given a 2-category that
has right duals, we explain how they can be put together to define a 2-functor.
We conjecture that this 2-functor is in fact monoidal. Finally, we explain
some properties of monoidal 2-categories that have right adjoints and right
duals.

Fusion 2-categories as defined in [6] are Gray monoids satisfying some
properties. In section 2, we generalize their definition by starting with a
monoidal 2-category in the sense of [15]. We also give a decomposition
result for multifusion 2-categories that is analogous to that of multifusion 1-
categories. Then, we show that our definition of a fusion 2-category is essen-
tially equivalent to that of Douglas-Reutter. We continue by deriving some
consequences of the existence of duals in multifusion 2-categories. Most
notably, we show that right and left duals agree. Next, we show that the
connected component of the unit in a fusion 2-category forms a fusion sub-
2-category, and we prove that connected fusion 2-categories correspond pre-
cisely to braided fusion categories. Finally, we explain how to compute the
fusion rule of the connected fusion 2-category associated to certain pointed
braided fusion categories, generalizing a result of [8]. We use this to com-
pute the fusion rules of some fusion 2-categories.
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1. Adjoints and Duals in Monoidal 2-Categories

1.1 Adjoints

The following definition is well-known.

Definition 1.1.1. Let C be a 2-category and f : A → B a 1-morphism in
C. A right-adjoint for f is a 1-morphism f ∗ : B → A together with 2-
morphisms ε : f ◦ f ∗ ⇒ IdB and η : IdA ⇒ f ∗ ◦ f satisfying the snake
equations

(ε ◦ f) · (f ◦ η) = Idf ,

(f ∗ ◦ ε) · (η ◦ f ∗) = Idf∗ ,

in which we have omitted the relevant coherence 2-isomorphisms. One de-
fines left-adjoints dually.

Remark 1.1.2. It is well-known that a right-adjoint for a 1-morphism f is
unique up to unique 2-isomorphism.

Notation 1.1.3. Let C be a 2-category. We denote by C2op the 2-category
obtained from C by reversing the direction of the 2-morphisms. Analogously,
we denote by C1op the 2-category obtained by reversing the direction of the
1-morphisms. If C is monoidal, then it is clear that so is C2op. The 2-category
C1op can also be given a monoidal structure, but this construction is slightly
trickier, as one needs to “invert” 1-morphisms. Using the algebraic definition
of monoidal 2-category given in [15], this poses no problem.

Lemma 1.1.4. Let C be a 2-category with right-adjoints. There is a 2-functor

(−)∗ : C→ C1op;2op

that is the identity on objects and sends a 1-morphism f to the 1-morphism
underlying a chosen right adjoint. Dually, if C has left-adjoints, there is
a 2-functor denoted by ∗(−) that sends 1-morphisms to their left adjoints.
Further, if C has left and right-adjoints, ∗(−) is a pseudo-inverse for (−)∗.
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Proof. The is well-known, for instance, see [11], or appendix A.1 below.

If we assume in addition that C is monoidal, then the 2-functor (−)∗ can
be made monoidal.

Lemma 1.1.5. Let C be a monoidal 2-category with right-adjoints. The
2-functor (−)∗ of lemma 1.1.4 can be made monoidal. If, in addition, C
has left-adjoints, then the monoidal 2-functors ∗(−) is a monoidal pseudo-
inverse for (−)∗.

Proof. See appendix A.1 below.

1.2 Duals

Some care has to be taken with respect to what one calls a dual in a monoidal
2-category C. For us, a right dual for an object A of C consists of an object
A], together with two 1-morphisms iA : I → A]�A and eA : A�A] → I
satisying the snake equations up to 2-isomorphisms. Similarly, one can give
a definition of a left dual forA. These definitions have the advantage of being
concise and easy to check, but they are not convenient to use in constructions.
That is why we shall also need to consider the refinement defined in [14]
called a coherent right dual.

Definition 1.2.1. Let A be an object of a monoidal 2-category C. A coherent
right dual for A consists of an object A] in C, 1-morphisms iA : I → A]�A
and eA : A�A] → I , and 2-isomorphisms1

CA : (eA�A) ◦ a•A,A],A ◦ (A�iA)⇒ IdA,

DA : IdA] ⇒ (A]�eA) ◦ aA],A,A] ◦ (iA�A
]),

satisfying the two swallowtail equations (depicted in figures 3 and 4 of [14]).
We will also say that the data (A,A], iA, eA, CA, DA) is a coherent dual pair,
or that (A,A], iA, eA, CA, DA) is a coherent left dual for A].

1The notation a•A,A],A is used in [15] to refer to the chosen ajoint pseudo-inverse of the
1-morphism aA,A],A.
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Remark 1.2.2. In the notation of definition 1.2.1, if we assume that C is a
strict cubical monoidal 2-category, the swallowtail equations simplify to[
eA ◦ (CA�A

])
]
·
[
φ(eA,IdI),(IdA�A] ,eA)

◦ (A�iA�A
])
]
·[eA ◦ (A�DA)] = IdeA ,[

(A]�CA) ◦ iA
]
·
[
(A]�eA�A) ◦ φ(iA,IdI),(IdA]�A,iA)

]
·[(DA�A) ◦ iA] = IdiA .

It is clear that every coherent right dual is a right dual. Hence, it is natural
to ask whether every right dual can be made into a coherent right dual. This
question was solved in [14].

Corollary 1.2.3. [14, Corollary 2.8] Every right dual can be made coherent,
and every left dual can be made coherent.

Definition 1.2.4. Let C be a monoidal 2-category. We say that C has right
duals, resp. left duals, if every object has a right dual, resp. left dual. We say
that C is rigid if it has right and left duals.

Using the above result from [14], we believe that one can construct a
right dual 2-functor on any monoidal 2-category with right duals.

Notation 1.2.5. Given C a monoidal 2-category with monoidal product �,
we denote by C�op the monoidal 2-category with the opposite monoidal
product.

Conjecture 1.2.6. Let C be a monoidal 2-category with right duals. There
exists a monoidal 2-functor

(−)] : C→ C�op;1op

that sends an object A to the object underlying a right dual for A. If, in
addition, C has left duals, there is a monoidal 2-functor, which we denote
by ](−) that sends an object to its left dual. Further, ](−) is a monoidal
pseudo-inverse for (−)].

Remark 1.2.7. We prove in lemma A.2.2 below that the underlying 2-functor
exists. However, checking the coherence axioms for a monoidal 2-category
involves making sure that big composites of interchangers agree, and we
have not found a satisfactory way to deal with these.
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The decategorified version of the next lemma is well-known.

Lemma 1.2.8. Let C be a monoidal 2-category, and A, B, and C be objects
of C.

1. If C has a right dual, there are natural equivalences

HomC(A,B�C) ' HomC(A�C], B),

HomC(C�A,B) ' HomC(A,C]�B).

2. If C has a left dual, there are natural equivalences

HomC(A�C,B) ' HomC(A,B�]C),

HomC(A,C�B) ' HomC(]C�A,B).

Proof. Without loss of generality, we may assume that C is strict cubical (this
follows from the coherence theorem of [12]). Let (C,C], iC , eC , CC , DC) be
a coherent dual pair. Then, the functors

HomC(A,B�C) � HomC(A�C], B)
f 7→ (B�eC) ◦ (f�C])

(g�C) ◦ (A�iC) ←[ g

form an adjoint equivalence with counit

[(A�CC) ◦ f ] · [(B�eC�C) ◦ φ(f,Id),(Id,iC)]

and unit
[φ(g,Id),(Id,eC) ◦ (A�iC�C

])] · [g ◦ (B�DC)].

The triangle identites follow from the swallowtail equations. The naturality
in A and B is clear from the definition.

Remark 1.2.9. The above lemma can be reformulated by saying that certain
2-functors form a 2-adjunction. For instance, if C has a right dual, then
(−)�C] is left 2-adjoint to (−)�C.
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1.3 Interactions

The monoidal 2-categories we will consider have both adjoints and duals.
That is why we now examine the properties of such monoidal 2-categories.

Lemma 1.3.1. Let A] be a right dual for A in C, a monoidal 2-category with
right adjoints, with unit iA and counit eA. Then A] has a right dual.

Proof. Using the monoidal 2-functor (−)∗ constructed in lemma 1.1.5, one
gets that the image of iA and eA under (−)∗ witness that A] is a right dual
for A in C1op;2op. This means that A is a right dual for A] in C.

Remark 1.3.2. Lemma 1.3.1 can be generalized to n-categories, see [1,
Lem. 4.1.2].

Corollary 1.3.3. Let C be a monoidal 2-category with right adjoints and
right duals. For any object A of C, A]] is equivalent to A.

Corollary 1.3.4. Let C be a monoidal 2-category with right adjoints. If C
has right duals, then it also has left duals.

2. Fusion 2-Categories

Throughout, we work over a fixed algebraically closed field k of character-
istic zero.

2.1 (Multi)Fusion 2-Categories

Definition 2.1.1. A multifusion 2-category C is a finite semisimple 2-category
([4] definition 2.1.3) equipped with a rigid k-linear monoidal structure. In
particular, it comes equipped with a bilinear 2-functor

� : C× C→ C,

and a monoidal unit I . A fusion 2-category is a multifusion 2-category
whose monoidal unit is simple.

Remark 2.1.2. By their very definition, all the standard results of monoidal
2-category theory (up to linearization) apply to multifusion 2-categories. For
instance, by [15], every multifusion 2-category is equivalent to a skeletal
multifusion 2-category.
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It is well-known that the monoidal unit of a multifusion category splits
as a direct sum of non-isomorphic simple objects (see [7] section 4.3). Using
the fact that every object of a finite semisimple 2-categories decomposes into
a direct sum of simple objects (see proposition 1.4.5 of [6] and lemma 2.1.5
of [4]), a similar result holds for multifusion 2-categories.

Lemma 2.1.3. Let C be a multifusion 2-category. Let Xi, i = 1, ..n be the
finitely many simple objects appearing in the decomposition of the monoidal
unit as a direct sum of simple objects, i.e.

I ' �n
i=1Xi.

Then, HomC(Xi, Xj) is non-zero if and only if i = j. Moreover, we have
that Xi�Xj is equivalent to Xi if i = j and to 0 otherwise.

Proof. For any i, we have Xi�I ' Xi. As Xi is simple, there exists pre-
cisely one j such that Xi�Xj is non-zero. Together with the reverse argu-
ment on j, this shows that

Xi ' Xi�Xj ' Xj.

If i 6= j, thenXi�I would have (Xi�Xi)�(Xi�Xj) as a summand, whence
would not be simple. Thus, we must have i = j and Xi�Xi ' Xi. More-
over, this shows that Xi is both a left and a right dual for Xi.

Let i, j be arbitrary. Then, we have:

HomC(Xi, Xj) ' HomC(Xi�(]Xj), I) ' HomC(δijXi, I).

The last term is non-zero precisely when i = j. This finishes the proof.

Remark 2.1.4. Lemma 2.1.3 can be seen as a generalization of the fact that
braided multifusion categories have no non-zero entries away from the diag-
onal (see lemma 5.3 of [3]).

Let C be a multifusion 2-category. We write iCj for the semisimple 2-
category Xi�C�Xj . The following result is a direct analogue of the usual
decomposition of a multifusion category.
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Lemma 2.1.5. The semisimple 2-categories iCi are fusion 2-categories, and
the finite semisimple 2-categories iCj are (iCi, jCj)-bimodule 2-categories.
Finally, the following matrix1C1 · · · 1Cn

... . . . ...
nC1 · · · nCn


represents the fusion rule of the multifusion 2-category C.

Example 2.1.6. The 2-category of representations of a finite 2-groupoid G
is semisimple and finite by [6]. It inherits a (symmetric) monoidal struc-
ture from the symmetric monoidal structure on 2Vect. The monoidal unit
is given by the constant 2-functor G → 2Vect with value Vect. This 2-
representation splits as the direct sum of the simple 2-representations that
are constant with value Vect on exactly one component of G and 0 on the
others.

2.2 Comparison with strict Fusion 2-Categories

Douglas and Reutter have used in [6] the term fusion 2-category to refer to
certain Gray monoids; We call such objects strict fusion 2-categories. Now,
we want to compare their definition with ours.

Lemma 2.2.1. Let C be a multifusion 2-category. There exists a multifusion
2-category D, whose underlying monoidal 2-category is a strict cubical k-
linear monoidal 2-category, that is linearly equivalent to C. Moreover, if C
is fusion, so is D.

Proof. Using a k-linear version of the coherence theorem of [12], we obtain
a strict cubical k-linear monoidal 2-category D that is linearly monoidally
equivalent to C. Observe that the underlying linear equivalence of 2-categories
witnesses that the 2-category D is a finite semisimple 2-category. Moreover,
rigidity is preserved by monoidal equivalences of 2-categories. This proves
the first part of the result. The last part follows from the Whitehead theorem
for monoidal 2-categories (see [15]).
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Lemma 2.2.2. There is a bijection between weak fusion 2-categories, whose
underlying monoidal 2-category is a strict cubical (or opcubical) k-linear
monoidal 2-category and strict fusion 2-categories.2

Proof. The k-linear version of [2] lemma 2.16 shows that there is a bijec-
tion between strict cubical k-linear monoidal 2-categories and k-linear Gray
monoids with one object. Moreover, the equivalence does not affect the un-
derlying 2-categories, and by lemma 2.1.4 of [4] its finite semisimple in the
sense of [6]. Thus, the only thing we have to prove is that this bijection re-
spects the existence of duals. This property follows from the fact that the
monoidal product with a fixed 1-morphism is invariant under this bijection
by construction.

Remark 2.2.3. In particular, we may invoke all the results that [6] have
proven for strict fusion 2-categories, and apply them to fusion 2-categories.

2.3 Duals in Multifusion 2-Categories

Specializing lemma 1.3.1 to multifusion 2-categories, we obtain the follow-
ing lemma.

Lemma 2.3.1. Let C be a multifusion 2-category, and let A] be a right dual
for A in C, then A is a right dual for A].

On the one hand, the decategorified analogue of the next result is well-
known: it says that left and right duals in a fusion category agree. The proof
relies crucially on the category being semisimple. On the other hand, in the
context of fusion 2-categories, the proof has a very distinct flavour; it uses
lemma 2.3.1, which applies in great generality (see corollary 1.3.3).

Corollary 2.3.2. Let C be a multifusion 2-category, and A an object of C.
Then, A]] is equivalent to A.

Corollary 2.3.3. Let C be a monoidal finite semisimple 2-category. If C has
right duals, then it also has left duals, i.e it is multifusion.

2This statement can be made rigorous using a set-theoretic argument. For instance, one
could use a bigger universe.
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As is the case in any multifusion category, the right dual of a simple
object is again a simple object.

Lemma 2.3.4. In any multifusion 2-category, the left and right duals of a
simple object are simple.

Proof. Let A be a simple object with right dual A]. Observe that the right
dual of a non-zero object has to be non-zero. Further, a right dual for a
direct sum is given by the direct sum of the right duals. Thus, if A] were not
simple, i.e. had two non-zero summands, then A]] would have two non-zero
summands. This contradicts the fact that A ' A]] is simple.

Lemma 2.3.4 implies that the operation of taking the right dual induces
a bijection on the set of equivalence classes of simple objects. Now, ob-
serve that lemma 1.2.8 also applies to multifusion 2-categories, yielding the
following results:

Corollary 2.3.5. Let C be a multifusion 2-category, and A, B two simple
objects such that HomC(A,B) is non-trivial. Then, HomC(A], B]) is non
trivial.

Proof. Note that it is enough to prove that HomC(B], A]) is non-trivial.
Namely, the 2-functor (−)∗ of lemma 1.1.4 provides us with a linear equiv-
alence:

HomC(A], B]) ' HomC(B], A]).

Now, using lemma 1.2.8, there are linear equivalences:

HomC(B], A]) ' HomC(A�B], I) ' HomC(A,B).

This concludes the proof.

Corollary 2.3.6. Let C be a fusion 2-category, and A, J two simple objects
such that J is in the component of the monoidal unit (i.e. HomC(I, J) is non-
zero), then J�A is a direct sum of simple objects in the connected component
of A.

Proof. Let B be a simple summand of J�A. There exists a non-trivial 1-
morphism between J�A and B. Thence, there is a non-trivial 1-morphism
between B�A] and J . By proposition 1.2.19 of [6], this implies that there
exists a non-trivial 1-morphism between B�A] and I , which is equivalent
to saying that A and B are in the same connected component.

- 13 -
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We examine the behaviour of simple objects under the monoidal product
and arbitrary 2-functors.

Lemma 2.3.7. Let C be a fusion 2-category and C, D two non-zero objects.
Then C�D is non-zero.

Proof. By rigidity,D has a right dualD]. In particular, the decomposition of
D�D] into simple objects contains a copy of J , a simple object in the con-
nected component of I . By definition, there exists a non-zero 1-morphism
f : I → J . Thus, we get a map

C�I
C�f // C�J �

� // C�D�D].

On one hand, if C�D were equivalent to zero, then C�J ' 0, whence we
would have C�f ' 0. On the other hand, f has a left adjoint ∗f , and the 2-
functor C�(−) preserves adjunctions. As IdI is a direct summand of ∗f ◦f ,
we find that C�f 6= 0. Consequently, C�D must be non-zero.

Proposition 2.3.8. Let F : C → D be a monoidal 2-functor from a fusion
2-category to a multifusion 2-category. For any non-zero object C of C, we
have that F (C) is non-zero.

Proof. As F is a monoidal 2-functor, we know that F (I) is non-zero. Now,
the evaluation 1-morphism eC : C�C] → I is non-zero, and has a left
adjoint. As F preserves adjunctions, we find that F (eC) is non-zero. Given
that F (C)�F (C]) ' F (C�C]), this implies that F (C) is non-zero.

2.4 Connected Fusion 2-Categories

The goal of this section is to study a special class of fusion 2-categories: con-
nected fusion 2-categories. They are ubiquitous both because the 2-category
of finite semisimple module categories associated to a braided fusion cate-
gory is connected, and because every fusion 2-category has a connected fu-
sion 2-category as a full sub-2-category. This is similar to the fact that every
topological monoid admits a connected submonoid given by the connected
component of the identity.

Definition 2.4.1. A connected fusion 2-category is a fusion 2-category whose
underlying finite semisimple 2-category is connected as in definition 1.2.22
of [6].
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Remark 2.4.2. By the categorical Schur lemma, i.e. proposition 1.2.19 of
[6], in order to show that a fusion 2-category is connected, it is enough to
check that the Hom-categories from the monoidal unit to any simple object
is non-trivial.

Given a fusion category C, we write Mod(C) := Cau(BC) for the
Cauchy completion of BC in the sense of [10]. By theorem 3.1.7 of [10],
we may also think of Mod(C) as the 2-category of separable algebras, bi-
modules, and bimodule maps in C. Thus, Mod(C) is a finite semisimple
2-category by theorem 1.4.8 of [6], and it is connected by proposition 2.3.5
of [4]. Further, by proposition 1.3.13 of [6], Mod(C) is equivalent to the
2-category of finite semisimple right C-module categories. The equivalence
sends a separable algebra A in C to ModC(A) the finite semisimple category
of right A-modules in C. Now, if we equip C with a braiding, more can be
said.

Proposition 2.4.3. [6, Construction 2.1.19] Let C be a braided fusion cate-
gory. Then, Mod(C) is a connected fusion 2-category, with monoidal prod-
uct given by �C the balanced Deligne tensor product.

Proof. Note that the monoidal 2-category BC is rigid. Thence, through
the proof of theorem 4.1.1 of [10], we find that its Cauchy completion,
Mod(C), is a multifusion 2-category with monoidal product �. Explic-
itly, the monoidal structure is as follows: Given two separable algebras A, B
in C, representing two right C-module categories ModC(A) and ModC(B),
their product A ⊗ B is again a separable algebra in C. The separable alge-
bra A ⊗ B represents an object ModC(A ⊗ B) in Mod(C), which is, by
construction, the monoidal product of ModC(A) and ModC(B). The result
follows from the equivalence of right C-module categories:

ModC(A) �C ModC(B) 'ModC(A) �C RModC(B
op)

' BimodC(A,B
op) 'ModC(A⊗B) = ModC(A)�ModC(B),

where we have used the equivalence of right C-module categories

ModC(B) ' RModC(B
op)

between the category of leftB-modules and the category of rightBop-modules.
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Definition 2.4.4. Let C be a fusion 2-category with monoidal unit I . We
denote by C0 the connected component of the identity, i.e. the full additive
sub-2-category on the simple objects that admit a non-zero morphism from
I .

Proposition 2.4.5. The 2-category C0 is a fusion sub-2-category of C that is
connected.

Proof. We begin by proving that C0 is finite semisimple. The only property
which is not obvious is that C0 has all condensates. Let (A, ...) be a 2-
condensation monad in C0, and let (A,B, f, g, ...) be an extension in C of
(A, ...) to a 2-condensation. Observe that for every simple summand C in
C of B, the composite of f with the projection B → C is a non-zero 1-
morphism A→ C. (If this 1-morphism was zero, (A,B, f, g, ...) would not
be a 2-condensation.) Thus, we find that C is in C0. Further, by definition,
we have that C0 is connected.

By corollary 2.3.6, the monoidal product of C restricts to give C0 a
monoidal structure. Finally, as I] ' I , we find by corollary 2.3.5 that this
monoidal structure is rigid, and C0 is clearly fusion.

Corollary 2.4.6. Let C be a fusion 2-category. Then, there is an equivalence
of monoidal 2-categories:

Mod(EndC(I)) ' C0.

Proof. As a consequence of the proof of the above proposition, we find that

BEndC(I) ↪→ C0

is a Cauchy completion. Further, this inclusion is monoidal, whence, by the
3-universal property of the Cauchy completion, we get the desired result.

Corollary 2.4.6 shows that the behavior of the monoidal product on the
connected component of the identity is completely determined by the braid-
ing on the fusion category EndC(I).

Proposition 2.4.7. There is an equivalence between the category of con-
nected fusion 2-categories and equivalence classes of monoidal linear 2-
functors, and the category of braided fusion categories and equivalence
classes of braided tensor functors.
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Proof. Let us denote byA the category of connected fusion 2-categories and
equivalence classes of monoidal linear 2-functors, and by B the category of
braided fusion categories and equivalence classes of braided tensor functors.
Taking the endomorphism category of the monoidal unit yields a functor

End(−)(I) : A → B,

and taking the Cauchy completion of the delooped braided fusion category
gives a functor

Mod(−) = Cau(B(−)) : B → A.
Using the 3-universal property of the Cauchy completion, one finds that
these functors are pseudo-inverses for one another.

2.5 Examples given by Pointed Braided Fusion Categories

Let C be a pointed braided fusion category. By results of [7], we know that
this corresponds equivalently to the data of a finite abelian groupA equipped
with an abelian 3-cocycle (ω, β). We will assume that ω is trivial. (If A has
odd order, this can always be done.) We denote the braided fusion category
associated to this data by VectβA. It is known that finite semisimple inde-
composable right module categories over VectβA correspond to pairs (E, φ),
where E is a subgroup of A and φ is 2-cocycle on E with value in k× (con-
sidered up to 2-coboundary). We denote the corresponding right module
category byM(E, φ). Proposition 3.16 of [9], explains how to compute the
relative Deligne tensor product of two right C-modules when β is trivial. We
now generalize this result.

Let (E, φ), and (F, ψ) be two pairs consisting of a subgroup of A, and an
appropriate 2-cocycle. LetAlt(φ) : E×E → k× andAlt(ψ) : F×F → k×

be the corresponding skew-symmetric bilinear forms, i.e.

Alt(φ)(e1, e2) := φ(e1, e2)/φ(e2, e1),

and similarly for Alt(ψ). We define a skew-symmetric bicharacter b on E ⊕
F by

b((e1, f1), (e2, f2)) := Alt(φ)(e1, e2)Alt(ψ)(f1, f2)β(f1, e2)/β(f2, e1).

The group E ∩ F embeds in E ⊕ F via e 7→ (e,−e), thus we can consider
its orthogonal complement (E ∩F )⊥ under the bicharacter b. Now, let H be
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the image of (E∩F )⊥ under the canonical map E⊕F → A. The restriction
of b to (E∩F )⊥ descends to a skew-symmetric bilinear form b′ onH , which
corresponds to an element of H2(H,k×) represented by a chosen 2-cocycle
ρ (see proposition 3.6 of [16]).

Proposition 2.5.1. Write C = VectβA, we have

M(E, φ) �CM(F, ψ) ' �m
i=1M(H, ρ),

where

m =
|(E ∩ F )⊥||(E ∩ F )|

|E||F |
.

Proof. Let A(E, φ) be the algebra in C whose underlying object is kE and
whose multiplication is given by φ, and similarly for A(F, ψ). By definition,
M(E, φ) = ModC(A(E, φ)), andM(F, ψ) = ModC(A(F, ψ)). The rela-
tive Deligne tensor product is given by the category of left modules over the
algebra A(E, φ)⊗A(F, ψ) in C. Note that the multiplication of this algebra
is twisted by the braiding β of C. More precisely, the multiplication is given
by the 2-cocycle τ on E ⊕ F defined by

((e1, f1), (e2, f2)) 7→ φ(e1, e2)ψ(f1, f2)β(f1, e2).

In particular, the corresponding skew-symmetric bicharacter onE⊕F is b as
defined above. Finally, using proposition 2.11 of [9], we obtain the desired
result.

Remark 2.5.2. It should be possible to generalize proposition 2.5.1 to the
case were ω is not assumed to be trivial. However, the above proof does
not immediately generalize because if ω is not trivial, then φ and ψ may
not be 2-cocycles, and thus Alt(φ) and Alt(ψ) may not be skew-symmetric
bicharacters.

Example 2.5.3. Recall the notation of example 2.1.12 of [4]. It is well-
known that the fusion category VectZ/pZ admits p distinct braided structures
(up to braided monoidal automorphisms of VectZ/pZ that are the identity on
objects). A braiding b on VectZ/pZ is determined by its value bk1,k1 = e

2πik
p ,

for any 0 ≤ k < p. If we allow arbitrary braided monoidal automorphisms,
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there are two distinct braided structures if p = 2, and three otherwise. The
symmetric or trivial braiding is specified by k = 0, and we denote the corre-
sponding braided fusion category by VecttrivZ/pZ. The other ones correspond
to the cases where 0 < k < p is either a quadratic residue or not. For sim-
plicity, we only treat the case where k is a quadratic residue, for which we
may assume k = 1, and denote the corresponding braided fusion category
by VectβZ/pZ. The other case is entirely analogous.

Let us begin by examining the monoidal product on the finite semisimple
2-category of finite semisimple right modules categories over C := VecttrivZ/pZ.
As C is the monoidal unit for the induced monoidal structure on Mod(C),
we only have to determine Vect �C Vect. Recall that as right VectZ/pZ-
module categories, we have Vect ' M(Z/pZ, triv) in the notations used
above. Now, a straightforward computation using proposition 2.5.1 shows:

Vect�C Vect ' �p
i=1Vect,

as right C-module categories.
We now turn our attention to the case D := VectβZ/pZ. As above, D is

the monoidal unit of the induced monoidal structure on Mod(D), whence
we only have to determine Vect�DVect. In order to use proposition 2.5.1,
we compute that 〈(1,−1)〉⊥ ⊆ Z/pZ ⊕ Z/pZ is precisely 〈(1,−1)〉. This
gives m = 1, and thus

Vect�D Vect 'M(0, triv) ' D.

This examples shows that the braiding we put on a fusion category can have
a big impact on the fusion rule of the associated fusion 2-category.

A. Two 2-Functors

A.1 The Adjoints Monoidal 2-Functor

Notation A.1.1. Let C be a (monoidal) 2-category. Given f : A → B a
1-morphism in C, we denote by {f}1op;2op : B → A the corresponding 1-
morphism in C1op;2op. We write ◦op for the composition of 1-morphisms in
C1op;2op. Given α : f ⇒ g a 2-morphism in C, we denote by {α}1op;2op :
{g}1op;2op ⇒ {f}1op;2op the corresponding 2-morphism in C1op;2op.
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Proof of lemma 1.1.4. This is well-known (for instance, see [11]), but let us
indicate briefly how to proceed. Thanks to the coherence theorem for 2-
categories, we can omit the coherence 2-isomorphisms for C. The 2-functor
(−)∗ is defined as follows:

It sends the obejct C of C to itself. Given a 1-morphism f , we set f ∗ :=
{f ′}1op;2op, where f ′ is a fixed right adjoint for f with unit ηf and counit εf .
Given a 2-morphism α : f ⇒ g, we define

α∗ := {(f ′ ◦ εg) · (f ′ ◦ α ◦ g′) · (ηf ◦ g′)}1op;2op.

Given two 1-morphisms f : A→ B, g : B → C, the structure 2-isomorphism
g∗◦opf ∗ ⇒ (g◦f)∗ in C1op;2op witnessing that (−)∗ respects the composition
of 1-morphisms is given by the 2-isomorphisms

{(f ′ ◦ g′ ◦ εg◦f ) · (f ′ ◦ ηg ◦ f ◦ (g ◦ f)′) · (ηf ◦ (f ◦ g)′)}1op;2op.

Similarly, the unitors are given by {η−1IdC}
1op;2op : Id∗C ⇒ IdC for every

object C of C. This data specifies the 2-functor (−)∗. The associativity of
composition follows from the triangle identities, and the unitality of compo-
sition is clear.

Further, if C also has left-adjoints, we can dually define a 2-functor ∗(−).
In particular, for any given 1-morphism f , we fix a left adjoint ′f with unit
ξf and counit κf . It is not hard to see that ∗(−) is a pseudo-inverse for
(−)∗ (see the footnote on page 3). For instance, a 2-natural equivalence
θ : (∗(−))∗ ⇒ Id is given by the identity 1-morphism on objects, and on a
1-morphism f by the 2-isomorphism (ε(′f) ◦ f) · ((′f)′ ◦ ξf ).

Lemma A.1.2. Let F : C→ D be a 2-functor. There is a 2-natural equiva-
lence e that fits into the following diagram:

C
F //

(−)∗
��

D

(−)∗
��

C1op;2op

e

4<

F 1op;2op
// D1op;2op.

Proof. As above, we omit the coherence 2-isomorphisms of C, and D. Given
an object C of C, we set eC := IdF (C). On the 1-morphism f : C → D, we
define ef as the following 2-isomorphism:
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{(ηF (f) ◦ F (f ′)) · (F (f)′ ◦ F−1f ′,f ) · (F (f)′ ◦ F (εf ))}1op;2op,

where Ff ′,f : F (f ′)◦F (f)⇒ F (f ′ ◦f) is the coherence 2-isomorphism
supplied by F . It is not hard to check that this defines a 2-natural equiva-
lence.

Proof of lemma 1.1.5. Thanks to the coherence theorem for monoidal 2-cate-
gories, there is an equivalence of monoidal 2-categories F : C → D such
that D is strict cubical. Below, we will endow the adjoint 2-functor (−)∗ of
D with a monoidal structure. Through the natural 2-equivalence of lemma
A.1.2, this shows that the adjoint 2-functor (−)∗ of C is equivalent as a 2-
functor to a monoidal one. Hence, it is monoidal itself.

In order to specify a monoidal structure on the 2-functor (−)∗ on D, we
need to give some data. To make this more digestible, we use the notations
of [15]. We begin by defining the 2-natural equivalence

χ : (−)∗�(−)∗ ⇒ ((−)�(−))∗.

Given two objects A, B we let χA,B := IdA�B. Given two 1-morphisms f :
A → B and g : C → D we let the 2-isomorphism χf,g : f ∗�g∗ ⇒ (f�g)∗

be given by

{
(
(f ′�g′) ◦ εf�g

)
·
(
φ−1(f ′,g′),(f,g) ◦ (f�g)′

)
·
(
(ηf�ηg) ◦ (f�g)′

)
}1op;2op.

It is not hard to see that χ is a 2-natural transformation. Further, it is
clearly an isomorphism; and we pick χ• to be its inverse.

We choose the 1-equivalence ι to be the identity 1-morphism on the
monoidal unit. The modifications ω, γ, δ are uniquely specified by the uni-
versal property of right adjoints. Namely, we let γC be the 2-isomorphism
{ηIdC}1op;2op in C and δC be the identity 2-morphism of {IdC}1op;2op, for ev-
ery object C of C. Further, for every A,B,C in C, the modification ωA,B,C
is given by the 2-isomorphism {εIdA�B�C

}1op;2op.
The commutativity of the coherence diagrams can be checked using the

uniqueness up to unique isomorphism of right adjoints. Similarly, one can
endow the 2-functor ∗(−) with a monoidal structure.
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Finally, we need to construct monoidal 2-natural equivalences witness-
ing that (−)∗ and ∗(−) are pseudo-inverse monoidal 2-functors. We con-
struct the monoidal 2-natural equivalence (∗(−))∗ ⇒ Id, the other one can
be constructed analogously. Observe that using the argument at the begin-
ning of this proof, it is enough to construct this monoidal 2-natural equiva-
lence on D. As its underlying 2-natural equivalence we take the 2-natural
equivalence θ defined in the proof of lemma 1.1.4 above. Then, in the nota-
tion of [15], the 2-isomorphism M is given by the identity 2-morphism on
IdI , and the modification Π is specified on A,B in C by the 2-isomorphism
{ηIdA�B

}1op;2op.

A.2 The Duals 2-Functor

Notation A.2.1. Let C be a 2-category. Given f : A → B a 1-morphism in
C, we denote by {f}1op : B → A the corresponding 1-morphism in C1op.
We write ◦op for the composition of 1-morphisms in C1op. Given α : f ⇒ g a
2-morphism in C, we denote by {α}1op : {f}1op ⇒ {g}1op the corresponding
2-morphism in C1op.

Lemma A.2.2. Let C be a monoidal 2-category that has right duals. Then,
there is a 2-functor

(−)] : C→ C1op

that sends an object A in C to the object underlying a right dual for A.

Proof. We may assume that the monoidal 2-category C is strict cubical. For
every object A in C, choose a coherent right dual (A,A], iA, eA, CA, DA).
These choices allow us to define the following assignments towards defining
the 2-functor (−)]. An objectA in C is sent toA]. A 1-morphism f : A→ B
is sent to f ] := {f ′}1op, where

f ′ := (A]�eB) ◦ (A]�f�B]) ◦ (iA�B
]) : B] → A].

A 2-morphism α : f ⇒ g : A→ B is sent to α] := {α′}1op, where

α′ := (A]�eB) ◦ (A]�α�B]) ◦ (iA�B
]) : f ′ ⇒ g′.

Given two 1-morphisms f : A → B, g : B → C in C, then {−}1op of
the following 2-isomorphism in C:

- 22 -
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f ′ ◦ g′

(
A]�

(
eC ◦ (g�C])

))
◦
(
A]�

(
(eB�B) ◦ (A�iB)

)
�C]

)
◦
((

(A]�f) ◦ iA
)
�C]

)

(g ◦ f)′

φ

D−1
B

serves as the structure 2-isomorphism in C1op witnessing that (−)] re-
spects the composition of 1-morphisms. The unitor on A is provided by
{DA}1op. Using naturality of the interchangers, it is not hard to check the
coherence axioms, and so defines a 2-functor.
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