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Résumé. Nous introduisons un foncteur V : DblCath,nps → 2Cath,nps qui
extrait d’une double catégorie une 2-catégorie dont les objets et les mor-
phismes sont respectivement les morphismes verticaux et les carrés. Nous
donnons une caractérisation des bi-représentations d’un pseudo-foncteur nor-
malisé F : Cop → Cat comme objets doubles bi-initiaux dans la double
catégorie el(F ) des éléments de F , ou de manière équivalente comme ob-
jets bi-initiaux d’une certaine forme dans la 2-catégorie Vel(F ) des mor-
phismes de F . Bien que cela ne soit pas vrai en général, dans le cas d’une
2-catégorie C qui admet les tenseurs par la catégorie 2 = {0 → 1} et d’un
foncteur F qui préserve ces tenseurs, nous montrons qu’une bi-représentation
de F est précisément un objet bi-initial dans la 2-catégorie el(F ) des éléments
de F . Nous appliquons ces résultats aux bi-adjonctions et aux bi-limites
pondérées.

Abstract. We introduce a functor V : DblCath,nps → 2Cath,nps which ex-
tracts from a double category a 2-category whose objects and morphisms are
the vertical morphisms and squares. We give a characterisation of bi-repre-
sentations of a normal pseudo-functor F : Cop → Cat in terms of double
bi-initial objects in the double category el(F ) of elements of F , or equiv-
alently as bi-initial objects of a special form in the 2-category Vel(F ) of
morphisms of F . Although not true in general, in the special case where the
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2-category C has tensors by the category 2 = {0 → 1} and F preserves
those tensors, we show that a bi-representation of F is then precisely a bi-
initial object in the 2-category el(F ) of elements of F . We give applications
of this theory to bi-adjunctions and weighted bi-limits.

Keywords. Bi-representations, (double) bi-initial objects, bi-adjunctions,
weighted bi-limits, pseudo-commas.

Mathematics Subject Classification (2020). 18N10, 18A05, 18A30,
18A40, 18A25

1. Introduction

In ordinary category theory, properties of a categorical object are often for-
mulated as questions of representability of a presheaf. By a presheaf, we
mean a functor F : Cop → Set, where C is a category and Set is the cate-
gory of sets and functions. A representation of a presheaf comprises the data
of an object I ∈ C together with a natural isomorphism C(−, I)

∼=
=⇒ F . In

particular, this gives isomorphisms of sets C(C, I) ∼= FC, for each object
C ∈ C. A classical theorem, which we shall refer to as the “Representation
Theorem”, establishes that a presheaf F has a representation precisely when
its category of elements has an initial object; see for example [13, Proposi-
tion III.2.2] or [15, Proposition 2.4.8]1. This category of elements of F is
defined as the slice category {∗} ↓ F , where {∗} denotes the singleton set.

Two main examples of properties that can be rephrased in terms of rep-
resentability are the existence of limits and adjoints for a functor. Indeed,
asking that a functor F : I → C admits a limit amounts to asking whether
the presheaf [I, C](∆(−), F ) : Cop → Set has a representation. Therefore,
by the Representation Theorem, this is equivalent to requiring the presence
of a terminal object in the slice category ∆ ↓ F of cones over F . Simi-
larly, the existence of a right adjoint to a functor L : C → D may equiva-
lently be reformulated as the existence of a representation of the presheaf
C(L−, D) : Cop → Set, for each object D ∈ D, or equivalently of the exis-
tence of a terminal object in the slice category L↓D, for each objectD ∈ D.

1Riehl defines the category of elements by hand along with a projection functor to C,
rather than Cop; therefore, representations correspond to terminal objects in this setting.

- 260 -



T. CLINGMAN & L. MOSER BI-INITIALS & BI-REPRESENTATIONS

In passing from ordinary categories to 2-categories, we may seek to el-
evate discussions of representations of ordinary presheaves to their 2-di-
mensional counter-parts. By a 2-dimensional presheaf, we mean a normal
pseudo-functor F : Cop → Cat, where C is a 2-category and Cat is the
2-category of categories, functors, and natural transformations. The data of
a 2-dimensional representation is once more an object I ∈ C, but when it
comes to comparing the categories C(C, I) and FC we may retain the idea
that this comparison is mediated by an isomorphism of categories, or we
may require only the presence of an equivalence of categories. The former
choice leads to the notion of a 2-representation, while the latter leads to the
more general notion of a bi-representation.

Recall that an object I in a category C is initial if we have an isomor-
phism of sets C(I, C) ∼= {∗} for all objects C ∈ C. If we wish to formulate
the 2-dimensional definition analogously for an object I in a 2-category C,
as before we now have the option of retaining the idea that the universal
property should be governed by an isomorphism of categories C(I, C) ∼= 1,
for all objects C ∈ C, where 1 is the terminal category, or instead asking
that the universal property is governed by an equivalence of categories. The
former requirement leads to the notion of a 2-initial object, while the latter
leads to the more general notion of a bi-initial object.

Now that the players are ready the game is afoot. The question underpin-
ning the most general 2-dimensional version of the Representation Theorem
is this:

Question. Can bi-representations of a normal pseudo-functor F be charac-
terised as certain bi-initial objects in some 2-category?

As a first guess, based on the Representation Theorem, we might expect
that the 2-category of elements el(F ) of F would be the correct setting for
an affirmative answer. The 2-category el(F ) is defined as the pseudo-slice
2-category 1 ↓ F , where by pseudo-slice we mean a relaxation of the slice
2-category where the triangles of morphisms commute up to a general 2-
isomorphism, rather than an identity.

Although we hate to disappoint the reader, to see that this is not the case
we will turn our interest to a specific kind of bi-representation. Generalising
ordinary limits, bi-representations of the 2-presheaf [I,C](∆(−), F ), known
as bi-limits, were first introduced by Street in [18,19] and further studied by
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Kelly in [9]. The comparatively stronger special case – 2-representations of
the above 2-presheaf, known as 2-limits – had previously been introduced,
independently, by Auderset [1] and Borceux-Kelly [2], and was further de-
veloped by Street [17], Kelly [8,9] and Lack in [11]. As el([I,C](∆(−), F ))
is the opposite of the pseudo-slice 2-category ∆ ↓ F of cones over F , the
question now becomes whether bi-limits may be characterised as bi-terminal
objects in the pseudo-slice 2-category of cones.

Unfortunately, as the authors show in [3], such a characterisation is not
possible in general. The failure stems from the fact that the data of a bi-limit
is not wholly captured by a bi-terminal object in the pseudo-slice 2-category
of cones (see [3, §5]). In fact, such a failure is actually illustrated by an
example of a 2-terminal object in a slice 2-category of cones which is not a
2-limit; see [3, Counter-example 2.12].

We have thus eliminated our first guess from the possible affirmative an-
swers to our question above. To cast further doubt on any positive resolution,
correct characterisations of 2-limits as some form of 2-dimensional terminal
objects that are present in the literature are all phrased in the language of dou-
ble categories; such results are explored by Grandis [4], Grandis-Paré [5,6],
and Verity [20]. These results may all be seen to share the following ap-
proach: the slice 2-category of cones does not capture enough data to suc-
cessfully characterise 2-limits, and so instead more data must be necessarily
added in the form of a slice double category of cones. Indeed, in [6] Grandis
and Paré write:

“On the other hand, there seems to be no natural way of express-
ing the 2-dimensional universal property of weighted (strict or
pseudo) limits by terminality in a 2-category.”

The state of the art thus seems to suggest that our question admits no pos-
itive answer in general. However, our main contribution in response to Gran-
dis and Paré above, is a successful and purely 2-categorical characterisation
of 2-limits as certain 2-terminal objects in a “shifted” slice 2-category of
cones. In fact, we obtain this result as an application of a purely 2-categorical
formulation of a generalisation of the Representation Theorem in the case of
bi-representations. To do this, we extend the results of Grandis, Paré, and
Verity to general bi-representations of normal pseudo-functors, and obtain
in this fashion a double-categorical characterisation of bi-representations in
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terms of “bi-type” double-initial objects. From this work and some new
methods we are able to extract our results.

Let us explore these results in greater detail. Recall that a double cate-
gory has two sorts of morphisms between objects – the horizontal and ver-
tical morphisms – and 2-dimensional morphisms called squares. So as to
distinguish double categories from 2-categories, we will always be careful
to name the former by double-struck letters A, B, C, . . . whereas the latter
will always appear as named by bold letters A, B, C, . . .

A 2-category A can always be seen as a horizontal double category HA
with only trivial vertical morphisms. This construction extends functorially
to an assignment on normal pseudo-functors F 7→ HF . Associated to each
such normal pseudo-functor is a double category of elements el(F ) given
by the pseudo-slice double category 1 ↓↓HF , where these pseudo-slices are
double-categorical analogues of pseudo-slice 2-categories. Furthermore, we
introduce a new notion of double bi-initial objects I in a double category A;
objects I ∈ A for which the projection I↓↓A→ A is given by an appropriate
equivalence of double categories. Note that, in the case of double-initial ob-
jects as defined by Grandis and Paré in [5, §1.8], the projection is required to
be only an isomorphism. With these notions in hand, we are able to formu-
late the following double categorical characterisation of bi-representations.
This appears as the first part of our main theorem, Theorem 6.8.

Theorem A. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. The following statements are equivalent.

(i) The normal pseudo-functor F has a bi-representation (I, ρ).

(ii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is double bi-initial in el(F ).

By applying this result to the 2-presheaf [I,C](∆(−), F ) for a given nor-
mal pseudo-functor F : I→ C, we derive a generalisation in Corollary 7.22
of results by Grandis, Paré, and Verity, characterising bi-limits as double bi-
terminal objects in the pseudo-slice double category ∆ ↓↓ F . This follows
from the fact that the double category el([I,C](∆(−), F )) is isomorphic to
the horizontal opposite of the pseudo-slice double category ∆ ↓↓ F .

We now aim to extract a fully 2-categorical statement from Theorem A
above. For this, it is enough to characterise double bi-initial objects in a
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double category A as certain bi-initial objects in some 2-category. A first
guess for the 2-category in question would be given by the underlying hor-
izontal 2-category HA of objects, horizontal morphisms, and squares with
trivial vertical boundaries of A. However, the general vertical structure of
the double category A is not captured by this operation, and therefore the
2-category HA alone does not suffice for our purposes. To remedy this is-
sue, we introduce a functor V which extracts from a double category A a
2-category VA whose objects and morphisms are the vertical morphisms
and squares of A, respectively. This captures precisely the additional data
that was lacking in HA in our application, and allows us to prove the below
result. In fact, the functor H is as a retract of V and so we may leverage V
alone to characterise double bi-initial objects. The below appears as Theo-
rem 5.8 in the paper.

Theorem B. Let A be a double category, and I ∈ A be an object. The
following statements are equivalent.

(i) The object I is double bi-initial in A.

(ii) The object I is bi-initial in HA and the vertical identity eI is bi-initial
in VA.

(iii) The vertical identity eI is bi-initial in VA.

As a direct application of this result to the double category of elements
el(F ) of a normal pseudo-functor F : Cop → Cat, we obtain our fully 2-
categorical characterisation of bi-representations. Note that the underlying
horizontal 2-category of el(F ) is precisely the 2-category of elements el(F )
of F , but new here is Vel(F ) which we refer to as the 2-category of mor-
phisms of F , denoted by mor(F ). Indeed, while the objects in el(F ) are
pairs (C, x) of an object C ∈ C and an object x ∈ FC, the objects of
mor(F ) are pairs (C, α) of an object C ∈ C and a morphism α : x → y
in FC, which justifies the terminology. The following result extends Theo-
rem A and appears as the second part of our main theorem, Theorem 6.8.

Theorem C. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. The following statements are equivalent.

(i) The normal pseudo-functor F has a bi-representation (I, ρ).
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(ii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is bi-initial in el(F ) and (I, idi) is bi-initial in mor(F ).

(iii) There is an object I ∈ C together with an object i ∈ FI such that
(I, idi) is bi-initial in mor(F ).

The equivalence of (i) and (iii) in the above theorem gives a satisfying
answer to our original question. In particular, to respond Grandis and Paré,
we specialise the above theorem to the case of bi-limits to see that bi-limits
are equivalently certain types of bi-terminal objects in a 2-category whose
objects are given by the morphisms of cones – known as modifications – as
we will see in Corollary 7.22. Thus the counter-examples of [3] for bi-limits
show the presence of mor(F ) in (ii) is necessary in general.

Although the correct characterisation of bi-limits in a 2-category C above
depends on taking morphisms of cones as objects, in the presence of tensors
in C these can be simply seen as cones whose summit is a tensor by the
category 2 = {0→ 1}. In the case of 2-limits, Kelly observed in [9, §3] that
the presence of tensors by 2 causes the 1-dimensional aspect of the universal
property of a 2-limit to imply the 2-dimensional aspect. As a consequence,
we showed in [3, Proposition 2.13] that a 2-limit is precisely a 2-terminal
object in the slice 2-category of cones under such a hypothesis.

This result is part of a far more general framework and we shall approach
this in parts. A double categorical analogue of tensors by 2 is given by the
notion of tabulators2 of vertical morphisms; these are defined by Grandis
and Paré in [5, §5.3] as double limits of vertical morphisms seen as double
functors. By Theorem A, bi-representations correspond to double bi-initial
objects in a certain double category, and it is at this level that we seek a
simplification of Theorem B in the presence of tabulators. This is the content
of Theorem 5.11.

Theorem D. Let A be a double category with tabulators, and I ∈ A be an
object. Then the following statements are equivalent.

(i) The object I is double bi-initial in A.

2In fact these notions are somehow dual, but our applications all involve the horizontal
double category associated to the opposite of a 2-category and so tabulators there coincide
with tensors by 2.
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(ii) The object I is bi-initial in HA.

We now aim to simplify the characterisation of bi-representations given
in Theorem C when the 2-category C has tensors by 2, which can be seen as
tabulators in the double category HCop. For this simplification, we further
need the normal pseudo-functor F : Cop → Cat to preserve these tensors
so that overall the double category of elements el(F ) admits tabulators. Al-
though we were not able to use the 2-category of elements el(F ) to give an
answer to our question in general, in this special case we may apply The-
orem D to recover the following verbatim translation of the Representation
Theorem to the 2-categorical setting, which appears as Theorem 6.15.

Theorem E. Let C be a 2-category with tensors by 2, and F : Cop → Cat
be a normal pseudo-functor which preserves these tensors. The following
statements are equivalent.

(i) The normal pseudo-functor F has a bi-representation (I, ρ).

(ii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is bi-initial in el(F ).

This applies to the case of bi-limits, and we formulate in Corollary 7.25
a more general version of [3, Proposition 2.13]: a bi-limit is precisely a bi-
terminal object in the pseudo-slice 2-category of cones when the ambient 2-
category admits tensors by 2. This application provides the promised proof
of [3, Proposition 5.5].

While we have only mentioned the case of bi-limits so far, in this paper
the different theorems characterising bi-representations are first specialised
to the case of weighted bi-limits, which were introduced by Street [17] and
Kelly [9]. The cone of a weighted limit is of a special shape, determined
by the weight – a normal pseudo-functor W taking values in Cat – and a
bi-limit can be seen as a weighted limit with conical weight W = ∆1, i.e., a
constant weight at the terminal category. More still, when the weight is con-
ical the pseudo-slice of cones is isomorphic to the opposite of the pseudo-
slice of weighted cones. Since weighted bi-limits can also be seen as bi-
representations of a normal pseudo-functor of a special kind, we also obtain
characterisations in Theorems 7.19 and 7.21 of weighted bi-limits in terms
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of double bi-initial and bi-initial objects. From these we extract the charac-
terisations of bi-limits in terms of double bi-terminal and bi-terminal objects
mentioned above.

Another application of the Representation Theorem is to the existence of
a right adjoint to a given functor. Going one dimension up, we can define
an analogous notion of bi-adjunction between 2-categories C and D. A bi-
adjunction comprises the data of a pair of opposed normal pseudo-functors
L : C → D and R : D → C together with a pseudo-natural equivalence
D(L−,−)

'
=⇒ C(−, R−). In order to apply our main results to the existence

of a right bi-adjoint to a given normal pseudo-functor, there is first the deli-
cate matter of reformulating such a question in terms of bi-representations.

Theorem 7.3 states that a normal pseudo-functor L : C → D has a right
bi-adjoint if and only if there is a bi-representation of the normal pseudo-
functor D(L−, D) for each object D ∈ D. This shows that the pseudo-
naturality of D(L−,−)

'
=⇒ C(−, R−) in one of the variables is superfluous

data, and may always be recovered from merely object-wise information –
in analogy with the corresponding result for ordinary adjunctions and repre-
sentations. Although this result about bi-adjunctions is known and expected,
we were unable to find even a statement of this theorem in the literature.
Capitalising on this gap we provide a proof in Section 7.1 using some cool
2-dimensional Yoneda tricks rather than a direct construction.

This formulation of the existence of a right bi-adjoint is then amenable to
our theorems about bi-representations above and we prove in Theorem 7.11
that L has a right bi-adjoint if and only if there is a double bi-initial object in
the pseudo-slice double category L ↓↓D for each object D ∈ D. As before
we derive a purely 2-categorical statement by applying the functors H and V
to L ↓↓ D. The resulting 2-categories are isomorphic to the pseudo-slice
2-category L ↓D and a “shifted” pseudo-slice 2-category Ar∗L ↓D, whose
objects are 2-morphisms between LC and D. Finally bi-adjunctions also
benefit from the presence of tensors and we prove in Theorem 7.15 that, if
the 2-category C has tensors by 2 which are preserved by L3, then L has
a right bi-adjoint if and only if there is a bi-initial object in the pseudo-
slice 2-category L ↓ D for each object D ∈ D. This special case gives a
straightforward 2-categorical version of the characterisation of the existence

3Note that tensors by 2 are weighted colimits and that left bi-adjoints preserve those
(LBAPWBC).
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of a right adjoint to an ordinary functor.
As we saw throughout the introduction, there are also 2-type versions of

the bi-type notions considered here. All of the theorems given in this paper
may also be proven in this stronger setting; the proofs are predictably less
involved as there are less coherence conditions to check here. For example,
Theorem A in this stronger setting can be formulated as follows: there is a
2-representation of a normal pseudo-functor F : Cop → Cat if and only if
there is a double-initial object in the double category of elements of F , de-
fined here as the strict slice double category 1 ↓↓HF . Similarly, Theorem C
for the 2-type case would concern 2-initial objects and stricter versions of
el(F ) and mor(F ).

1.1 Outline

The paper is organised as follows. Sections 2 and 3 present the setting of
2-categories and double categories in which we will be working and the
functors relating these two settings. We recall notions of trivial fibrations
of 2-categories and double categories, which we later use in the definition of
bi-initiality.

Then Sections 4 and 5 introduce pseudo-comma 2-categories and dou-
ble categories, as well as (double) bi-initial objects. We then compare all
these 2-categorical notions to their double categorical analogues. After es-
tablishing these comparisons, the remaining work to prove the main result is
to characterise bi-representations in terms of double bi-initial objects, which
we do in Section 6. Finally Section 7 studies applications of our main theo-
rem to bi-adjunctions and (weighted) bi-limits.
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2. Background on 2-categories and double categories

To state and prove our main result, Theorem 6.8 below, we will make use
of the languages of 2-categories and of double categories. In particular we
will employ the notions of normal pseudo-functor, pseudo-natural transfor-
mation, modification, as well as horizontal double categorical counterparts
to these notions – double functors and horizontal natural transformations
which exhibit pseudo-type behaviour in the horizontal direction. To cement
terminology and familiarise ourselves with these notions we will briefly re-
call the 2-categorical and double categorical concepts at issue in Sections 2.1
and 2.2 below. Readers comfortable with these definitions should skip ahead
to Section 3.

2.1 2-categories

Recall that a 2-category is a category enriched in categories. It comprises
the data of objects and hom-categories between each pair of objects, to-
gether with a horizontal composition operation. The objects of the hom-
categories are called morphisms, the morphisms therein are called 2-mor-
phisms, and the composition operation therein is called vertical composition
of 2-morphisms.

Morphisms between 2-categories which preserve all the 2-categorical
structure strictly are called 2-functors. However, in this paper, we con-
sider the more general notion of morphisms of 2-categories, namely normal
pseudo-functors.
Definition 2.1. Given 2-categories A and B, a pseudo-functor from A to B
(F, φ) : A→ B comprises the data of

(i) an assignment on objects A ∈ A 7→ FA ∈ B,

(ii) functors FA,A′ : A(A,A′) → B(FA, FA′) for each pair of objects
A,A′ ∈ A,

(iii) 2-isomorphisms φA : idFA
∼=
=⇒ F idA in B for each object A ∈ A,

called unitors,
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(iv) 2-isomorphisms φa,a′ : (Fa′)(Fa) ⇒ F (a′a) in B for each pair of
composable morphisms a : A → A′ and a′ : A′ → A′′ in A, called
compositors,

such that these data satisfy naturality, associativity, and unitality conditions.
For details see, for example, [7, Definition 4.1.2].

If, for all A ∈ A, the unitor φA is given by the identity 2-morphism
ididFA

, we say that the pseudo-functor (F, φ) is normal.
As every pseudo-functor is appropriately isomorphic to a normal one

by [12, Proposition 5.2], we choose to simplify our arguments by forgoing
the extra data and coherence associated to the former class by working only
with normal pseudo-functors.
Notation 2.2. We denote by 2Catnps the category of 2-categories and normal
pseudo-functors.

We now define a 2-category whose objects are the normal pseudo-func-
tors. For this, we first define its morphisms and 2-morphisms.
Definition 2.3. Given pseudo-functors F,G : A → B, a pseudo-natural
transformation α : F ⇒ G comprises the data of

(i) morphisms αA : FA→ GA in B for each object A ∈ A,

(ii) 2-isomorphisms αa : (Ga)αA
∼=
=⇒ αA′(Fa) in B for each morphism

a : A→ A′ in A as depicted below.

FA GA

FA′ GA′

αA

αA′

Fa Gaαa
∼=

such that the 2-morphisms αa above are natural with respect to 2-morphisms
in A, and compatible with the compositors and unitors of F and G. For
details see, for example, [7, Definition 4.2.1].

If, for all morphisms a : A→ A′ in A, the 2-isomorphism component αa
is an identity, i.e., (Ga)αA = αA′(Fa), then we say that α is 2-natural.
Remark 2.4. As a consequence of the compatibility with the unitors above,
a pseudo-natural transformation α : F ⇒ G for which F and G are both
normal automatically satisfies αidA

= idαA
for all A ∈ A.
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Definition 2.5. Given pseudo-natural transformations α, β : F ⇒ G, a mod-
ification Γ: α β comprises the data of 2-morphisms ΓA : αA ⇒ βA
in B for each object A ∈ A which are compatible with the 2-isomorphism
components of α and β. For details see, for example, [7, Definition 4.4.1].
Definition 2.6. Let A and B be 2-categories. We define the 2-category
Ps(A,B) whose objects are normal pseudo-functors from A to B, mor-
phisms are pseudo-natural transformations, and 2-morphisms are modifica-
tions.

2.2 Double categories

In addition to the 2-dimensional concepts above, we will make much use of
the possibly less familiar notions of double categories and their morphisms.
To prepare for this, we invite the reader to join us in recalling some of the
early definitions.
Definition 2.7. A double category A comprises the data of

(i) objects A,A′, B,B′, . . .,

(ii) horizontal morphisms a : A→ A′,

(iii) vertical morphisms u : A B,

(iv) squares αwith both horizontal and vertical sources and targets, written
inline as α : (u a

b u
′) or drawn as

A

B

A′

B′

u u′

a

b

α

,

(v) horizontal and vertical identity morphisms for each object A, written
idA : A = A and eA : A A respectively,

(vi) a horizontal identity square for each vertical morphism u and a vertical
identity square for each horizontal morphism f , written respectively as
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A

B

A

B

u u

idA

idB

idu

A

A

A′

A′

eA eA′

a

a

ea

(vii) a horizontal composition operation on horizontal morphisms and
squares along a shared vertical boundary,

(viii) a vertical composition operation on vertical morphisms and squares
along a shared horizontal boundary,

such that the composition operations are all appropriately associative and
unital, and such that horizontal and vertical composition of squares obeys
the interchange law. We direct the reader to [4, Definition 3.1.1] for details.
Remark 2.8. Note that a 2-category A can be seen as a horizontal double cat-
egory HA, with only trivial vertical morphisms; see Definition 3.1. Dually,
we can also see a 2-category A as a vertical double category VA.

The horizontal embedding is preferred in this document, as it corre-
sponds to the inclusion of 2-categories seen as internal categories to Cat
whose category of objects is discrete, into general internal categories to Cat,
which are precisely the double categories. This inclusion itself agrees with
the inclusion Cat = IntCat(Set) � IntCat(Cat) = DblCat arising from
Set � Cat, when categories are seen as 2-categories with only trivial 2-
morphisms.

Much as in the case of 2-categories above, we will be interested not
in (strict) double functors, which preserve the double categorical structure
strictly, but in certain pseudo-type ones. As we choose here to see 2-cate-
gories as horizontal double categories, in order to extend this assignment on
objects to a functor from 2Catnps, we need to require that our pseudo-double
functors are pseudo in the horizontal direction.
Definition 2.9. Given double categories A and B, a (horizontally) pseudo-
double functor (F, φ) : A→ B comprises the data of

(i) assignments sending respectively objects A, horizontal morphisms
a : A → A′, vertical morphisms u : A B, and squares α : (u a

b u
′)

in A to objects FA, horizontal morphisms Fa : FA → FA′, vertical
morphisms Fu : FA FB, and squares Fα : (Fu Fa

Fb Fu
′) in B,
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(ii) for each A ∈ A, a vertically invertible unitor square of B of the form

FA

FA

FA

FA

idFA

F idA

φA

∼=

,

(iii) for each pair of composable horizontal morphisms a : A → A′ and
a′ : A′ → A′′ in A, a vertically invertible compositor square of B of
the form

FA FA′

FA

FA′′

FA′′

Fa Fa′

F (a′a)

φa,a′

∼=

,

such that

1. vertical compositions of vertical morphisms and squares, as well as
vertical identities, are preserved strictly,

2. the unitor squares are natural with respect to vertical morphisms of A,

3. the compositor squares are natural with respect to vertical composition
by squares of A,

4. the compositor squares are associative and unital with respect to the
unitor squares

If, for all A ∈ A, the unitor square φA is given by the vertical identity
square eidFA

, we say that the pseudo-double functor (F, φ) is normal.
Notation 2.10. We denote by DblCath,nps the category of double categories
and normal pseudo-double functors.
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We direct the reader to [4, Definition 3.5.1] for a full elaboration of these
conditions for lax-type double functors – though we have interchanged the
vertical and horizontal directions by comparison.

We also construct a double category whose objects are the normal pseudo-
double functors. We now define its horizontal morphisms which are horizon-
tal pseudo-natural transformations. Its vertical morphisms and squares are
the vertical natural transformations and modifications, but we will not have
use of the details of these notions, and refer the curious reader to [4, Def-
initions 3.8.1 and 3.8.3] for these. As ever, we caution the reader that our
horizontal and vertical directions are interchanged.
Definition 2.11. Given pseudo-double functors F,G : A → B, a horizontal
pseudo-natural transformation α : F ⇒ G comprises the data of

(i) horizontal morphisms αA : FA→ GA for each A ∈ A,

(ii) squares αu : (Fu αA
αB Gu) for each vertical morphism u : A B of A,

(iii) vertically invertible squares

FA GA GA′

FA FA′ GA′

αA Ga

Fa αA′

αa

∼=

for each horizontal morphism a : A→ A′,

such that the squares αu are coherent with respect to vertical composition
and identities, and together with the squares αa and the compositors and
unitors of F and G satisfy horizontal conditions of naturality and unitality.
For a full expansion of these conditions, see [4, Definition 3.8.2] – though
note again that our horizontal and vertical directions have been interchanged.

If, for all horizontal morphisms a, the square component αa is an identity,
we call α a horizontal natural transformation.

Remark 2.12. As a consequence of the axioms, a horizontal pseudo-natural
transformation α : F ⇒ G for which F and G are normal is such that the
vertically invertible square αidA

is given by the vertical identity square eαA

for all A ∈ A.
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Definition 2.13. Let A and B be double categories. We define the double
category Ps(A,B) in DblCath,nps whose objects are normal pseudo-double
functors from A to B, horizontal morphisms are horizontal pseudo-natural
transformations, vertical morphisms are vertical (strict-)natural transforma-
tions, and squares are modifications.

3. The functor V and trivial fibrations

A 2-category A can be seen as a horizontal double category HA with only
trivial vertical morphisms. This construction has a right adjoint, which ex-
tracts from a double category A its underlying horizontal 2-category HA of
objects, horizontal morphisms, and squares with trivial vertical boundaries.
Another 2-category VA that can be extracted from a double category A has
as objects the vertical morphisms of A, as morphisms the squares of A, and
2-morphisms as described in Definition 3.4. These 2-categories HA and VA
allow one to retrieve most of the structure of the double category A, except
for composition of vertical morphisms.

We explore these constructions as a means of comparing a weak no-
tion of initial objects in a double category A with bi-initial objects in the
2-categories HA and VA. In Section 5.2 these notions of initiality for ob-
jects are defined, in analogy with the 1-dimensional case, by requiring the
projection from the slice over the considered object to be an appropriate
equivalence – in the case of 2-categories, a bi-equivalence. Both in the 2-
categorical and double categorical case, these projection morphisms are al-
ways strict functors and appear as fibrations in certain model structures. As
a consequence, initiality can be equivalently defined by requiring the projec-
tion to be a trivial fibration – a special case of a bi-equivalence or its double
categorical analogue.

With this motivation, in Section 3.2 we recall the definition of a triv-
ial fibration in Lack’s model structure on 2-categories and 2-functors [10].
An analogous notion of double trivial fibrations is introduced in [14] by the
second-named author, Sarazola, and Verdugo as the trivial fibrations in a
model structure on double categories and double functors. While the double
trivial fibrations are defined as those double functors whose images under
H and V are trivial fibrations of 2-categories, we show in Theorem 3.8 that
double trivial fibrations are precisely those double functors whose image un-
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der V alone is a trivial fibration. This theorem is the essential content of
our main result, and is responsible for allowing us to formulate the universal
property of bi-representations in terms of bi-initial objects in the correspond-
ing “2-category of morphisms”.

3.1 The functors H, H, and V

Let us first introduce the horizontal full embedding functor from 2Catnps to
DblCath,nps.
Definition 3.1. We define a functor H : 2Catnps → DblCath,nps which sends
a 2-category A to the horizontal double category HA with the same ob-
jects as A, horizontal morphisms given by the morphisms of A, only trivial
vertical morphisms, and squares α : (eA

a
b eA′) given by the 2-morphisms

α : a⇒ b of A.
Given a normal pseudo-functor F : A→ B, the induced normal pseudo-

double functor HF : HA → HB acts as F does on the corresponding data,
and respects vertical identities. The compositor vertically invertible squares
of HF are the ones corresponding to the compositor 2-isomorphisms of F .

The functor H has a right adjoint, given by the following functor.
Definition 3.2. The functor H : DblCath,nps → 2Catnps sends a double cat-
egory A to its underlying horizontal 2-category HA with the same objects
as A, morphisms given by the horizontal morphisms of A, and 2-morphisms
α : a⇒ b given by the squares in A of the form

A

A

A′

A′

a

b

α

.

Given a normal pseudo-double functor F : A → B, the induced normal
pseudo-functor HF : HA→ HB acts as F does on the corresponding data,
and the data of its compositor 2-isomorphisms are given by the compositor
squares of F .

Proposition 3.3. The functor H : 2Catnps → DblCath,nps and the functor
H : DblCath,nps → 2Catnps form an adjunction H a H such that the unit
η : id2Catnps ⇒ HH is an identity.

- 276 -



T. CLINGMAN & L. MOSER BI-INITIALS & BI-REPRESENTATIONS

Proof. Let C be a 2-category, and A be a double category. By specialis-
ing Definition 2.9 to the case where the source is a double category with
only trivial vertical morphisms, we see that normal pseudo-double functors
HC → A correspond precisely to normal pseudo-functors C → HA, i.e.,
we have an isomorphism of sets

DblCath,nps(HC,A) ∼= 2Catnps(C,HA) ,

natural in C and A. Moreover, a straightforward computation shows that
HHC = C.

We want to extract another 2-category from a double category which con-
tains the data of all vertical morphisms and squares, and this is done through
the following functor DblCath,nps → 2Catnps. In [14, Definition 2.10], the
second-named author, Sarazola, and Verdugo give a similar definition but
in a setting where the morphisms of 2-categories and double categories are
strict. Under the inclusion of the appropriate subcategories into our weaker
setting, our functor may be seen to restrict to theirs.

Although this functor appeared chronologically prior in the work of [14],
the original motivation to isolate and treat its definition was our Theorem 5.8
below. Indeed, as we shall see in Remark 5.9, from this context the below
definition naturally emerges.
Definition 3.4. Let V2 denote the free double category on a vertical mor-
phism. We define the functor V : DblCath,nps → 2Catnps to be the compos-
ite

DblCath,nps
Ps(V2,−)−−−−−→ DblCath,nps

H−→ 2Catnps .

In particular, it sends a double category A to the 2-category VA whose

(i) objects are the vertical morphisms of A,

(ii) morphisms α : u→ u′ are squares in A of the form

A

B

A′

B′

u u′

a

b

α

,
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(iii) 2-morphisms (σ0, σ1) : α ⇒ α′ are pairs of squares σ0 : (eA
a
a′ eA′)

and σ1 : (eB
b
b′ eB′) satisfying the following pasting equality.

A

A

A′

A′

B B′

a

a′

σ0

u u′

b′

α′

B=

B

B′

B′

b

b′

σ1

A A′

u u′

a

α

Remark 3.5. The functor V : DblCath,nps → 2Catnps is also a right adjoint
since it is the composite of two right adjoints H and Ps(V2,−), and its left
adjoint is given by H(−)× V2.

3.2 Trivial fibrations

We now recall the definition of the trivial fibrations in Lack’s model structure
on the category of 2-categories and 2-functors; see [10].
Definition 3.6. Let A and B be 2-categories. Then a 2-functor F : A → B
is a trivial fibration if

(i) for every object B ∈ B, there is an object A ∈ A such that FA = B,

(ii) for every pair of objectA,A′ ∈ A and every morphism b : FA→ FA′

in B, there is a morphism a : A→ A′ in A such that Fa = b,

(iii) for every pair of parallel morphisms a, b in A and every 2-morphism
β : Fa⇒ Fb in B, there is a unique 2-morphism α : a⇒ b in A such
that Fα = β.

Similarly, we recall double trivial fibrations which were defined as the
trivial fibrations in the model structure on double categories and double func-
tors constructed by the second-named author, Sarazola, and Verdugo in [14].
Definition 3.7. Let A and B be double categories. Then a double functor
F : A→ B is a double trivial fibration if

(i) for every object B ∈ B, there is an object A ∈ A such that FA = B,
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(ii) for every pair of objects A,A′ ∈ A and every horizontal morphism
b : FA → FA′ in B, there is a horizontal morphism a : A → A′ such
that Fa = b,

(iii) for every vertical morphism v : B D in B, there is a vertical mor-
phism u : A C in A such that Fu = v,

(iv) for every pair of horizontal morphisms a : A → A′, c : C → C ′ in A,
every pair of vertical morphisms u : A C, u′ : A′ C ′ in A and
every square β in B of the form

FA FA′

FC FC ′

Fu Fu′

Fa

Fc

β

,

there is a unique square α : (u a
c u
′) in A such that Fα = β.

Since fibrations and weak equivalences in the model structure on double
categories are defined to be the double functors whose images under H and V
are fibrations and weak equivalences in Lack’s model structure (see [14, The-
orem 3.19]), it is possible to characterise double trivial fibrations in terms of
trivial fibrations of 2-categories. However, even more is true: V alone cap-
tures enough data to detect the entire model structure on double categories,
and in particular the double trivial fibrations.

Theorem 3.8. Let A and B be double categories and F : A→ B be a double
functor. The following statements are equivalent.

(i) The double functor F is a double trivial fibration.

(ii) The 2-functors HF : HA → HB and VF : VA → VB are trivial
fibrations.

(iii) The 2-functor VF : VA→ VB is a trivial fibration.

Proof. The equivalence of (i) and (ii) follows from [14, Corollary 3.14]. The
equivalence of (ii) and (iii) is a consequence of the facts that HF is a retract
of VF and that trivial fibrations are closed under retracts.
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4. Pseudo-comma 2-dimensional categories

We now introduce pseudo-comma double and 2-categories, and show that
they are related through the functors H,V : DblCath,nps → 2Catnps. We
treat these objects in general so that we may later variously specialise the
theory to pseudo-slices both over and under objects. We will use these re-
sults for the purposes of comparing double bi-initial objects in a double cate-
gory with bi-initial objects in the induced 2-categories obtained by applying
H and V in Section 5, as well as for computing the double categories of
elements in the case of bi-adjunctions and weighted bi-limits in Section 7.

Let us first define the pseudo-comma double category of a cospan of nor-
mal pseudo-double functors. With an eye to our applications of this theory
in Sections 5 and 7, we then give a more explicit description of the data in
a pseudo-slice double category: a pseudo-comma where one of the double
categories involved is terminal.
Definition 4.1. Let G : C → A and F : B → A be normal pseudo-double
functors. The pseudo-comma double categoryG↓↓F ofG and F is defined
as the following pullback in DblCath,nps,

G ↓↓ F

C× B A× A

Ps(H2,A)

Π

(G,F )

(s, t)

where H2 denotes the free double category on a horizontal morphism and
Ps(−,−) is the double category described in Definition 2.13.

Note that Π: G ↓↓ F → C× B is a strict double functor.

Remark 4.2. We give an explicit description of the pseudo-comma double
category in the special case where C = 1 is the terminal category and
G = I : 1→ A is an object in A. This is the double category I ↓↓ F , called
pseudo-slice double category, whose

(i) objects are pairs (B, f) of an objectB ∈ B and a horizontal morphism
f : I → FB in A,
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(ii) horizontal morphisms (b, ψ) : (B, f) → (B′, f ′) comprise the data of
a horizontal morphism b : B → B′ in B and a vertically invertible
square ψ in A of the form

I

I FB FB′

FB′
f ′

f Fb

ψ

∼=
,

(iii) vertical morphisms (u, γ) : (B, f) (C, g) comprise the data of a
vertical morphism u : B C in B and a square γ in A of the form

I

I FC

FB

Fu

f

g

γ

,

(iv) squares

(B, f)

(C, g) (C ′, g′)

(B′, f ′)

(u, γ) (u′, γ′)

(b, ψ)

(c, ϕ)

β

comprise the data of a square β : (u b
c u
′) in B such that the following

pasting equality holds in A.

I

I FB FB′

FB′
f ′

f
Fb

ψ

∼=

I FC FC ′

Fu Fu′

g Fc

γ Fβ

I

= I

I FC FC ′

FC ′

FB′

Fu′

f ′

g′

g Fc

ϕ

∼=

γ′
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The double functor Π: I ↓↓ F → 1× B ∼= B is the projection onto the
B-component.

If B = A and F = idA, we write I ↓↓ A := I ↓↓ idA.
We now define the pseudo-comma 2-category of a cospan of normal

pseudo-functors, and also give an explicit description of the special case of
a pseudo-slice 2-category.
Definition 4.3. Let G : C→ A and F : B→ A be normal pseudo-functors.
The pseudo-comma 2-category G ↓ F is defined as the following pullback
in 2Catnps.

G ↓ F

C×B A×A

Ps(2,A)

π

(G,F )

(s, t)

where 2 is the free 2-category on a morphism and Ps(−,−) is the 2-category
described in Definition 2.6.

Note that π : G ↓ F → C×B is a strict 2-functor.
Remark 4.4. We give an explicit description of the pseudo-comma 2-cate-
gory in the case where C = 1 is the terminal category and G = I : 1 → A
is an object in A. This is the 2-category I ↓ F , called a pseudo-slice 2-
category, whose

(i) objects are pairs (B, f) of an object B ∈ B together with a morphism
f : I → FB in A,

(ii) morphisms (b, ψ) : (B, f)→ (B′, f ′) comprise the data of a morphism
b : B → B′ in B and a 2-isomorphism ψ in A of the form

I FB

FB′

f

f ′
Fb

ψ
∼=

,

(iii) 2-morphisms β : (b, ψ) ⇒ (c, ϕ) comprise the data of a 2-morphism
β : b⇒ c in B such that the following pasting equality holds in A.
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I FB

FB′

Fb Fc
f

f ′

Fβ
ψ
∼=

=

I FB

FB′

Fc

f ′

f

ϕ
∼=

The 2-functor π : I ↓ F → 1×B ∼= B is the projection onto the B-
component.

If B = A and F = idA, we write I ↓A := I ↓ idA with I ∈ A.

Remark 4.5. Given the explications of Remarks 4.2 and 4.4, we wish to draw
the reader’s attention to an important disparity between the double categories
I ↓↓ HF and H(I ↓ F ), for a 2-functor F : B → A and an object I ∈ A.
While the latter double category has only trivial vertical morphisms, the for-
mer has all 2-morphisms of A of the form γ : f ⇒ g for f, g : I → FB as
vertical morphisms – a far richer stock of information. This is symptomatic
of a broader truth: the double category Ps(H2,HA) has all 2-morphisms of
A as vertical morphisms, while HPs(2,A) is the double category associ-
ated to its underlying horizontal 2-category Ps(2,A) = HPs(H2,HA) and
therefore has only trivial vertical morphisms.

While H thus does not preserve pseudo-comma objects, the main result
of this section says that the functors H and V do preserve pseudo-comma
objects, in the sense that the 2-category obtained by applying H or V to the
pseudo-comma double category associated to a cospan is isomorphic to the
pseudo-comma 2-category of the image under H or V of the original cospan.
This is the content of the following proposition and the rest of the section will
be devoted to its proof.

Proposition 4.6. Let G : C → A and F : B → A be normal pseudo-double
functors. Then there are canonical isomorphisms of 2-categories as in the
following commutative squares.

H(G ↓↓ F ) HG ↓HF

H(C× B) HC×HB

∼=

HΠ π

∼=

V(G ↓↓ F ) VG ↓ VF

V(C× B) VC× VB

∼=

VΠ π

∼=
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To prove this we first show that the functors H and V behave well with
respect to Ps and Ps.

Lemma 4.7. For every 2-category C and every double category A, there is
an isomorphism of 2-categories

Ps(C,HA) ∼= HPs(HC,A)

natural in C and A.

Proof. Recall from Proposition 3.3 that H a H form an adjunction between
2Catnps and DblCath,nps, so that we have an isomorphism at the level of
objects which is natural in C and A. By unpacking the definition of a hor-
izontal pseudo-natural transformation (see Definition 2.11) between normal
pseudo-double functors HC→ A, we can see that such data corresponds to
that of a pseudo-natural transformation (see Definition 2.3) between normal
pseudo-functors C → HA as the squares in Definition 2.9 (ii) are all trivial
given that all vertical morphisms of HC are identities. Similarly, one can
check that, using Definition 2.5 and [4, Definition 3.8.3], the 2-morphisms
of these 2-categories coincide.

In order to give the next result, an analogous statement for V , we will
make use of the following technical lemma.

Lemma 4.8. For every 2-category C and every double category A, there are
isomorphisms of 2-categories

HPs(HC,Ps(V2,A)) ∼= HPs(V2,Ps(HC,A))

natural in C and A.

Proof. That this result holds is due to the appearance of HC and V2 in its
statement. Should we replace V2 by a more general double category with
non-trivial horizontal morphisms, or replace HC by a more general double
category with non-trivial vertical morphisms, the result would fail to hold in
general.

We show that we have an isomorphism on objects. A normal pseudo-
double functor ν : HC → Ps(V2,A) assigns to each object of C ∈ C a
vertical morphism ν : FC GC in A, to each morphism c : C → C ′ in C a
square νc : (νC

Fc
Gc νC′) in A, to each 2-morphism γ : c⇒ c′ in C two squares

Fγ and Gγ in A which satisfy the following pasting equality,
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FC

FC

FC ′

FC ′

GC GC ′

Fc

Fc′

Fγ

νC νC′

Gc′

νc′

GC=

GC

GC ′

GC ′

Gc

Gc′

Gγ

FC FC ′

νC νC′

Fc

νc

and to each pair of composable morphisms c : C → C ′ and c′ : C → C ′′

in C, two vertically invertible squares φc,c′ and ψc,c′ in A which satisfy the
following pasting equality.

GC GC ′

GC

GC ′′

GC ′′

FC FC ′ FC ′′

νC νC′ νC′′

Fc Fc′

Gc Gc′

G(c′c)

ψc,c′

∼=
νc νc′

FC

FC=

FC ′ FC ′′

FC ′′

GC GC ′′

νC νC′′

Fc Fc′

F (c′c)

G(c′c)

φc,c′

∼=

νc′c

One can check that not only is this data precisely the underlying data of
two normal pseudo-double functors F,G : HC→ A together with a vertical
natural transformation ν : F ⇒ G between them, but also that the various
laws governing the compositors of F,G hold. The two diagrams above al-
ready demonstrate that ν is natural.

We leave it to the reader to check that the morphisms and 2-morphisms
of the 2-categories considered also coincide under this identification.

Lemma 4.9. For every 2-category C and every double category A, there is
an isomorphism of 2-categories

Ps(C,VA) ∼= V Ps(HC,A)

natural in C and A.
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Proof. We have the following isomorphisms

Ps(C,VA) = Ps(C,HPs(V2,A)) (definition of V)
∼= HPs(HC,Ps(V2,A)) (Lemma 4.7)
∼= HPs(V2,Ps(HC,A)) (Lemma 4.8)
= V Ps(HC,A). (definition of V)

natural in C and A.

The proof of Proposition 4.6 now follows from these results and the fact
that H and V are right adjoints, and therefore preserve limits.

Proof (Proposition 4.6). Let us consider the following diagram.

HG ↓HF

HC×HBH(C× B)

H(G ↓↓ F )

HA×HA

Ps(2,HA) HPs(H2,A)

H(A× A)

∼=

∼=∼=

H(s, t)πHΠ

H(G× F )

(s, t)

∼=

HG×HF

(1)

(2) (3) (4)

(5)

First note that HG ↓HF is a pullback of the commutative square (3), and,
since H preserves pullbacks, H(G↓↓F ) is a pullback of the outer commuta-
tive square. The commutative square (4) is obtained in two steps. First, apply
Lemma 4.7 to the 2-categories 1 t 1 and 2, respectively, and to the double
category A, and use the naturality of these isomorphisms with respect to the
2-functor 1 t 1 → 2 given by the inclusion at the two endpoints. Second,
apply the isomorphisms

Ps(1 t 1,HA) ∼= HA×HA and HPs(1 t 1,HA) ∼= H(A× A).

Note that the bottom isomorphism HA × HA ∼= H(A × A) of the square
(4) is the canonical one coming from the fact that H preserves products.
Similarly, we have a canonical isomorphism HB ×HC ∼= H(B × C) and
the diagram (5) commutes. By the universal property of pullbacks, we get
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an isomorphism H(F ↓↓G) ∼= HF ↓HG such that the diagrams (1) and (2)
commute.

The argument is similar for the case of V since this functor also preserves
pullbacks and products, and Lemma 4.9 holds.

5. 2-dimensional initiality

In Section 5.1 we introduce the new notion of a double bi-initial object in a
double category, which we aim to compare with that of a bi-initial object in
a 2-category in Section 5.2.

Double bi-initial objects are defined by requiring that the projection dou-
ble functor from the pseudo-slice double category under this object is a dou-
ble trivial fibration. While this notion might seem to involve a lot of data
a priori, in fact we show that there is a straightforward characterisation of
double bi-initial objects: an object I is double bi-initial if and only if there is
a horizontal morphism to every object, and all square boundaries whose left
vertical morphism is eI have a unique filler. We then show that a similar re-
sult holds for bi-initial objects in a 2-category: an object I is bi-initial if and
only if there is a morphism to every object, and all parallel such morphisms
I ⇒ C have a unique 2-morphism filler which must therefore be invertible.

The main result then says that an object of a double category A is double
bi-initial if and only if its images in the 2-category HA and VA are bi-initial.
In fact, we improve upon this by showing that an object I is bi-initial in HA
if its vertical identity eI is bi-initial in VA. That is, we show that double
bi-initial objects in A may be successfully detected purely 2-categorically as
bi-initial objects of a suitable form in VA.

Finally we show that in the presence of double limits of vertical mor-
phisms in A, called tabulators, the reverse implication also holds: the ob-
ject eI is bi-initial in VA when I is bi-initial in HA. Taken together these
results show that, in the presence of tabulators, the characterisation of dou-
ble bi-initial objects is now as good as one could hope for: a double bi-initial
object in a double category A is precisely a bi-initial object in the underlying
horizontal 2-category HA.

Both 2-categories and double categories have several duals, but of inter-
est is the opposite Cop of a 2-category C and the horizontal opposite Aop of
a double category A. These operations agree with one another under appli-
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cations of the functors H, H, and V . In particular, later we will have interest
in (double) bi-terminal objects, which are simply (double) bi-initial objects
in the (horizontal) opposite. Correspondingly, all the results of this section
dualise to the setting of (double) bi-terminal objects.

5.1 Double bi-initial objects

Let us first give the definition of a double bi-initial object. Recall Re-
mark 4.2, where we described explicitly pseudo-slice double categories.
Definition 5.1. Let A be a double category. An object I in A is double bi-
initial if the projection double functor Π: I ↓↓ A → A is a double trivial
fibration.

Although there appears to be a lot of data in this definition, in fact we
will show that there is a simpler characterisation of double bi-initial objects.

Proposition 5.2. Let A be a double category. An object I in A is double
bi-initial if and only if the following conditions hold:

(i) for every object A ∈ A, there is a horizontal morphism f : I → A
in A,

(ii’) for every vertical morphism u : A B and every pair of horizontal
morphisms f : I → A and g : I → B in A, there is a unique square γ
in A of the form

I

I

A

B

u

f

g

γ

.

In order to prove this, we first elaborate the content of Definition 5.1.

Remark 5.3. By expanding the definition, we get that the projection double
functor Π: I ↓↓ A → A being a double trivial fibration is equivalent to the
following conditions:

(i) for every object A ∈ A, there is a horizontal morphism f : I → A
in A,
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(ii) for every tuple of horizontal morphisms f : I → A, f ′ : I → A′, and
a : A→ A′ in A, there is a vertically invertible square ψ in A

I

I A A′

A′
f ′

f a

ψ

∼=

,

(iii) for every vertical morphism u : A B in A, there is a square γ in A

I

I

A

B

u

f

g

γ

,

(iv) for every tuple of squares γ, γ′, and α in A

I

I

A

B

u

f

g

γ

I

I

A′

B′

u′

f ′

g′

γ′

A

B

u

A′

B′

u′

a

b

α

and for every pair of vertically invertible squares in A

I

I A A′

A′
f ′

f a

ψ

∼=

I

I B B′

B′
g′

g b

ϕ

∼=

,

the following pasting equality holds in A.
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I

I A A′

A′
f ′

f a

ψ

∼=

I B B′

u u′

g b

γ α

I

= I B′

A′

u′

f ′

g′

γ′

I B B′g b

ϕ

∼=

Now we are ready to prove the simpler characterisation of double bi-
initial objects.

Proof (Proposition 5.2). We first prove that if I is a double bi-initial ob-
ject in A, then conditions (i) and (ii’) hold. It is clear that (i) holds by Re-
mark 5.3 (i). We prove (ii’).

Let f : I → A and g : I → B be two horizontal morphisms in A, and
let u : A B be a vertical morphism in A. By Remark 5.3 (iii), there is a
square γ in A

I

I

A

B

u

f

g

γ

.

By Remark 5.3 (ii) applied to (f, f, idA) and (g, g, idB), there are vertically
invertible squares ψ and ϕ in A as depicted below.

I

I

A

A

f

f

ψ

∼=

I

I

B

B

g

g

ϕ

∼=

Then we set γ to be the following composite
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I

I

A

B

u

f

g

γ

I

=

I A

A

f

f

ψ

∼=
I B

u

g

γ

I Bg

ϕ

∼=

which proves the existence.
Now suppose γ′ is another such square in A

I

I

A

B

u

f

g

γ′

.

By applying Remark 5.3 (iv) to the squares (γ, γ′, idu) and to the vertically
invertible squares (ef , eg), we directly get that γ = γ′ from the pasting equal-
ity.

Now, conversely, it is straightforward to see that Condition (ii’) implies
Remarks 5.3 (ii), 5.3 (iii) and 5.3 (iv), since there is a unique square with
each given boundary whose left vertical morphism is eI . Note that the square
in Remark 5.3 (ii) is indeed vertically invertible since every square from eI
to another vertical identity is vertically invertible by (ii’).

5.2 Double bi-initial objects vs bi-initial objects

We now want to compare the notion of double bi-initial objects in a double
category with the notion of bi-initial objects in related 2-categories. We first
recall the definition of a bi-initial object, which uses the notion of a pseudo-
slice 2-category as elaborated in Remark 4.4.
Definition 5.4. Let A be a 2-category. An object I ∈ A is bi-initial if the
projection 2-functor π : I ↓A→ A is a trivial fibration.
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Proposition 5.5. Let A be a 2-category, and I ∈ A be an object. Then
the object I is bi-initial in A if and only if, for every object A ∈ A, the
unique functor A(I, A) '−→ 1 is part of an equivalence of categories. More
precisely, this means that

(i) for every object A ∈ A, there is a morphism f : I → A in A,

(ii’) for every pair of morphisms f : I → A and f ′ : I → A, there is a
unique 2-morphism α : f ′ ⇒ f .

In order to prove this, we first elaborate the content of Definition 5.4.

Remark 5.6. By expanding the definition, we get that the projection 2-func-
tor π : I ↓A → A being a trivial fibration is equivalent to the following
conditions:

(i) for every object A ∈ A, there is a morphism f : I → A in A,

(ii) for every tuple of morphisms f : I → A, f ′ : I → A′, and a : A→ A′

in A, there is a 2-isomorphism ψ in A

I A

A′

f

f ′
a

ψ
∼=

,

(iii) for every 2-morphism α : a ⇒ b in A, and every pair of 2-isomor-
phisms ψ : f

∼=
=⇒ af ′ and ϕ : f

∼=
=⇒ bf ′ the following pasting equality

holds in A.

I A

A′

a b
f ′

f

α
ψ
∼=

=

I A

A′

b

f

f ′

ϕ
∼=

Proof (Proposition 5.5). We first prove that if I is a bi-initial object in A
then conditions (i) and (ii’) hold. It is clear that (i) holds by Remark 5.6 (i).
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We prove (ii’). Given two morphisms f : I → A and f ′ : I → A in A,
by applying Remark 5.6 (ii) to the tuple (f, f ′, idA), there is a unique 2-
isomorphism ψ : f ′

∼=
=⇒ f .

Now, conversely, it is straightforward to see that Condition (ii’) implies
Remarks 5.6 (ii) and 5.6 (iii), since there is a unique 2-morphism between
every pair of morphisms from I to any object. Note that every such 2-
morphism is in fact invertible by (ii’).

Since pseudo-slices are special cases of pseudo-commas, Proposition 4.6
may be specialised in this context to give the following result.

Corollary 5.7. Let A be a double category, and I ∈ A be an object. Then
there are canonical isomorphisms of 2-categories as in the following com-
mutative triangles.

H(I ↓↓ A) I ↓HA

HA
HΠ

∼=

π

V(I ↓↓ A) eI ↓ VA

VA
VΠ

∼=

π

Proof. This directly follows from Proposition 4.6, by taking B = 1, C = A,
F = I : 1 → A and G = idA : A → A. Note that the image of the object
I : 1→ A under V is given by VI = eI : V(1) = 1→ VA.

With this result and the fact that double trivial fibrations are exactly the
double functors whose images under H and V are trivial fibrations, we may
give a 2-categorical characterisation of double bi-initial objects by leverag-
ing this fact as follows.

Theorem 5.8. Let A be a double category, and I ∈ A be an object. The
following statements are equivalent.

(i) The object I ∈ A is double bi-initial.

(ii) The corresponding objects I ∈ HA and eI ∈ VA are bi-initial.

(iii) The corresponding object eI ∈ VA is bi-initial.

Proof. By definition, an object I ∈ A is double bi-initial if and only if the
projection double functor Π: I ↓↓ A → A is a double trivial fibration. By
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Theorem 3.8, this is equivalent to saying that the induced 2-functors HΠ
and VΠ are trivial fibrations, or equivalently that VΠ alone is a trivial fi-
bration. By Corollary 5.7, this holds if and only if the projection 2-functors
π : I ↓HA → HA and π : eI ↓ VA → VA are trivial fibrations, or equiva-
lently that π : eI ↓ VA → VA alone is a trivial fibration. By definition of a
bi-initial object, this holds if and only if the objects I ∈ HA and eI ∈ VA
are bi-initial, or equivalently that eI ∈ VA is bi-initial.

Remark 5.9. This theorem served as the initial motivation for the definition
of the functor V whose role is so central in this paper.

Observe that double bi-initial objects in a double category A have two
aspects to their weak universal properties: one concerning objects and one
concerning vertical morphisms. The former is entirely horizontal in nature
and so is completely captured by the underlying horizontal 2-category HA.
The latter, despite concerning vertical morphisms, does not in fact need the
full strength of vertical composition in A to be expressed. Indeed, except for
vertical composition by squares with trivial boundary of the form of Defi-
nition 3.4 (iii), this aspect of the weak universal property is also somehow
horizontal. That is to say, the underlying horizontal 2-category HPs(V2,A)
is precisely the setting in which to capture this last data as it has vertical
morphisms as objects and understands horizontal compositions of general
squares. But this 2-category HPs(V2,A) is exactly our VA!

5.3 Double bi-initial objects and tabulators

We have seen that double bi-initial objects may be detected through purely
2-categorical means. In this section we show that a substantial simplification
of the 2-categorical criteria is possible when the double category in question
has tabulators. These correspond to double limits of vertical morphisms
and were introduced by Grandis and Paré in [5, §5.3]. In the presence of
tabulators our result is as strong as possible: double bi-initial objects are
precisely bi-initial objects in the underlying horizontal 2-category.
Definition 5.10. Let A be a double category, and u : A B be a vertical
morphism in A. A tabulator of u is a double limit of the double functor
u : V2 → A, where V2 is the double category free on a vertical morphism.
In other words, it is a pair (>u, τu) of an object >u ∈ A together with a
square τu : (e>u

p
q u) in A satisfying the following universal properties.
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(i) For every square γ : (eI
f
g u) in A, there is a unique horizontal mor-

phism t : I → >u in A such that the following pasting equality holds.

I

I

A

B

f

g

uγ

I

=

I

>u

>u

A

B

t

t

p

q

uet τu

(ii) For every tuple of squares γ : (eI
f
g u), γ′ : (eI′

f ′

g′ u), θ0 : (v f ′

f eA) and

θ1 : (v g′
g eB) in A satisfying the following pasting equality,

I ′ A

I

I

A

B

f ′

f

g

u

v θ0

γ

I ′

=

A

I ′

I

B

B

f ′

g′

g

u

v

γ′

θ1

there is a unique square θ : (v t′

t e>u), where the horizontal morphisms
t : I → >u and t′ : I ′ → >u are the unique horizontal morphisms
given by (i) applied to γ and γ′ respectively, such that θ satisfies the
following pasting equalities.

I ′

I

A

A

f ′

f

v θ0

I ′

=

I

>u

>u

A

A

t′

t

p

p

v θ ep

I ′

I

B

B

g′

g

v θ1

I ′

=

I

>u

>u

B

B

t′

t

q

q

v θ eq
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We say that A has tabulators if there is a tabulator for each vertical mor-
phism u in A.

Theorem 5.11. Let A be a double category with tabulators, and I ∈ A be
an object. Then the following statements are equivalent.

(i) The object I is double bi-initial in A.

(ii) The object I is bi-initial in HA.

Proof. If I is double bi-initial in A, then, by Theorem 5.8, I is bi-initial
in HA.

Now suppose that I is bi-initial in HA. We prove that I satisfies Defi-
nition 5.1 (i-iv). First note that Remark 5.6 (i) and (ii) applied to I ∈ HA
correspond to Remark 5.3 (i) and (ii) applied to I ∈ A. Therefore, it remains
to show Remark 5.3 (iii) and (iv). Let u : A B be a vertical morphism
and let (>u, τu) be the tabulator of u. By Remark 5.6 (i) applied to the ob-
ject >u, there is a horizontal morphism t : I → >u. By the first universal
property of tabulators, we get a square in A

I

I

A

B

f

g

uγ

as desired. This proves Remark 5.3 (iii).
Now suppose that we have squares in A

I

I

A

B

u

f

g

γ

I

I

A′

B′

u′

f ′

g′

γ′

A

B

u

A′

B′

u′

a

b

α

and suppose (>u, τu) and (>u′, τu′) are tabulators for u and u′ respectively.
By the first universal property of tabulators, the squares γ and γ′ uniquely
correspond to horizontal morphisms t : I → >u and t′ : I → >u′ respec-
tively. Moreover, the square α uniquely corresponds to a horizontal mor-
phism >α : >u → >u′. By applying Remark 5.6 (ii) to t : I → >u,
t′ : I → >u′, and >α : >u→ >u′, we get a square θ in A of the form
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I

I >u >u′

>u′t′

t >α

θ

∼=

.

By the second universal property of tabulators, this uniquely corresponds to
squares ψ := θ0 and ϕ := θ1 satisfying the following pasting.

I

I A A′

A′
f ′

f a

ψ

∼=
I B B′

u u′

g b

γ α

I

= I B′

A′

u′

f ′

g′

γ′

I B B′g b

ϕ

∼=

Note that ψ and ϕ are the unique squares for the tuples (f, f ′, a) and (g, g′, b)
respectively; see Proposition 5.5 (ii’). This shows Remark 5.3 (iv).

Corollary 5.12. Let A be a double category with tabulators, and I ∈ A be
an object. Then the object I is bi-initial in HA if and only if the correspond-
ing object eI is bi-initial in VA.

Proof. By Theorem 5.11, I is bi-initial in HA if and only if I is double
bi-initial in A. By Theorem 5.8, this holds if and only if eI is bi-initial
in VA.

6. Bi-representations of normal pseudo-functors

In Section 6.1 we state and prove our main result characterising bi-repre-
sentations of normal pseudo-functors F : Cop → Cat as various sorts of
bi-initial objects, where Cat is the 2-category of categories, functors, and
natural transformations. We give two flavours of such a theorem, one stated
in the language of double categories, and the other stated completely in terms
of 2-categories. The former predictably relies on the double category of ele-
ments of F construction, but in the latter case, we will define from the data of
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a normal pseudo-functor F not only the 2-category of elements of F , but also
a 2-category of morphisms of F . Moreover, by specialising Theorem 5.8,
we see that the latter 2-category subsumes the former for this purpose: bi-
representations of a normal pseudo-functor F : Cop → Cat are precisely
bi-initial objects of a particular form in the 2-category of morphisms of F .

We then show in Section 6.2 that, when the 2-category C has tensors by 2
and the normal pseudo-functor F : Cop → Cat preserves them, the expected
characterisation actually holds: bi-representations of F are now precisely
bi-initial objects in the 2-category of elements of F .

6.1 The general case

Let us begin by defining the central objects at issue.
Definition 6.1. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. A bi-representation of F is a pair (I, ρ) of an object I ∈ C
and a pseudo-natural adjoint equivalence ρ− : C(−, I)

'
=⇒ F , i.e., an adjoint

equivalence in the 2-category Ps(Cop,Cat).

Remark 6.2. Recall that an equivalence in a 2-category can always be pro-
moted to an adjoint equivalence (see, e.g. [16, Lemma 2.1.11]). Therefore,
by requiring the pseudo-natural equivalence in Definition 6.1 to be adjoint,
we do not lose any generality while simultaneously making the data easier
to handle in the forthcoming proofs.

To the data of such a normal pseudo-functor Cop → Cat we will as-
sociate a double category of elements. This double category will play an
analogous role to the classical category of elements in detecting representa-
tions.
Definition 6.3. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. The double category of elements el(F ) of F is defined to
be the pseudo-slice double category 1 ↓↓HF induced by the cospan

1
1−→ HCat HF←−− HCop .

More explicitly, it is the double category whose

(i) objects are pairs (C, x) of an object C ∈ C and a functor x : 1→ FC,
i.e., an object x ∈ FC,
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(ii) horizontal morphisms (c, ψ) : (C ′, x′) → (C, x) comprise the data of
a morphism c : C → C ′ of C and a natural isomorphism ψ of the form

1 FC ′

FC

x′

x Fc

ψ
∼=

,

i.e., an isomorphism ψ : x
∼=−→ (Fc)x′ in FC,

(iii) vertical morphisms α : (C, x) (C, y) are natural transformations
α : x ⇒ y of functors x, y : 1 → FC, i.e., morphisms α : x → y
in FC,

(iv) squares γ : (α′
(c,ψ)
(d,ϕ) α) comprise the data of a 2-morphism γ : c ⇒ d

of C, as displayed below-left, which satisfies the below-right pasting
equality,

C

C ′

c d
γ

1 FC ′

FC

Fc Fdx

x′

Fγ

y′

ψ
∼=

α′

=

1 FC ′

FC

Fd

y′

y

x

α

ϕ
∼=

i.e., the following diagram in FC is commutative.

x

(Fc)x′ (Fc)y′ (Fd)y′

yα

ψ ∼=

(Fc)α′ (Fγ)y′

ϕ∼=

Much like in the 1-dimensional case, we are able to construct from a
normal pseudo-functor F : Cop → Cat the 2-category of elements el(F )
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of F , but new here is the 2-category of morphisms of F . As we shall see,
the joint properties of these 2-categories may be leveraged to successfully
characterise bi-representations.
Definition 6.4. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. We define the following two 2-categories associated to F .

• The 2-category of elements el(F ) of F is defined to be Hel(F ).

• The 2-category of morphisms mor(F ) of F is defined to be Vel(F ).

The ardently 2-categorical reader may be dismayed by the foray into the
realm of double categories to give the above definition. In the coming discus-
sion we will find that we are able to comfortably re-seat these 2-categories
as the result of purely 2-categorical considerations.

Observe that exponentiation by the category 2 = {0 → 1} gives rise
to the classical functor Ar := (−)2 : Cat → Cat, the category of arrows
functors, where Cat is the category of categories and functors.
Definition 6.5. We define the functor Ar∗ : 2Catnps → 2Catnps as follows.
It sends a 2-category C to the 2-category Ar∗C with the same objects as C
and hom-categories Ar∗C(C,C ′) := Ar(C(C,C ′)) for each pair of objects
C,C ′ ∈ C. That is, a morphism in Ar∗C is a 2-morphism of C and a
2-morphism in Ar∗C is a commutative square of vertical composites of 2-
morphisms in C.

Given a normal pseudo-functor F : C → D, the normal pseudo-functor
Ar∗F acts as F on objects and as ArF on hom-categories. The compositors
of Ar∗F are given component-wise by the compositors of F .

Remark 6.6. The functor Ar∗ is a shadow of our double categorical approach
of the previous sections. Indeed, we have the equality of functors VH = Ar∗
to complement HH = id2Catnps .

Recall that el(F ) is defined as the pseudo-slice double category 1↓↓HF .
This, coupled with the fact that H and V preserve slices allows us to give the
following, purely 2-categorical formulations of the 2-categories of elements
and morphisms of a normal pseudo-functor.

Remark 6.7. If C is a 2-category and F : Cop → Cat is a normal pseudo-
functor then, by Corollary 5.7 and Remark 6.6, the 2-categories el(F ) and
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mor(F ) are isomorphic to the pseudo-slice 2-categories induced by the
cospans

1
1−→ Cat F←− Cop and 1

1−→ Ar∗Cat Ar∗F←−−− Ar∗C
op ,

respectively. In particular, el(F ) is the pseudo-type version of the usual 2-
category of elements of F .

We are now in a position to give the central result of this paper, a 2-
dimensional analogue to the classical relationship between representations
and initial objects. The equivalence between (i) and (iii) below gives the
promised 2-categorical account of the theorem, and while it may be derived
directly, we will find that our work of the previous sections allows for a more
efficient approach via (ii).

Theorem 6.8. Let C be a 2-category, and (F, φ) : Cop → Cat be a normal
pseudo-functor. The following statements are equivalent.

(i) The normal pseudo-functor F has a bi-representation (I, ρ).

(ii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is double bi-initial in el(F ).

(iii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is bi-initial in el(F ) and (I, idi) is bi-initial in mor(F ).

(iv) There is an object I ∈ C together with an object i ∈ FI such that
(I, idi) is bi-initial in mor(F ).

Remark 6.9. Note that conditions (iii) and (iv) are inherently 2-categorical
statements. Let us think of an object of a 2-category A as a normal pseudo-
functor 1 → A. Recall that an object 1 → A is bi-initial if and only
if the projection A ↓ I → A is a trivial fibration, where the slice and its
projection are obtained as a certain pullback. Thus condition (iii) instructs
us to construct the slice el(F ) ↓ (I, i) as well as the slice mor(F ) ↓ (I, idi),
where the latter is obtained by considering the object given by the composite
1 → el(F ) → mor(F ), and ensures that both resulting projections are
trivial fibrations. Similarly, condition (iv) concerns the latter pullback only,
and ensures that its projection functor is a trivial fibration.
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First note that the equivalence of conditions (ii), (iii), and (iv) follows
directly from Theorem 5.8. The rest of this section will be devoted to the
proof of the equivalence between conditions (i) and (ii). For this, we first
introduce the following “unique filler” lemma to make efficient the proof of
the forward implication.

Lemma 6.10. Under the assumptions of Theorem 6.8 (i), for every pair of
horizontal morphisms (f, ψ) : (I, i) → (C, x) and (g, ϕ) : (I, i) → (C, y),
and every vertical morphism α : (C, x) (C, y) in el(F ), there is a unique
square in el(F ) of the below form.

(I, i) (C, x)

(I, i) (C, y)

(f, ψ)

(g, ϕ)

αγ

.

Proof. Suppose that (I, ρ) is a bi-representation of a normal pseudo-functor
(F, φ) : Cop → Cat, (f, ψ) : (I, i) → (C, x) and (g, ϕ) : (I, i) → (C, y)
are horizontal morphisms in el(F ), and α : (C, x) (C, y) is a vertical
morphism in el(F ). Define υ to be the unique morphism of FC fitting in
the following diagram,

(Ff)i x y (Fg)i

ρC(f) ρC(g)

ψ -1
α ϕ

(ρf )idI
∼= (ρg)idI

∼=

υ

where ρf : (Ff)ρI
∼=
=⇒ ρCC(I, f) and ρg : (Fg)ρI

∼=
=⇒ ρCC(I, g) are the 2-

isomorphism components of ρ at f and g. By Definition 6.3 (iv), a square
γ : (idi

(f,ψ)
(g,ϕ) α) in el(F ) is the data of a 2-morphism γ : f ⇒ g of C such

that

(Ff)i
(Fγ)i−−−→ (Fg)i = (Ff)i

ψ -1

−→ x
α−→ y

ϕ−→ (Fg)i.

Therefore, we may deduce that this equation holds if and only if we have
that (ρg)idI

(Fγ)i = υ(ρf )idI
, by definition of υ. The left-hand composite of

this equality appears as the result of evaluating the below-left pasting at idI ,
and this pasting is equal to the below-right pasting by pseudo-naturality of ρ.
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C(I, I) FI

C(I, C) FC

ρI

g∗

ρC

Fg Ff
ρg

∼=

Fγ

C(I, I) FI

C(I, C) FC

ρI

ρC

f∗ Ffg∗
γ∗ ρf

∼=
=

We deduce therefore that

(ρg)idI
(Fγ)i = υ(ρf )idI

iff (ρC(γ))(ρf )idI
= υ(ρf )idI

iff ρC(γ) = υ.

All in all then, γ : (idi
(f,ψ)
(g,ϕ) α) is a square in el(F ) if and only if ρC(γ) = υ.

Since ρC : C(I, C) → FC is an equivalence and is therefore fully faithful
on morphisms, there is a unique such γ.

With this lemma established, the proof of the implication (i)⇒(ii) of The-
orem 6.8 is readily given.

Proof (Theorem 6.8, (i)⇒(ii)). Suppose (i), that is, we have a specified bi-
representation (I, ρ) of F . From this data we will select an object i ∈ FI and
demonstrate that (I, i) is double bi-initial in el(F ). To begin, let us define
i ∈ FI as i := ρI(idI). We address each of conditions (i-iv) of Definition 5.1
in turn.

Let (C, x) be an object of el(F ). Since ρC : C(C, I)→ FC is an equiv-
alence and x ∈ FC, there is a morphism f : C → I in C together with
a isomorphism ψ : x

∼=−→ ρC(f) in FC. By post-composing with the in-
verse of (ρf )idI

: (Ff)i
∼=−→ ρC(f), arising from the 2-isomorphism compo-

nent ρf : (Ff)ρI
∼=
=⇒ ρCC(f, I) of ρ at f , we find a horizontal morphism

(f, (ρf )
-1
idI
ψ) : (I, i) → (C, x) in el(F ), and so we have established Re-

mark 5.3 (i).
The rest of conditions (ii-iv) each follow by applying Lemma 6.10 above,

which we elaborate below. First, Remark 5.3 (ii) grants us the existence of a
boundary of el(F ) of the form depicted below, and charges us with finding
a unique, vertically invertible filler.

(I, i)

(I, i) (C ′, x′) (C, x)

(C, x)
(f, ψ)

(f ′, ψ′) (c, ϕ)
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By composing the bottom horizontal morphisms we see that Lemma 6.10
supplies us with a unique filler for this square. That this filler is vertically
invertible follows from considering the vertical opposite of the above square
combined with further applications of Lemma 6.10.

Next, Remark 5.3 (iii) grants us a vertical morphism α : (C, x) (C, y)
of el(F ) and demands the existence of a square from (I, i) (I, i) to α. By
our construction of Remark 5.3 (i) above, we may give horizontal morphisms
(f, ψ) : (I, i) → (C, x) and (g, ϕ) : (I, i) → (C, y), and thus produce the
below boundary in el(F ). An application of Lemma 6.10 shows (iii).

(I, i) (C, x)

(I, i) (C, y)

(f, ψ)

(g, ϕ)

α

Finally, we must show that Remark 5.3 (iv) holds. That is, we must
demonstrate that there is an equality of squares filling a fixed boundary. For-
tunately we may apply Lemma 6.10 to this boundary and so conclude the
proof.

We conclude this section by proving the reverse implication.

Proof (Theorem 6.8, (ii)⇒(i)). Suppose (ii), that is, we have a double bi-
initial object (I, i) in el(F ). From this data we will construct equivalences
ρC : C(C, I)→ FC for each C ∈ C and then show that they assemble into
a pseudo-natural transformation. By a standard result of 2-categories, any
equivalence is canonically rectifiable into an adjoint equivalence and so we
do not trouble ourselves with additional work after giving ρ.

For a fixed C ∈ C, let us define the functor ρC : C(C, I) → FC on
objects f : C → I as ρC(f) := (Ff)i and on morphisms γ : f ⇒ g as
ρC(γ) := (Fγ)i. As F respects vertical composition of 2-morphisms strictly,
it is clear that ρC is a functor by construction.

With the functors ρC defined, we now show that each of these functors
is an equivalence. To that end, let us fix C ∈ C and x ∈ FC. Observe
that (C, x) is an object of el(F ) so that, since (I, i) is double bi-initial in
el(F ), there is a horizontal morphism (f, ψ) : (I, i) → (C, x) in el(F ).
This is precisely the data of an object f ∈ C(C, I) and an isomorphism

- 304 -



T. CLINGMAN & L. MOSER BI-INITIALS & BI-REPRESENTATIONS

ψ : ρC(f) = (Ff)i
∼=−→ x, which shows that ρC is essentially surjective on

objects. To see that each ρC is fully faithful on morphisms, let f, g : C → I
be objects in C(C, I) and α : ρC(f) → ρC(g) be a morphism between their
images in FC. This data is equivalently a pair of horizontal morphisms

(f, idρC(f)) : (I, i)→ (C, ρC(f)) and (g, idρC(g)) : (I, i)→ (C, ρC(g)),

since ρC(f) = (Ff)i and ρC(g) = (Fg)i by definition, together with a
vertical morphism α : (C, ρC(f)) (C, ρC(g)) in el(F ). Since (I, i) is
double bi-initial in el(F ), by Proposition 5.2 (ii’), there is a unique square
in el(F ) of the form

(I, i) (C, ρC(f))

(I, i) (C, ρC(g))

(f, idρC(f))

(g, idρC(g))

αγ

,

that is, a unique 2-morphism γ : f ⇒ g such that ρC(γ) = (Fγ)i = α. This
shows fully faithfulness of ρC .

Now that we have a collection of object-wise equivalences ρC we seek to
construct the data of the pseudo-naturality comparison natural isomorphisms
ρc : (Fc)ρC′

∼=
=⇒ ρCC(c, I) depicted below, for each morphism c : C → C ′

in C.

C(C ′, I) FC ′

C(C, I) FC

ρC′

ρC

C(c, I) Fc
ρc
∼=

For f ∈ C(C ′, I) observe that we have (Fc)ρC′(f) = (Fc)(Ff)i and
ρCC(c, I)(f) = F (fc)i, so that we can set ρc to be (φc,−)i, the composi-
tor of F at (c,−) evaluated at i. This satisfies all of the required properties
of pseudo-naturality.

In fact, we have additionally proven that bi-representations (I, ρ) of a
normal pseudo-functor are determined up to isomorphism by their values
on idI . This conclusion may be seen as a special case of a suitable 2-
dimensional Yoneda lemma.
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Corollary 6.11. Let C be a 2-category, and F : Cop → Cat be a normal
pseudo-functor. Suppose that (I, ρ) is a bi-representation of F . Then there
is a canonical bi-representation (I, ρ) of F given by

ρC = (F−)(ρI(idI)) : C(C, I)→ FC,

for every C ∈ C. Moreover, we have that ρ ∼= ρ.

Proof. The construction is given by tracing the proofs above of Theorem 6.8
through (i)⇒(ii) and then (ii)⇒(i). Finally, the isomorphism ρ ∼= ρ is given
by the 2-isomorphism components (ρf )idI

: (Ff)ρI(idI)
∼=−→ ρC(f) of ρ itself

evaluated at idI , for every f : C → I in C.
Remark 6.12. In particular, when F is a strict 2-functor, without loss of
generality a bi-representation of F may be taken to be a 2-natural adjoint
equivalence. Indeed, the bi-representation constructed in Corollary 6.11 is
2-natural.

6.2 The case in presence of tensors by 2

Finally we explore a substantial improvement of Theorem 6.8 which is pos-
sible when the 2-category C has tensors, defined below, which are preserved
by F .
Definition 6.13. Let C be a 2-category, C ∈ C be an object, and A be a
category.

A power of C byA is a weighted 2-limit of the 2-functor C : 1→ C by
the weight A : 1→ Cat. In other words, it is a pair (A t C, λ) of an object
A t C ∈ C and a functor λ : A → C(A t C,C) such that, for every object
C ′ ∈ C, pre-composition by λ induces an isomorphism of categories

λ∗ ◦C(−, C) : C(C ′,A t C)
∼=−→ Cat(A,C(C ′, C)).

We say that C has powers byA if there is a power of C byA for each object
C ∈ C.

Dually, a tensor of C by A is a power of C by A in the opposite 2-
category Cop. In other words, it is a pair (C⊗A, ζ) of an object C⊗A ∈ C
and a functor ζ : A → C(C,C ⊗ A) such that, for every object C ′ ∈ C,
pre-composition by ζ induces an isomorphism of categories

ζ∗ ◦C(C,−) : C(C ⊗A, C ′) ∼=−→ Cat(A,C(C,C ′)) .
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We say that C has tensors byA if there is a tensor of C byA for each object
C ∈ C.

Remark 6.14. Powers may be viewed as a lower-dimensional shadow of the
double categorical notion of tabulators seen in Definition 5.10. Indeed, a
power of an object C ∈ C by the category 2 = {0 → 1} in a 2-category C
is precisely a tabulator of the vertical identity eC in its associated horizontal
double category HC; see [4, Exercise 5.6.2 (c)]. In particular, tabulators
in HCop correspond to tensors by 2 in C.

From the universal property of powers, one can see that the 2-category
Cat has powers by any category A given by A t C := Cat(A, C). Given
a 2-category C with tensors by a category A, we then say that a normal
pseudo-functor F : Cop → Cat preserves powers by A if, for every object
C ∈ C, we have an isomorphism of categories F (C ⊗ A) ∼= Cat(A, FC)
which is natural with respect to the defining cones.

Theorem 6.15. Let C be a 2-category which has tensors by 2, and let
F : Cop → Cat be a normal pseudo-functor which preserves powers by 2.
Then the following statements are equivalent.

(i) The normal pseudo-functor F has a bi-representation (I, ρ).

(ii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is double bi-initial in el(F ).

(iii) There is an object I ∈ C together with an object i ∈ FI such that
(I, i) is bi-initial in el(F ).

In particular, (I, i) is bi-initial in el(F ) if and only if (I, idi) is bi-initial
in mor(F ).

In order to prove this result we will make use of the following lemma.

Lemma 6.16. Let C be a 2-category with tensors by 2, and F : Cop → Cat
be a normal pseudo-functor which preserves powers by 2. Then the double
category el(F ) has tabulators.

Proof. Suppose that α : (C, x) (C, y) is a vertical morphism in el(F ) and
(C ⊗ 2, ζ) is a tensor of C by 2. Since ζ is a functor ζ : 2→ C(C,C ⊗ 2),
it corresponds to a 2-morphism
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C C ⊗ 2

ζ0

ζ1

ζ .

Moreover, the morphism α : x→ y in FC is equivalently given by a functor
α : 2 → FC and therefore it corresponds to an object α ∈ F (C ⊗ 2) as
Cat(2, FC) ∼= F (C ⊗ 2). We set >u := (C ⊗ 2, α) ∈ el(F ) and τu to be
the following square in el(F ).

(C ⊗ 2, α)

(C ⊗ 2, α)

(C, x)

(C, y)

(ζ0, idx)

(ζ1, idy)

αζ

We show that it satisfies the universal properties of tabulators of Defini-
tion 5.10. Let

(C ′, x′)

(C ′, x′)

(C, x)

(C, y)

(c, ψ)

(d, ϕ)

αγ

be a square in el(F ). By the universal property of tensors, the 2-morphism
γ : c ⇒ d corresponds to a morphism γ : C ⊗ 2 → C ′. Moreover, note that
the pair (ψ, ϕ) gives an isomorphism in Cat(2, FC) from α to (Fγ)x′ , and
since F preserves powers by 2, then (ψ, ϕ) corresponds to an isomorphism
(ψ, ϕ) : α ∼= (Fγ)x′ in F (C ⊗ 2). We get the required horizontal morphism
(γ, (ψ, ϕ)) : (C ′, x′)→ (C ⊗ 2, α) for Definition 5.10 (i).

Similarly, Definition 5.10 (ii) follows from the fact that 2-morphisms in
C of the form

C ′C ⊗ 2

γ

γ′

θ

uniquely correspond to 2-morphisms θ0, θ1 between morphisms C → C ′

in C such that γθ0 = θ1γ
′, by the universal property of tensors.
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Proof (Theorem 6.15). First note that (i) and (ii) are equivalent by Theo-
rem 6.8.

To see that (ii) and (iii) are equivalent consider the following argument.
By Lemma 6.16, the double category el(F ) admits tabulators. Thus, by
Theorem 5.11, an object (I, i) is double bi-initial in el(F ) if and only if
(I, i) is bi-initial in el(F ).

Finally, that (I, i) is bi-initial in el(F ) if and only if (I, idi) is bi-initial
in mor(F ) follows from Corollary 5.12.

7. Applications to bi-adjunctions and weighted bi-limits

Now that we have satisfied ourselves with the characterisation of Theo-
rem 6.8 of bi-representations of normal pseudo-functor we focus now on two
formal applications. In Section 7.1, we will leverage some 2-dimensional ar-
guments to give a characterisation of bi-adjunctions in terms of bi-terminal
objects in pseudo-slices. Then, in Section 7.2 we will connect to the counter-
examples given in [3] by proving a correct characterisation of bi-limits in
terms of bi-terminal objects in pseudo-slices, specialising the supporting
theorem in the same section about weighted bi-limits. In both sections we
will additionally give improvements on these results by specialising Theo-
rem 6.15 when the 2-categories at issue have tensors by 2, which in the case
of weighted bi-limits subsumes a known special case.

7.1 Bi-adjunctions

We begin by introducing the notion of a bi-adjunction.
Definition 7.1. Let C and D be 2-categories. A bi-adjunction between
C and D comprises the data of normal pseudo-functors L : C → D and
R : D→ C, and adjoint equivalences of categories

ΦC,D : C(C,RD) '−→ D(LC,D)

pseudo-natural in C ∈ Cop and D ∈ D.

Remark 7.2. We wish to draw the reader’s attention to the following rela-
tionship between bi-adjunctions and bi-representations. If L and R are em-
broiled in a bi-adjunction, then in particular for each object D ∈ D we may
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observe that we have a bi-representation

Φ−,D : C(−, RD)
'
=⇒ D(L−, D)

of the normal pseudo-functor D(L−, D). In this sense, bi-adjunctions are
“locally” bi-representations.

The major goal of this section is to provide a converse to the above ob-
servation. That is, we will concentrate our efforts on establishing that being
“locally bi-represented” is, in fact, enough to determine a right bi-adjoint in
the sense of Definition 7.1. Such a result is of course expected by analogy to
the ordinary categorical version. Giving such a formulation of bi-adjunctions
in terms of bi-representations allows us to apply Theorem 6.8 and thereby
give a characterisation of bi-adjunctions in terms of bi-terminal objects in
pseudo-slices.

Theorem 7.3. Let C and D be 2-categories, and (L, δ) : C → D be a
normal pseudo-functor. The following statements are equivalent.

(i) The normal pseudo-functor L : C → D admits a right bi-adjoint
R : D→ C.

(ii) For all objects D ∈ D, there is a bi-representation (RD,ΨD) of
D(L−, D), where ΨD : C(−, RD)

'
=⇒ D(L−, D) in Ps(Cop,Cat)

is a pseudo-natural adjoint equivalence.

In order to prove this theorem we will make use of some purely for-
mal results about the nature of bi-representations and bi-adjunctions. These
arguments depend crucially upon the apparatus of a 2-dimensional Yoneda
lemma – see [7, §8.3] for the bi-categorical account.

Notation 7.4. Let C be a 2-category. We denote the Yoneda embedding 2-
functor by

Y : C→ Ps(Cop,Cat) .

It sends an object C ∈ C to the 2-functor YC := C(−, C) : Cop → Cat, and
acts in the obvious way on hom-categories.

We will make extensive use of the full sub-2-category on the image of
the Yoneda 2-functor, but this 2-category is isomorphic to the following.

- 310 -



T. CLINGMAN & L. MOSER BI-INITIALS & BI-REPRESENTATIONS

Definition 7.5. Let C be a 2-category. We define a 2-category CY with the
same objects as C and whose hom-categories are given by

CY(C,C ′) := Ps(Cop,Cat)(YC ,YC′)

for all C,C ′ ∈ C. Composition operations are given by those of the 2-
category Ps(Cop,Cat).

Remark 7.6. The 2-category CY is isomorphic to the full sub-2-category of
Ps(Cop,Cat) on the objects of the form YC for C ∈ C. Observe that we
therefore have the following factorisation of 2-functors

C Ps(Cop,Cat)

CY

Y

Y

where Y is the identity on objects.
We have avoided defining CY as “the full sub-2-category of bi-represen-

tables” as this is problematic inasmuch as objects are concerned: we will
need to know which object is associated to a given bi-representable functor,
but a priori any such object is only defined up to equivalence. One way to
solve this is to choose, for each bi-representable, a representing object, and
the result is precisely our 2-category CY above.

Remark 7.7. Let C be a 2-category. Then the 2-dimensional Yoneda lemma
says that the normal pseudo-functor Y : C → CY is the identity on objects
and induces equivalences between the hom-categories

C(C,C ′) ' Ps(Cop,Cat)(YC ,YC′) = CY(C,C ′),

for all objects C,C ′ ∈ C; see [7, Lemma 8.3.12].
Hence one can construct a normal pseudo-functor E : CY → C together

with pseudo-natural isomorphisms η : idC
∼=
=⇒ EY and ε : YE ∼=

=⇒ idCY .
We may see that E is the identity on objects, and acts on hom-categories
CY(C,C ′) by first taking the C-component of the pseudo-natural transfor-
mation or modification, and then evaluating it at idC ∈ YC(C) = C(C,C).
In fact, closer inspection reveals that idC = EY .
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Lemma 7.8. Let C and D be 2-categories, and let Q : D → Ps(Cop,Cat)
be a normal pseudo-functor such that, for all objects D ∈ D, QD = YRD
for an object RD ∈ C. Then there is a normal pseudo-functor R : D → C
and a pseudo-natural isomorphism YR ∼= Q in Ps(D,Ps(Cop,Cat)).

Proof. First note that the image of Q : D → Ps(Cop,Cat) is contained in
the full sub-2-category CY of Ps(Cop,Cat). That is, we have the following
factorisation

D Ps(Cop,Cat)

CY

Q

Q
,

where QD = RD, for all objects D ∈ D. Using this we define the normal
pseudo-functor R : D→ C to be the composite

D
Q−→ CY

E−→ C.

By Remark 7.7 we have a pseudo-natural isomorphism YR = YEQ ∼= Q
in Ps(D,CY). By post-composing with the inclusion CY ↪→ Ps(Cop,Cat)
this gives a pseudo-natural isomorphism YR ∼= Q in Ps(D,Ps(Cop,Cat)).

Finally we need a technical result relating pseudo-natural isomorphisms
in the category Ps(D,Ps(Cop,Cat)) to those in Ps(Cop ×D,Cat). While
it is not generally true that these two categories are isomorphic, we may “by
hand” show that in a special case pseudo-natural isomorphisms in the former
may be recast as occurring in the latter.

Lemma 7.9. Given normal pseudo-functors L : C → D and R : D → C,
as well as a pseudo-natural isomorphism θ : D(L−,−)

∼=
=⇒ C(−, R−) in

Ps(D,Ps(Cop,Cat)), the data of θ gives a pseudo-natural isomorphism
γ : D(L−,−)

∼=
=⇒ C(−, R−) in Ps(Cop ×D,Cat).

Proof. To define γ we must give its value at each pair (C,D) ∈ Cop × D
of objects as well as its 2-morphism component on each morphism of such
pairs, and demonstrate that suitable compatibility conditions hold.
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Observe that for each D ∈ D we have a pseudo-natural isomorphism

θD ∈ Ps(Cop,Cat)(D(L−, D),C(−, RD)) .

Thus it makes sense to set the component γ(C,D) : D(LC,D) → C(C,RD)
to be the isomorphism (θD)C .

For each d : D → D′ observe that the pseudo-naturality of θ gives the
following diagram of pseudo-natural isomorphisms and modifications.

D(L−, D) C(−, RD)

D(L−, D′) C(−, RD′)

θD

θD′

D(L−, d) C(−, Rd)
θd

∼= (7.10)

Using this and the normality of L and R, on a morphism c : C ′ → C of C
we may define γ(c,d) : C(c, Rd)γ(C,D)

∼=
=⇒ γ(C′,D′)D(Lc, d) to be either of the

following two, equal pastings.

D(LC,D) C(C,RD)

D(LC ′, D) C(C ′, RD)

D(LC ′, D′) C(C ′, RD′)

D(LC,D) C(C,RD)

D(LC,D′) C(C,RD′)

D(LC ′, D′) C(C ′, RD′)

(θD)C

(θD)C′

D(Lc,D) C(c, RD)

C(C ′, Rd)D(C ′, d)

(θD′)C′

(θD)C

(θD′)C

D(LC, d) C(C,Rd)

C(c, RD′)D(c,D′)

(θD′)C′

(θD)c
∼=

(θd)C
∼=

(θd)C
∼=

(θD′)c
∼=

=

This concludes the data of γ, and now we must check that it is pseudo-
natural. That is, we must ensure that it is compatible with the compositors of
C(−, R−) and D(L−,−), that its components on identities are themselves
identities, and that it commutes appropriately with 2-cell pasting.

None of these calculations are especially enlightening, and amount to
massaging pasting diagrams with the above equality, appealing to the fact
that θd is a modification as in (7.10), and finally noting that θd itself is
pseudo-natural. Hence we choose to omit the details for brevity.

Now we are in a position to give a proof of Theorem 7.3.
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Proof (Theorem 7.3). First note that Remark 7.2 directly gives that (i) im-
plies (ii). We show the other implication.

Suppose that (ii) holds, that is, for all objects D ∈ D, we have a bi-
representation (RD,ΨD) of D(L−, D), i.e., a pseudo-natural adjoint equiv-
alence ΨD : C(−, RD)

'
=⇒ D(L−, D). We want to construct the data of a

normal pseudo-functorR : D→ C and a pseudo-natural adjoint equivalence
Φ−,− : C(−, R−) '−→ D(L−,−) in Ps(Cop ×D,Cat).

In order to do so, we will simultaneously construct a pseudo-functor
(Q, φ) : Cop ×D → Cat such that Q(C,D) = C(C,RD) = YRD(C)
for all (C,D) ∈ Cop ×D along with a pseudo-natural adjoint equivalence
Γ: Q

'
=⇒ D(L−,−) in Ps(Cop × D,Cat). Note that while our construc-

tion of Q below does not necessarily yield a normal pseudo-functor, we may
apply a normalisation argument such as [12, Proposition 5.2] to construct a
normal pseudo-functor Qn which agrees with Q on objects and a pseudo-
natural isomorphism ν : Qn ∼=

=⇒ Q. Note that there is a forgetful functor
Ps(D,Ps(Cop,Cat))→ Ps(Cop×D,Cat), so that we can see Qn, Q, and
D(L−,−) as objects in Ps(D,Ps(Cop,Cat)) and

Qn ∼=
=⇒
ν
Q

'
=⇒
Γ

D(L−,−)

as an isomorphism in Ps(D,Ps(Cop,Cat)).
Then, by applying Lemma 7.8 to the normal pseudo-functor Qn, we may

extract a normal pseudo-functor R : D → C and a pseudo-natural isomor-
phism ξ : C(−, R−)

∼=
=⇒ Qn in Ps(D,Ps(Cop,Cat)). Finally Lemma 7.9

applied to L, R, and the pseudo-natural isomorphism

C(−, R−)
∼=
=⇒
ξ
Qn ∼=

=⇒
ν
Q

'
=⇒
Γ

D(L−,−)

gives, as desired, a pseudo-natural isomorphism C(−, R−) ∼= D(L−,−) in
Ps(Cop ×D,Cat).

It remains to construct the pseudo-functor Q : Cop ×D → Cat and
pseudo-natural adjoint equivalence Γ: Q

'
=⇒ D(L−,−).

On objects C ∈ C and D ∈ D, we define Q(C,D) := C(C,RD) where
RD is a representing object which exists by assumption, and we define ΓC,D
as the adjoint equivalence

ΓC,D := ΨD
C : Q(C,D) = C(C,RD) '−→ D(LC,D).
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On morphisms c : C → C ′ in C and d : D → D′ in D, we must define
Q(c, d) and Γc,d such that they fit in the following square:

C(C ′, RD) D(LC ′, D)

C(C,RD′) D(LC,D′)

ΓC′,D

ΓC,D′

Q(c, d) D(Lc, d)
Γc,d
∼=

.

To do this we, use the equivalence data (ΨD
C , (Ψ

D
C ) -1, ηDC , ε

D
C ) and set Q(c, d)

to be the composite

C(C ′, RD) D(LC ′, D) D(LC,D′) C(C,RD′)
ΨD
C′ D(Lc, d) (ΨD′

C ) -1

,

and Γc,d to be the following pasting.

C(C ′, RD) D(LC ′, D)

D(LC,D′)

D(LC,D′)C(C,RD′)

ΨD
C′

D(Lc, d)

(ΨD′
C ) -1

ΨD′
C

Q(c, d)

(εD
′

C ) -1
∼=

.

Next, on 2-morphisms α : c ⇒ c′ in C and β : d ⇒ d′ in D, we define
Q(α, β) to be the following pasting.

C(C ′, RD) D(LC ′, D) D(LC,D′) C(C,RD′)
ΨD
C′

D(Lc, d)

D(Lc′, d′)

(ΨD′
C ) -1

D(Lα, β)

With this definition of Q on 2-morphisms, we can directly check that Γ is
natural with respect to this assignment. More precisely, the following pasting
equality holds

- 315 -



T. CLINGMAN & L. MOSER BI-INITIALS & BI-REPRESENTATIONS

C(C ′, RD) D(LC ′, D)

C(C,RD′) D(LC,D′)

ΓC′,D

Q(c′, d′)

ΓC,D′

Γc′,d′
∼=

D(Lα, β)

C(C ′, RD) D(LC ′, D)

C(C,RD′) D(LC,D′)

ΓC′,D

ΓC,D′

D(c, d)
Q(α, β) Γc,d

∼=
=

since both sides are given by the following pasting.

C(C ′, RD) D(LC ′, D)

D(LC,D′)

D(LC,D′)C(C,RD′)

ΨD
C′

D(Lc, d)D(Lc′, d′)

(ΨD′
C ) -1

ΨD′
C

Q(c′, d′)

(εD
′

C ) -1
∼=

D(Lα, β)

With that achieved, it remains to supply the data of the compositors
and unitors of Q and verify the pseudo-naturality conditions of Γ with re-
spect to these. We start with the compositors. For this, let c : C → C ′,
c′ : C ′ → C ′′ be composable morphisms in C and d : D → D′, d′ : D′ → D′′

be composable morphisms in D. We define the 2-isomorphism compositor
φ(c′,d),(c,d′) : Q(c, d′)Q(c′, d)

∼=
=⇒ Q(c′c, d′d) as the below pasting.

C(C ′′, RD) D(LC ′′, D) D(LC ′, D′) C(C ′, RD′)

D(LC ′, D′)

D(LC,D′′)

D(LC,D′′)

ΨD
C′′

D(Lc′, d) (ΨD′

C′ )
-1

ΨD′

C′

D(Lc, d′)

(ΨD′′
C ) -1

D(L(c′c), d′d)

εD
′

C′

∼=

δ∗c,c′
∼=

Q(c′c, d′d)
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From this definition, the definition of Q on 2-morphisms in terms of L, and
the properties of the compositor δ of L, we may directly verify that φ is
associative and is natural with respect to 2-morphisms.

We need to check that Γ is compatible with the compositors φ, namely
that the following pasting equality holds.

C(C ′′, RD)C(C ′′, RD) D(LC ′′, D)

C(C ′, RD′) D(LC ′, D′)

C(C,RD′′) D(LC,D′′)C(C,RD′′)

ΓC′′,D

ΓC′,D′

ΓC,D′′

Q(c′, d)

Q(c, d′)

Q(c′c, d′d)

D(Lc′, d)

D(Lc, d′)

Γc′,d
∼=

Γc,d′
∼=

φ(c′,d),(c,d′)

∼=

C(C ′′, RD) D(LC ′′, D)

C(C,RD′′) D(LC,D′′)

Q(c′c, d′d)= D(L(c′c), d′d) D(LC ′, D′)

D(Lc′, d)

D(Lc, d′)

ΓC′′,D

ΓC,D′′

Γc′c,d′d
∼=

δ∗c,c′

∼=

By direct expansion of definitions, we see that both pastings reduce to the
following pasting.

C(C ′′, RD) D(LC ′′, D)

D(LC ′, D′)

D(LC,D′′)

D(LC,D′′)C(C,RD′′)

ΨD
C′′

D(L(c′c), d′d)

(ΨD′′
C ) -1

ΨD′′
C

Q(c′c, d′d)

D(Lc′, d)

D(Lc, d′)

(εD
′′

C ) -1
∼=

δ∗c,c′

∼=
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To complete the proof it remains to deal with the unitors. Let C ∈ C and
D ∈ D be objects. Recall that Q(idC , idD) is given by the following com-
posite

C(C,RD) D(LC,D) C(C,RD)
ΨD
C (ΨD

C ) -1

,

since D(L(idC), idD) = idD(LC,D) by normality of L. We define the 2-
isomorphism unitor φ(C,D) as the unit

C(C,RD) C(C,RD)

D(LC,D)
ΨD
C (ΨD

C ) -1

ηDC∼=

.

From this definition and the triangle equalities for (ηDC , ε
D
C ), we may directly

verify that φ is satisfies the unitality conditions and that Γ is compatible with
the unitor φ. This completes the constructions of Q and Γ and proves the
theorem.

We have now successfully shown that bi-adjunctions (L,R,Φ) are equiv-
alently families of bi-representations of D(L−, D), indexed by the objects
D ∈ D. In the remainder of the section our goal is to combine Theo-
rem 6.8 and Theorem 7.3 in order to obtain the following characterisation
of bi-adjunctions in terms of bi-terminal objects in different pseudo-slices.
Recall that (double) bi-terminal are defined as (double) bi-initial objects in
the (horizontal) opposite.

In the statement of the theorem below, the pseudo-slice double categories
HL ↓↓D are given by the following cospan in DblCath,nps

HC
HL−→ HD

D←− 1 ,

and the pseudo-slice 2-categories L ↓ D and Ar∗L ↓ D are given by the
following cospans in 2Catnps

C
L−→ D

D←− 1 and Ar∗C
Ar∗L−−−→ Ar∗D

D←− 1 ,

respectively, for objects D ∈ D.
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Theorem 7.11. Let C and D be 2-categories, and L : C → D be a normal
pseudo-functor. The following statements are equivalent.

(i) The normal pseudo-functor L : C → D admits a right bi-adjoint
R : D→ C.

(ii) For all objects D ∈ D, there is an object RD ∈ C together with
a morphism εD : LRD → D in D such that (RD, εD) is double bi-
terminal in HL ↓↓D.

(iii) For all objects D ∈ D, there is an object RD ∈ C together with a
morphism εD : LRD → D in D such that (RD, εD) is bi-terminal in
L ↓D and (RD, idεD) is bi-terminal in Ar∗L ↓D.

(iv) For all objects D ∈ D, there is an object RD ∈ C together with a
morphism εD : LRD → D in D such that (RD, idεD) is bi-terminal
in Ar∗L ↓D.

The missing components for the proof of this theorem are canonical iso-
morphisms of double categories el(D(L−, D)) ∼= (HL ↓↓ D)op, as well
as related canonical isomorphisms for the 2-categories el(D(L−, D)) and
mor(D(L−, D)). This is the content of the following results.

Lemma 7.12. Let C and D be 2-categories, L : C → D be a normal
pseudo-functor, and D ∈ D be an object. There is a canonical isomorphism
of double categories as in the following commutative triangle.

el(D(L−, D)) (HL ↓↓D)op

HCop

∼=

ΠopΠ

Proof. We describe the data of the double category el(D(L−, D)). Then, by
a direct comparison with the data in the double category HL ↓↓D, which is
the dual construction to the double category described in Remark 4.2 with the
double functor F = HL being horizontal, we can see that the isomorphism
above canonically holds.

An object in el(D(L−, D)) is a pair (C, f) of objects C ∈ C and
f ∈ D(LC,D), i.e., a morphism f : LC → D in D. A horizontal mor-
phism (c, ψ) : (C ′, f ′) → (C, f) in el(D(L−, D)) comprises the data of a
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morphism c : C → C ′ in C and an isomorphism ψ : f
∼=−→ D(Lc,D)f ′ in

D(LC,D), i.e., a 2-isomorphism in D

LC

LC ′ D

Lc
f

f ′

ψ
∼=

.

Note that it corresponds to a morphism (c, ψ) : (C, f)→ (C ′, f ′) in HL↓↓D,
and it is the reason why we need to take the horizontal opposite (HL↓↓D)op.
A vertical morphism α : (C, f) (C, g) in el(D(L−, D)) is a morphism
α : f → g in D(LC,D), i.e., a 2-morphism α : f ⇒ g between morphisms
f, g : LC → D in D. Finally, a square γ : (α′

(c,ψ)
(d,ϕ) α) is a 2-morphism

γ : c ⇒ d in C satisfying the pasting equality in Definition 6.3 (iv), which
can be translated into the following pasting equality in D.

LC

LC ′ D

LcLd
Lγ f

f ′

g′

α′

ψ
∼=

=

LC

LC ′ D

Lc

f

g

g′

ϕ
∼=

α

Corollary 7.13. Let C and D be 2-categories, L : C → D be a normal
pseudo-functor, andD ∈ D be an object. There are canonical isomorphisms
of 2-categories as in the following commutative triangles.

el(D(L−, D)) (L ↓D)op

Cop

∼=

πopπ

mor(D(L−, D)) (Ar∗L ↓D)op

Ar∗C
op

∼=

πopπ

Proof. This follows directly from the definitions of el and mor, Lemma 7.12
and Proposition 4.6.

The proof of Theorem 7.11 now follows in a straightforward manner.
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Proof (Theorem 7.11). By Theorems 6.8 and 7.3 and Lemma 7.12, we see
that (i) and (ii) are equivalent. The equivalences of (ii), (iii), and (iv) follow
from Theorem 6.8, Lemma 7.12, and Corollary 7.13.
Remark 7.14. Although we have proven this result by means of formal ar-
guments involving a reformulation of a 2-dimensional Yoneda lemma (see
Remark 7.7), these details are not a necessary feature of the proof of this
theorem. For the reader for whom such devices are unfamiliar or otherwise
constitute a significant detour, we note here that a pleasingly direct (if some-
what lengthy) proof of this theorem is possible and follows entirely similar
lines to the proof of Theorem 6.8.

Much as in the case of Theorem 6.15, we may improve Theorem 7.11 by
assuming that C has tensors by 2 and that L preserves them, i.e., for every
objectC ∈ C, there is a tensor ofLC by 2 in D and we have an isomorphism
L(C ⊗ 2) ∼= (LC)⊗ 2 in D natural with respect to the defining cones.

Theorem 7.15. Let C and D be 2-categories, and L : C → D be a normal
pseudo-functor. Suppose that C has tensors by 2 and that L preserves them.
Then the following statements are equivalent.

(i) The normal pseudo-functor L : C → D admits a right bi-adjoint
R : D→ C.

(ii) For all objects D ∈ D, there is an object RD ∈ C together with a
morphism εD : LRD → D in D such that (RD, εD) is bi-terminal
in L ↓D.

Remark 7.16. Note that tensors are a special case of a weighted 2-colimit
construction. Therefore, if a 2-category C has tensors by 2 and L : C → D
is a left bi-adjoint, it preserves in particular all tensors by 2. In this way,
this additional hypothesis on L is entirely anodyne in the following sense:
given an L which we suspect to be a left bi-adjoint, in order to apply the
above theorem we would need to know that L preserves tensors by 2, but
this should be part of a “background-check” on L in the first place.
Proof (Theorem 7.15). By Theorems 7.11 and 6.15, it is enough to show that
the normal pseudo-functor D(L−, D) : Cop → Cat preserves powers by 2.
This is indeed the case since it follows from the fact that L preserves tensors
by 2 that

D(L(C ⊗ 2), D) ∼= D((LC)⊗ 2, D) ∼= Cat(2,D(LC,D)).
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7.2 Weighted bi-limits

The primary and indeed motivating application of this theory is to the no-
tion of 2-dimensional limits. In [3, Counter-example 2.12], we give an
example of a 2-terminal object in the slice 2-category of cones over a 2-
functor F : I → C that does not give a 2-limit of F . This also gives a
counter-example of a bi-terminal object in the pseudo-slice 2-category of
cones over F which is not a bi-limit of F , as explained in [3, §5]. However,
we show in [3, Proposition 2.13] that when C has tensors by 2, then 2-limits
and 2-terminal objects in the slice do correspond precisely. But we deferred
the corresponding result for bi-limits to this document.

With this in mind, we now apply Theorem 6.8 to the case of (weighted)
bi-limits in order to obtain a correct characterisation in terms of bi-terminal
objects. We further prove the deferred results for (weighted) bi-limits involv-
ing tensors by 2, which are obtained as a direct application of Theorem 6.15.

Let us begin by recalling the definition of a weighted bi-limit.
Definition 7.17. Let I and C be 2-categories, and let F : I → C and
W : I→ Cat be normal pseudo-functors. A weighted bi-limit of F byW is
a pair (X,λ) of an object X ∈ C together with a pseudo-natural transforma-
tion λ : W ⇒ C(X,F−) in Ps(I,Cat), such that, for every object C ∈ C,
pre-composition by λ induces an adjoint equivalence of categories

λ∗ ◦C(−, F ) : C(C,X) '−→ Ps(I,Cat)(W,C(C,F−)),

where C(−, F ) : Cop → Ps(I,Cat) is the normal pseudo-functor sending
an object C ∈ C to the normal pseudo-functor C(C,F−) : I→ Cat.

Remark 7.18. Note that a weighted bi-limit (X,λ) induces a 2-natural ad-
joint equivalence

λ∗ ◦C(−, F ) : C(−, X)
'
=⇒ Ps(I,Cat)(W,C(−, F )),

so that we can see that weighted bi-limits are, in particular, bi-representations
of the 2-functor Ps(I,Cat)(W,C(−, F )) : Cop → Cat. Conversely, if
(X, ρ) is a bi-representation, with ρ : C(−, X)

'
=⇒ Ps(I,Cat)(W,C(−, F ))

a pseudo-natural adjoint equivalence in Ps(Cop,Cat), we may set

λ := ρX(idX) : W ⇒ C(X,F−).
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Then by Corollary 6.11, ρ = λ∗◦C(−, F ) is a 2-natural adjoint equivalence,
that is, a weighted bi-limit of F by W .

We now aim to apply Theorem 6.8 to this setting in order to obtain a
characterisation of weighted bi-limits in terms of bi-initial objects in differ-
ent pseudo-slices.

In the statement of the theorem below, the pseudo-slice double category
W ↓↓HC(−, F ) is given by the following cospan in DblCath,nps

1
W−→ HPs(I,Cat)

HC(−,F )←−−−−− HCop ,

and the pseudo-slice 2-categories W ↓ C(−, F ) and W ↓ Ar∗C(−, F ) are
given by the following cospans in 2Catnps

1
W−→ Ps(I,Cat)

C(−,F )←−−−− Cop, 1
W−→ Ar∗Ps(I,Cat)

Ar∗C(−,F )←−−−−−− Ar∗C
op,

respectively.

Theorem 7.19. Let I and C be 2-categories, and F : I → C, W : I → Cat
be normal pseudo-functors. The following statements are equivalent.

(i) There is a weighted bi-limit (X,λ) of F by W .

(ii) There is an object X ∈ C together with a pseudo-natural transfor-
mation λ : W ⇒ C(X,F−) in Ps(I,Cat) such that (X,λ) is double
bi-initial in W ↓↓HC(−, F ).

(iii) There is an object X ∈ C together with a pseudo-natural transforma-
tion λ : W ⇒ C(X,F−) in Ps(I,Cat) such that (X,λ) is bi-initial
in W ↓C(−, F ) and (X, idλ) is bi-initial in W ↓ Ar∗C(−, F ).

(iv) There is an object X ∈ C together with a pseudo-natural transforma-
tion λ : W ⇒ C(X,F−) in Ps(I,Cat) such that (X, idλ) is bi-initial
in W ↓ Ar∗C(−, F ).

Remark 7.20. At a cursory reading it may surprise readers to learn that
weighted bi-limits are characterised as somehow bi-initial rather than bi-
terminal objects. However, such a statement belies their true nature. When
we unravel definitions, we see that the double bi-initiality in the pseudo-slice
double categoryW ↓↓HC(−, F ) is expressed over HCop, and its presence is
indicative of a “mapping in” property for the limiting object in C– precisely
as one might expect from bi-limits.
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The proof of Theorem 7.19 is deferred to the end of the section, as we
need to establish some technical results (Lemma 7.26 and Corollary 7.27)
relating the double category el(Ps(I,Cat)(W,C(−, F ))) to the pseudo-
slice double category W ↓↓HC(−, F ), and similarly so for the 2-categories
el(Ps(I,Cat)(W,C(−, F )) and mor(Ps(I,Cat)(W,C(−, F ))).

Assuming Theorem 7.19, we specialise Theorem 6.15 to the weighted bi-
limit case. Here we only need to assume that the 2-category C has tensors
by 2 as these are preserved automatically in this special case.

Theorem 7.21. Let I and C be 2-categories, and F : I → C, W : I → Cat
be normal pseudo-functors. Suppose that C has tensors by 2. Then the
following statements are equivalent.

(i) There is a weighted bi-limit (X,λ) of F by W .

(ii) There is an object X ∈ C together with a pseudo-natural transforma-
tion λ : W ⇒ C(X,F−) in Ps(I,Cat) such that (X,λ) is bi-initial
in W ↓C(−, F ).

Proof. By Theorems 7.19 and 6.15, it is enough to show that the normal
pseudo-functor Ps(I,Cat)(W,C(−, F )) : Cop → Cat preserves powers
by 2. Indeed we have that

Ps(I,Cat)(W,C(C ⊗ 2, F−)) ∼= Ps(I,Cat)(W,Cat(2,C(C,F−)))
∼= Cat(2,Ps(I,Cat)(W,C(C,F−))

as powers in Ps(I,Cat) are given by point-wise powers in Cat.
In the special case where the weight W is constant at the terminal cate-

gory, i.e., W = ∆1, the characterisation of weighted bi-limits by ∆1, called
conical bi-limits, takes a more familiar form.

In the statement of the corollary below, the pseudo-slice double category
H∆ ↓↓ F is given by the following cospan in DblCath,nps

HC
H∆−−→ HPs(I,C)

F←− 1 ,

and the pseudo-slice 2-categories ∆ ↓ F and Ar∗∆ ↓ F are given by the
following cospans in 2Catnps

C
∆−→ Ps(I,C)

F←− 1 and Ar∗C
Ar∗∆−−−→ Ar∗Ps(I,C)

F←− 1 ,

respectively.
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Corollary 7.22. Let I and C be 2-categories, and F : I → C be a normal
pseudo-functor. The following statements are equivalent.

(i) There is a bi-limit (X,λ) of F .

(ii) There is an object X ∈ C together with a pseudo-natural transforma-
tion λ : ∆X ⇒ F in Ps(I,C) such that (X,λ) is double bi-terminal
in H∆ ↓↓ F .

(iii) There is an object X ∈ C together with a pseudo-natural transforma-
tion λ : ∆X ⇒ F in Ps(I,C) such that (X,λ) is bi-terminal in ∆↓F
and (X, idλ) is bi-terminal in Ar∗∆ ↓ F .

(iv) There is an object X ∈ C together with a pseudo-natural transfor-
mation λ : ∆X ⇒ F in Ps(I,C) such that (X, idλ) is bi-terminal
in Ar∗∆ ↓ F .

The proof is deferred to the end of the section, where we prove the
needed technical results (Lemma 7.28 and Corollary 7.29) relating pseudo-
slices of weighted cones for the weight W = ∆1 to the usual pseudo-slices
of cones.

Remark 7.23. As we already mentioned, we show in [3, §5] that the data
of a bi-limit of F is not fully captured by a bi-terminal object in the usual
pseudo-slice 2-category ∆ ↓ F of cones. Statement (iv) above shows that by
“shifting” the pseudo-slice ∆↓F to the pseudo-slice Ar∗∆↓F whose objects
are modifications between cones, we can successfully capture the additional
data we require.

In particular, by comparing Corollary 7.22 with the characterisation of
bi-adjunctions of Theorem 7.11, we can see bi-limits as a right bi-adjoint.
Namely:

Remark 7.24. Let I and C be 2-categories. If every normal pseudo-functor
F : I → C has a bi-limit, then this bi-limit construction extends to a right
bi-adjoint to the diagonal 2-functor ∆: C→ Ps(I,C).

By assuming Corollary 7.22 and specialising Theorem 7.21 to the case
W = ∆1, we obtain the promised results of [3, Proposition 5.5].
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Corollary 7.25. Let I and C be 2-categories, and F : I → C be a nor-
mal pseudo-functor. Suppose that C has tensors by 2. Then the following
statements are equivalent.

(i) There is a bi-limit (X,λ) of F .

(ii) There is an object X ∈ C together with a pseudo-natural transfor-
mation λ : ∆X ⇒ F in Ps(I,C) such that (X,λ) is bi-terminal in
∆ ↓ F .

Proof. This follows directly from Corollary 7.22 and Theorem 7.21 applied
to W = ∆1.

The rest of this section will be devoted to the technical lemmas sup-
porting the proofs of Theorem 7.19 and Corollary 7.22 which give general
characterisations of weighted bi-limits and conical bi-limits.

Lemma 7.26. Let I and C be 2-categories, and F : I → C, W : I → Cat
be normal pseudo-functors. There is a canonical isomorphism of double
categories as in the following commutative triangle.

el(Ps(I,Cat)(W,C(−, F ))) W ↓↓HC(−, F )

HCop

∼=

ΠΠ

Proof. We give an explicit description of the data of the double category
el(Ps(I,Cat)(W,C(−, F ))). By a straightforward comparison with the
data of the pseudo-slice double category W ↓↓ HC(−, F ) described in Re-
mark 4.2, we will see that the isomorphism above canonically holds.

An object in el(Ps(I,Cat)(W,C(−, F ))) consists of a pair (C, κ) of an
object C ∈ C and a pseudo-natural transformation κ : W ⇒ C(C,F−)
in Ps(I,Cat). Then a horizontal morphism (c,Ψ): (C ′, κ′) → (C, κ) in
el(Ps(I,Cat)(W,C(−, F ))) consists of a morphism c : C → C ′ in C to-
gether with an invertible modification Ψ in Ps(I,Cat) of the form

W C(C ′, F−)

C(C,F−)

κ′

κ C(c, F−)
Ψ ∼=

.
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A vertical morphism Θ: (C, κ) (C, µ) in el(Ps(I,Cat)(W,C(−, F )))
is a modification Θ: κ µ with κ, µ : W → C(C,F−) two pseudo-
natural transformations in Ps(I,Cat). Finally, a square γ : (Θ′

(c,Ψ)
(d,Φ) Θ)

is a 2-morphism γ : c ⇒ d in C satisfying the pasting equality in Defini-
tion 6.3 (iv), which can be translated into a pasting equality for the modifi-
cation C(γ, F−) in Ps(I,Cat).

Corollary 7.27. Let I and C be 2-categories, and let F : I → C and
W : I → Cat be normal pseudo-functors. There are canonical isomor-
phisms of 2-categories as in the following commutative triangles.

el(Ps(I,Cat)(W,C(−, F ))) W ↓C(−, F )

Cop

∼=

ππ

mor(Ps(I,Cat)(W,C(−, F ))) W ↓ Ar∗C(−, F )

Ar∗C
op

∼=

ππ

Proof. This follows directly from the definitions of el and mor, Lemma 7.26
and Proposition 4.6.

With Lemma 7.26 and Corollary 7.27 above established we may now
give a direct proof of Theorem 7.19.

Proof (Theorem 7.19). Recall from Remark 7.18 that a weighted bi-limit
of F by W is equivalently given by a bi-representation of the 2-functor
Ps(I,Cat)(W,C(−, F )). Then the result is obtained as a direct application
of Theorem 6.8 using Lemma 7.26 and Corollary 7.27.

In the conical case we may simplify the pseudo-slices above through the
below computations to obtain a proof of Corollary 7.22.

Lemma 7.28. Let I and C be 2-categories, and F : I → C be a normal
pseudo-functor. There is a canonical isomorphism of double categories as
in the following commutative triangle.
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∆1 ↓↓HC(−, F ) (H∆ ↓↓ F )op

HCop

∼=

Π Πop

Proof. This follows from the fact that, given an object C ∈ C, a pseudo-
natural transformation κ : ∆1 ⇒ C(C,F−) in Ps(I,Cat) corresponds to a
pseudo-natural transformation κ : ∆C ⇒ F in Ps(I,C).

Corollary 7.29. Let I and C be 2-categories, and F : I → C be a normal
pseudo-functor. There are canonical isomorphisms of 2-categories as in the
following commutative triangles.

∆1 ↓C(−, F ) (∆ ↓ F )op

Cop

∼=

πopπ

∆1 ↓ Ar∗C(−, F ) (Ar∗∆ ↓ F )op

Ar∗C
op

∼=

πopπ

Proof. This follows directly from Lemma 7.28 and Proposition 4.6.

Finally we obtain a straightforward proof of Corollary 7.22.

Proof (Corollary 7.22). This result is obtained by applying Theorem 7.19 to
the special case where W = ∆1 and using Lemma 7.28 and Corollary 7.29.

References

[1] C. Auderset. Adjonctions et monades au niveau des 2-catégories.
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