
Abstract

La méthodede traductionpermettantde passerdes«term con-
ditions» au sensde l’algèbreuniverselleà desconditionspurement
cat́egoriques,qui a ét́e présent́eedansle premierarticledecettesérie,
estrevisitéeici dansunenouvelle perspective,qui estbaśeesurl’id ée
deconsid́ererlesopérationsapproch́ees,introduiteparD. Bournetpar
l’auteur du présentarticle. Dansun certainsens,cesopérationsap-
proch́eesapparaissentcommedescontrepartiescat́egoriquesdester-
mesd’unethéoriealgébriqued’unevariét́e.

Themethodof translatinguniversal-algebraictermconditionsinto
purely categorical conditions,which waspresentedin the first paper
from this series,is now revisited with a new insight that is basedon
theideaof consideringsocalledapproximateoperations, whichis due
to D. Bournandthepresentauthor. In somesense,theseapproximate
operationsariseascategorical counterpartsof termsof an algebraic
theoryof avariety.

Intr oduction

In [9] we saw that classes of categories, such as Mal’tsev, unital, strongly
unital and subtractive categories, all can be obtained from the correspond-
ing classes of varieties of universal algebras, using the same general method
of extending classes of varieties, that are defined by suitableterm conditions
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(i.e.aspecialkind of conditionsonthetermsof thealgebraictheoryof avari-
ety), to classesof categories.Theseclassesof categoriesarethendefinedby
socalledclosednesspropertiesof internal relations. Theaim of thepresent
paperis to show thatin fact,thecategoricalsettingalsoadmitsthepresence
of a specialkind of “terms” — socalledapproximateoperations. This idea
wasfirst put forward in [3], whereonly the specialcaseof Mal’ tsev cate-
gorieswastreated(but it waspointedout in [3] that the theorytransfersto
thegeneralcase).Thenin [4] (seealso[5]) thecaseof subtractivecategories
wasconsideredin detail (whereapproximatesubtractionswereusedin the
constructionof the abelianizationfunctor for regular subtractive categories
with binary coproducts).In this paperwe presentthe generaltheory (see
theIntroductionin [3] for a summaryof this theoryin thecaseof Mal’ tsev
categories).

1 Categorieswith M-closedrelations

In thissectionwerecallthenecessarymaterialfrom[9] (omittingtheproofs).

Preliminaries

By AlgTh wedenotethecategoryof (one-sortedandfinitary) algebraicthe-
ories(see[12]). Let T beanobjectin thiscategoryandlet E beanalgebraic
theoryobtainedfrom T by addingto it anm-aryoperatorp andtheaxioms

p(t11, ..., t1m) = u1,
...
p(tn1, ..., tnm) = un,

(1)

whereti j andui arecertaintermsin T , having thesamefixedarity k. Then
wehaveacanonicalmorphisme : T → E of theories.

Throughoutthepaperweassumen > 1, m> 0 andk > 0.
Thesystemof equations(1) givesriseto theextendedmatrix

M =

 t11 · · · t1m u1
...

...
...

tn1 · · · tnm un


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which uniquelydeterminesit. A specialinstanceof this processis whenin
LinearAlgebrawe associateanextendedmatrix to a systemof linearequa-
tions (see[9]). Similarly, the role of M in our muchmoregeneralsetting,
is to determineif (1) is solvable in T , i.e. whetherthe morphismT → E
is a split monomorphism(which meansthat T containsan m-ary term p
suchthat the equationsin (1) aretheoremsin T ). More generally, we are
interestedin theexistenceof a factorization

E // K

T

__????????

??~~~~~~~

for a given theorymorphismT → K . Note that oncea theorymorphism
T →K is given,(1) becomesasystemof termequationsin K , andwhenthe
above factorizationexistswecansaythat(1) is solvablein K . In particular,
we studythis problemin thecasewhenT → K is a centralmorphism[13],
i.e.everyk-arytermq from T commuteswith every l -arytermr in K (where
k andl arearbitrarynaturalnumbers)in thesensethattheidentity

q(r(x11, ...,x1l ), ..., r(xk1, ...,xkl )) = r(q(x11, ...,xk1), ...,q(x1l , ...,xkl ))

is a theoremin K . Then,it turnsout thatM givesriseto a conditionon the
category AlgK of K -algebras,which is equivalentto solvability of (1) in K
(seeTheorem1.2below). To formulatethis categoricalcondition,it is more
convenientto work with the transposeof M, which we denoteby thesame
letter

M =


t11 · · · tn1
...

...
t1m · · · tnm

u1 · · · un

 .

Inter nal M-closedrelations

By an internal T -algebra A in a category C we meanan object A in C
equippedwith an ordinaryinternalT -algebrastructureon Y(A) in the cat-
egory SetC

op
, whereY denotestheYonedaembeddingY : C → SetC

op
. We

usestandardnotation: For eachk-ary term v in T , we write vA to denote
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correspondingk-ary operationvA : Y(A)k →Y(A) of Y(A). We usuallyomit
subscriptswhenwe write thecomponentsvA

X : hom(X,A)k → hom(X,A) of
thenaturaltransformationvA. Sometimeswe evenomit thesuperscriptand
simply write v insteadof vA.

Let r = (ri : R→ Ai)i∈{1,...,n} ands= (si : S→ Ai)i∈{1,...,n} betwo spans
in C. We say that the spans factorsthroughthe spanr, if thereexists a
morphismf : S→ Rsuchthatri f = si for eachi ∈ {1, ...,n}.

By aninternaln-ary relationr in C wemeanaspan

r = (ri : R→ Ai)i∈{1,...,n}

whoseprojectionsr1, ..., rn arejointly monomorphic.
SupposeA is an internalT -algebrain C. We saythatan internaln-ary

relation r = (ri : R→ A)i∈{1,...,n} in C is M-closedwhenfor any objectX
in C andfor any morphismsx1, ...,xk : X → A, if for each j ∈ {1, ...,m} the
span(ti j(x1, ...,xk) : X → A)i∈{1,...,n} factorsthroughthe relationr, thenso
doesthespan(ui(x1, ...,xk) : X →A)i∈{1,...,n}. Thelatterpropertyof x1, ...,xk

canbeexpressedin shortby sayingthat r is compatiblewith the following
matrix: 

t11(x1, ...,xk) · · · tn1(x1, ...,xk)
...

...
t1m(x1, ...,xk) · · · tnm(x1, ...,xk)
u1(x1, ...,xk) · · · un(x1, ...,xk)


Thusin general,givenanextendedmatrix

f11 · · · fn1
...

...
f1m · · · fnm

g1 · · · gn


whoseeachi-th columnconsistsof morphismsX →Ci in C, whereX is a
fixedobjectin C, wesaythata relationr = (ri : R→Ci)i∈{1,...,n} is compat-
ible with this matrix if whenever thetop rows in theabove matrix, regarded
asspans,factorthroughr, sodoesthebottomrow.

Now considera relationr = (ri : R→ Ai)i∈{1,...,n} betweenpossiblydif-
ferentinternalT -algebrasA1, ...,An in C. We saythatr is strictly M-closed
if for any objectX in C andfor any family of morphisms

(xii ′ : X → Ai)i∈{1,...,n},i′∈{1,...,k},
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therelationr is compatiblewith respectto thefollowing matrix:
t11(x11, ...,x1k) · · · tn1(xn1, ...,xnk)

...
...

t1m(x11, ...,x1k) · · · tnm(xn1, ...,xnk)
u1(x11, ...,x1k) · · · un(xn1, ...,xnk)


The categoricalcondition determinedby M

By a T -enrichmentof a category C we meana left inverseof the forgetful
functor

AlgT C→ C,

whereAlgT denotesthecategory of internalT -algebrasin C (see[7], [9]).
Thus,a T -enrichmentequipseachobjectC in C with aninternalT -algebra
structurein C, in sucha way that every morphism f : C → D becomesan
internalhomomorphismof internalT -algebras.A T -enrichedcategory is
a category C given with a fixed T -enrichment. A T -enrichmentcan be
also equivalently definedas a natural T -algebrastructureon the functor
homC, i.e. an internalT -algebrastructureon homC in the functorcategory
SetC

op×C. Whenwe talk about a T -enrichedcategory C, we will automat-
ically regard the functor homC asthe correspondinginternalT -algebrain
SetC

op×C.
An internaln-ary relationr = (ri : R→C)i∈{1,...,n} in a T -enrichedcat-

egory C is said to be M-closedif r is M-closedwhenC is regardedasan
internalT -algebrain C whoseT -algebrastructureis theonethat is associ-
atedwith C by theT -enrichment(asimilarconventionalsoappliesto “strict
M-closedness”).

Theorem1.1([9]) Let C bea finitely completeT -enrichedcategory. Then
thefollowingconditionsareequivalentto each other:

(a) Everyinternal relationR→Cn in C is M-closed.

(b) Everyinternal relationR→C1× ...×Cn in C is strictly M-closed.

We saythat a (finitely complete)T -enrichedcategory C hasM-closed
relationsif it satisfies the equivalent conditions (a) and (b) in Theorem 1.1.
SupposeC = AlgK . ThenT -enrichments ofC are in one-to-one correspon-
dence with central morphismsT → K (see [7]).
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Theorem1.2([9]) LetT →K bea central morphismof theories.Thenthe
T -enrichedcategory AlgK hasM-closedrelationsif andonly if thesystem
of equations(1) correspondingto M is solvablein K .

By T -CatfcM we denotetheclassof all finitely completeT -enrichedcat-
egoriesC thathave M-closedrelations.In [9] it wasshown thattheclassof
Mal’ tsev categories,aswell asseveralothercloselyrelatedclassesof cate-
gories(seeTable1), areof theform T -CatfcM for suitableT ’s andM’s.

It turnsoutthatundercertainrestrictionsonT andM theclassesT -CatfcM
themselvescanbe characterizedvia a generalizedform of “solvability” of
(1). This wasfirst shown in the caseof the classof Mal’ tsev categoriesin
[3], whereit wasalsoobservedthat thesamecouldbedonemoregenerally
for theclassesof theform T -CatfcM. Thepurposeof this paperis to outline
thismoregeneralunifiedtheory.

Observation 1.3 Belowwe describetwo proceduresof producingfrom M
anotherextendedmatrixM′ of termsin T . It is easyto seethat in bothcases
wehaveT -CatfcM ⊆ T -CatfcM′.

“Change of variables”: Let k′ be a natural numberand supposethe
entriesin

M′ =


t ′11 · · · t ′n1
...

...
t ′1m · · · t ′nm
u′1 · · · u′n


are k′-ary terms. Supposefurther there exist maps f1, ..., fn : {1, ...,k} →
{1, ...,k′} such that for everyi ∈ {1, ...,n} theequations

t ′i1(x1, ...,xk′) = ti1(xfi(1), ...,xfi(k)),
...
t ′im(x1, ...,xk′) = tim(xfi(1), ...,xfi(k)),
u′i(x1, ...,xk′) = ui(xfi(1), ...,xfi(k)),

are theorems inT . Then we say that M′ is obtained from M by change of
variables.
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Table 1: Examples of classes of categories determined by matrices

T = M = C ∈ T -CatfcM iff C is a

Th[sets]


x y
y y
y x
x x

 Mal’tsev category [6]

Th[pointed sets]


x y
0 y
0 x
x x

 Strongly unital category [2]

Th[pointed sets]

 x 0
0 x
x x

 Unital category [2]

Th[pointed sets]

 x x
0 x
x 0

 Subtractive category [8]
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“Changeof columns”: Letn′ bea natural numbern′ > 1 andsuppose

M′ =


t ′11 · · · t ′n′1
...

...
t ′1m · · · t ′n′m
u′1 · · · u′n′

 .

Supposefurther there existsa map f : {1, ...,n′} → {1, ...,n} such that for
everyi ∈ {1, ...,n′} wehave:

t ′i1 = t f (i),1,
...
t ′im = t f (i),m,
u′i = uf (i).

ThenwesaythatM′ is obtainedfromM bychangeof columns.

2 Approximateoperations

Approximate solutionsof the systemof term equationscor-
respondingto M

For an extendedterm matrix M, we usethe sameletter M to refer to the
systemof termequationscorrespondingto this matrix. Let A beaninternal
T -algebrain a category C with finite products. An approximatesolution
in A, of a systemof term equationsM, is a morphismp : Am → B in C
(an “approximateoperation”)suchthat thereexists a morphismd : A→ B
makingthediagram

Am p // B

Ak

(ti1,...,tim)

OO

ui
// A

d

OO

commutefor eachi ∈ {1, ...,n}. Themorphismd is calledanapproximation
of the approximatesolution p. The morphismp in the initial object in the
categoryof all diagrams

Am p // B A
doo
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with A fixed,will becalledtheinitial approximatesolutionof M in A, andthe
morphismd in thesamediagramwill becalleda canonicalapproximation
of p. WhenC hasfinite colimits, theinitial approximatesolutionof M in A,
togetherwith its canonicalapproximationd, canbeobtainedvia thepushout

Am p // B

n(Ak)

 t11 · · · t1m

...
...

tn1 · · · tnm


OO

 u1
...

un


// A

d

OO

(2)

By a solutionof M in A we meananapproximatesolutionof M in A which
hasanapproximationthatis anidentitymorphism.Solutionsof M in A arein
one-to-onecorrespondencewith left inversesof thecanonicalapproximation
d of the initial approximatesolutionof M in A (whenthe latterexists),and
so,M is solvablein A if andonly if d is a split monomorphism.This leads
usto thefollowing

Lemma 2.1 For an internal T -algebra A in Set, whoseunderlyingset is
non-empty, thefollowingconditionsareequivalent:

(a) M is solvablein A.

(b) Thecanonicalapproximationof theinitial approximatesolutionof M
in A is an injectivemap.

(c) For all i, i′ ∈ {1, ...,n} anda1, ...,ak,b1, ...,bk ∈ A wehave[
∀ j∈{1,...,m}ti j(a1, ...,ak) = ti′ j(b1, ...,bk)

]
=⇒ ui(a1, ...,ak) = ui′(b1, ...,bk).

If A is emptythen(b) and (c) are alwayssatisfied(so in this casewe still
have(b)⇔(c)), and(a) is satisfiedif andonly if m 6= 0.
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Proof. Wealreadyknow (a)⇔(b).
(b)⇒(c): Let p betheinitial approximatesolutionof M in A andlet d be

its canonicalapproximation.Suppose

∀ j∈{1,...,m} ti j(a1, ...,ak) = ti′ j(b1, ...,bk).

Then
d(ui(a1, ...,ak)) = p(ti1(a1, ...,ak), ..., tim(a1, ...,ak)) =

= p(ti′1(b1, ...,bk), ..., ti′m(b1, ...,bk)) = d(ui′(b1, ...,bk)).

Sinced is injective,ui(a1, ...,ak) = ui′(b1, ...,bk).
(c)⇒(a): Thecondition(c) insuresthatthefollowingmapiswell-defined:

p : Am→A, p(a1, ...,am)=
{

ui(b1, ...,bk) if ∀ j∈{1,...,m}aj = ti j(b1, ...,bk),
a1 otherwise.

Fromthedefinitionof p it is clearthat p is asolutionof M in A.
Thelaststatementof theLemmais essentiallyobvious. �

Uniquenessof the approximation

Proposition2.2 For anyT andM, thefollowingconditionsareequivalent:

(a) Each approximatesolutionof M hasexactlyoneapproximation.

(b) There existso ∈ {1, ...,n} and there exist unary termsv1, ...,vk in T
such thatuo(v1(x), ...,vk(x)) = x is a theoremin T .

Moreover, when(b) is satisfied,for anyapproximationd of an approximate
solutionp of M (in an internal T -algebra A in a categoryC), wehave

d = p◦ (tA
o1, ..., t

A
om)◦ (vA

1, ...,vA
k )

whereo,v1, ...,vk are thesameasin (b).

Proof.(a)⇒(b): LetA be the freeT -algebra inSetover a one-element set
{x}. Consider the pushout (2). Ifx is the only element ofA, then this means
that for any unary termw in T we havew(x) = x, and so (b) is trivially
satisfied. SupposeA has at least two elements. The condition (b) states
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nothingotherthanthatx belongsto theimageof thebottomhorizontalmap
in (2). If this is not satisfied,thenB mustalsohave at leasttwo elements.
But thisallows to defineanotherapproximationd′ of p,

d′(a) =
{

d(a) if a 6= x,
b if a = x,

whereb is any elementof B suchthatb 6= d(x).
(b)⇒(a) is a consequenceof the last part of the proposition,which is

easyto prove: take o,v1, ...,vk asin (b); then1A = uA
0 ◦ (vA

1, ...,vA
k ), which

givesd = d◦uA
0 ◦ (vA

1, ...,vA
k ) = p◦ (tA

o1, ..., t
A
om)◦ (vA

1, ...,vA
k ). �

Condition2.2(b) is satisfiedfor eachof the casesdisplayedin Table1
(in fact, in eachcasewe cantake o = 1 andall v’s to be the identity term
v(x) = x).

Whentheequivalentconditionsof Proposition2.2 aresatisfied,p is an
approximatesolutionof M in aninternalT -algebraA if andonly if for each
i ∈ {1, ...,n} wehave

p◦ (tA
i1, ..., t

A
im) = p◦ (tA

o1, ..., t
A
om)◦ (vA

1, ...,vA
k )◦uA

i

i.e. p coequalizesthemorphisms

Ak
(ti1,...,tim) //

(to1,...,tom)◦(v1,...,vk)◦ui

// Am

whereo,v1, ...,vk arethesameasin 2.2(c). In particular, this allows to con-
struct the initial approximatesolutionof M in A asa joint coequalizerof
pairsof morphismsof theabove form (seee.g.Table2).

3 The characterization theorems

The first characterization theorem

Let C be aT -enriched category. Consider the following condition on a
natural transformationd : homC →D, wheren′ is any natural numbern′ > 1:
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Table 2: Coequalizer constructions of some initial approximate solutions

T = M =

Th[sets]


x y
y y
y x
x x

 A2
(π1,π2,π2) //

(π2,π2,π1)
//(π1,π1,π1) // A3

p // B

Th[pointed sets]


x y
0 y
0 x
x x

 A2
(π1,0,0) //

(π2,π2,π1)
// A3

p // B

Th[pointed sets]

 x 0
0 x
x x

 A
(1A,0) //

(0,1A)
// A2

p // B

Th[pointed sets]

 x x
0 x
x 0

 A
(1A,1A) //

(0,0)
// A2

p // B
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(Cn′) Let r = (ri : R→ Ai)i∈{1,...,n′} ands= (si : S→ Ai)i∈{1,...,n′} be arbi-
trary internaln′-ary relationandspan,respectively, betweenarbitrary
objectsA1, ...,An′ in C. If thereexistsanelementx∈D(S,R) suchthat

D(1S, ri)(x) = d(S,Ai)(si) for every i ∈ {1, ...,n′},

thenthereexistsamorphismy : S→ Rsuchthat

riy = si for every i ∈ {1, ...,n′}.

This conditionturns out to becloselyrelatedto thefollowing condition,
which is determinedby M andanaturalnumbern′ > 1:

(DM
n′ ) Any internal relation r = (ri : R→ Ai)i∈{1,...,n′} in C is strictly M′-

closed,whereM′ isany extendedmatrix(of termsin T ) with n′ columns,
obtainedfrom M by changeof columnsandvariables.

It is easyto seethat if (Cn′) is satisfied,then(Cn′′) is satisfiedfor any
n′′ ∈ {1, ...,n′}. A similar factis alsotruefor thecondition(DM

n′ ).

Theorem3.1 Let C be a T -enriched category. For any natural number
n′ > 2 thefollowingconditionsareequivalentto each other:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in homC satisfies(Cn′);

(b) there existsan approximatesolution p of M in homC which hasan
approximationd satisfying(Cn′);

(c) C satisfies(DM
n′ ).

Moreover, if theaboveconditionsare satisfied,thend in (a) necessarilyhas
injectivecomponents.

Proof. (a)⇒(b) is obvious. (b)⇒(a) follows from thefactthatif thecon-
dition (Cn′) is satisfiedfor acompositecd thenit is alsosatisfiedfor d.

(b)⇒(c): Suppose(b) is satisfied.Let X beanobjectand

r = (r i : R→ Ai)i∈{1,...,n′}
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aninternaln′-ary relationin C. We mustshow thatr is compatiblewith the
matrix 

t f (1)1(x11, ...,x1k) · · · t f (n′)1(xn′1, ...,xn′k)
...

...
t f (1)m(x11, ...,x1k) · · · t f (n′)m(xn′1, ...,xn′k)
uf (1)(x11, ...,x1k) · · · uf (n′)(xn′1, ...,xn′k)


for any map f : {1, ...,n′} → {1, ...,n}, whereeachxi j is an arbitrarymor-
phism

xi j : X → Ai .

Supposeeachupper j-th row, regardedasaspan,factorsthroughtherelation
r via a morphismzj : X → R. Considertheelementx = p(X,R)(z1, ...,zm) ∈
D(X,R). For eachi ∈ {1, ...,n′} wehave

D(1X, ri)(x) = D(1X, ri)(p(X,R)(z1, ...,zm))

= p(X,Ai)(riz1, ..., rizm) = p(X,Ai)(t f (i)1(xi1, ...,xik), ..., t f (i)m(xi1, ...,xik))

= d(X,Ai)(uf (i)(xi1, ...,xik)).

Now, applying(Cn′) wegetthatthelastrow of theabovematrixalsofactors
throughr.

Beforeproving (c)⇒(a)first weprovethat(c) impliesthatthed in (a)has
injectivecomponents.Let X andY beany two objectsin C. Let p betheini-
tial approximatesolutionof M in homC(X,Y) with canonicalapproximation
d. Accordingto Lemma2.1, to show that d is an injective map,it suffices
to show that the condition 2.1(c) is satisfiedfor A = homC(X,Y), which
is the sameasto show that for all i, i′ ∈ {1, ...,n} anda1, ...,ak,b1, ...,bk ∈
homC(X,Y) therelation

Y Y
1Yoo 1Y // Y

is compatiblewith thematrix
ti1(a1, ...,ak) ti′1(b1, ...,bk)

...
...

tim(a1, ...,ak) ti′m(b1, ...,bk)
ui(a1, ...,ak) ui′(b1, ...,bk)

 .

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 311 -



But this is indeedsowhen(c) is satisfied,sincetheabove matrix canbeob-
tainedfrom M by changeof columnsandvariables,andbecausethenumber
of columnsis lessthanor equalto n′ (this is wherewe usetheassumption
n′ > 2).

(c)⇒(a): Suppose(c) is satisfied.Let

r = (ri : R→ Ai)i∈{1,...,n′} and s= (si : S→ Ai)i∈{1,...,n′}

beanarbitraryinternaln′-ary relationanda span,respectively, betweenar-
bitrary objectsA1, ...,An′ in C. Supposethereexistsanelementx∈ D(S,R)
suchthat

D(1S, ri)(x) = d(S,Ai)(si) for every i ∈ {1, ...,n′}.

Themapsp(S,R),d(S,R) arejointly surjective(sincep(S,R) is aninitial approx-
imatesolutionof M in homC(S,R) with d(S,R) asits canonicalapproxima-
tion). Thismeansthatx fallseitherin theimageof d(S,R), or of p(S,R). In the
first casewe getx = d(S,R)(y) for a morphismy : S→ R, andthennaturality
of d yieldsthat

d(S,Ai)(riy) = d(S,Ai)(si)

for every i ∈ {1, ...,n′}, which impliesriy = si for every i ∈ {1, ...,n′} (since
eachd(S,Ai) is aninjective map).Supposenow x falls in theimageof p(S,R),
i.e.thereexistmorphismsz1, ...,zm : S→R in C suchthatx= p(S,R)(z1, ...,zm).
Then,for eachi ∈ {1, ...,n′} wehave

d(S,Ai)(si) = D(1S, ri)(x)

= D(1S, ri)(p(S,R)(z1, ...,zm)) = p(S,Ai)(riz1, ..., rizm).

Sincein thepushout

hom(S,Ai)m
p(S,Ai ) // D(S,Ai)

n(hom(S,Ai)k)  u1
...

un


//

 t11 · · · t1m

...
...

tn1 · · · tnm


OO

hom(S,Ai)

d(S,Ai )

OO
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d(S,Ai) is aninjectivemap,theequality

d(S,Ai)(si) = p(S,Ai)(riz1, ..., rizm)

impliestheexistenceof anelement

ei ∈ n(hom(S,Ai)k)

suchthat(
u1
...

un

)
(ei) = si and

(
t11 · · · t1m

...
...

tn1 · · · tnm

)
(ei) = (riz1, ..., rizm).

Thuswe obtain that for eachi ∈ {1, ...,n′} thereexists i∗ ∈ {1, ...,n} and
fi1, ..., fik : S→ Ai suchthat

ui∗( fi1, ..., fik) = si

and
ti∗ j( fi1, ..., fik) = rizj for every j ∈ {1, ...,m}.

Now, considertheextendedmatrix
t1∗1( f11, ..., f1k) · · · tn′∗1( fn′1, ..., fn′k)

...
...

t1∗m( f11, ..., f1k) · · · tn′∗m( fn′1, ..., fn′k)
u1∗( f11, ..., f1k) · · · un′∗( fn′1, ..., fn′k)

 .

The top rows of this matrix, consideredasspansbetweenA1, ...,An, factor
throughthe relationr (each j-th row factorsthroughr via zj ). This matrix
is obtainedfrom M by changeof columnsandchangeof variables.Hence,
(c) implies that the relation r is compatiblewith the above matrix, andso
its bottomrow alsofactorsthroughr, i.e. thereexistsa morphismy : S→ R
suchthatriy = si for every i ∈ {1, ...,n′}. �

Remark 3.2 In thecasewhenn′ = 2andM is thematrixfromTable1,which
correspondsto thenotionof a Mal’tsev category, Theorem3.1becomesThe-
orem3.2of [3].
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Remark 3.3 Supposen′ = 1. Then,in Theorem3.1,westill have(a)⇒(b)⇒(c),
which is evident from the proof of Theorem3.1. Thequestionwhetherwe
alsohave(c)⇒(a) or not remainsopen.However, if eitherT = Th[sets] or
T = Th[pointedsets], thenit is easyto showthat wedo have(c)⇒(a) (but
thend in (a) doesnotnecessarilyhaveinjectivecomponents).

Recallthatn denotesthenumberof columnsof M. Remark3.3, Theo-
rem3.1andObservation1.3togetherimply:

Theorem3.4 For a finitely completeT -enrichedcategory C the following
conditionsareequivalent:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in homC satisfies(Cn);

(b) there existsan approximatesolution p of M in homC which hasan
approximationd satisfying(Cn);

(c) C hasM-closedrelations.

Moreover, if the above conditionsare satisfiedthen 3.1(a) and 3.1(b) are
satisfiedfor anynatural numbern′ > 1.

The secondcharacterization theorem

Let C bea T -enrichedcategorywith finite coproducts.TheneveryobjectX
in C hasaninternalT -coalgebrastructure;for eachk-ary termt in T theco-
operationtX : X→ kX of X is givenby tX = t(ι1, ..., ιk), whereι1, ..., ιk denote
thecoproductinjectionsX → kX. Further, this way theT -enrichmentof C
givesriseto aninternalT -coalgebrastructureon 1C in thefunctorcategory
CC.

Theorem3.5 A finitelycompleteT -enrichedcategoryC with finitecoprod-
uctshasM-closedrelationsif andonly if for everyobjectX in C, everyn-ary
internal relationr : R→ (kX)n in C is compatiblewith

MX =


(t11)X · · · (tn1)X

...
...

(t1m)X · · · (tnm)X

(u1)X · · · (un)X

 .
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Proof. The“only if ” part is obvious. Theproof of the“if ” partrelieson
the observation that for any morphismsf1, ..., fk : X →C, composingeach
entryof MX with themorphism f1

...
fk

 : kX→C

yieldsthematrix
t11( f1, ..., fk) · · · tn1( f1, ..., fk)

...
...

t1m( f1, ..., fk) · · · tnm( f1, ..., fk)
u1( f1, ..., fk) · · · un( f1, ..., fk)

 .

It is asimpleobservationthateachrow of thismatrix factorsthroughr : R→
Cn if andonly if thecorrespondingrow of MX factorsthroughthepullback
of r alongthemorphism f1

...
fk


n

: (kX)n →Cn.

Soevery n-ary relationonC is M-closedwhenevery n-ary relationon kX is
compatiblewith MX. �

If C is a regularcategory [1], thenfor eachobjectX in C the following
conditionsareequivalentto eachother:

• every relationr : R→ (kX)n in C is compatiblewith MX;

• thereexistsanapproximateco-solutionp : W→mX of M in X whose
approximationd : W → X is a regularepimorphism;

• theapproximationof the terminalapproximateco-solutionof M in X
is a regularepimorphism.
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The equivalenceof thesethreeconditionsfollows from the fact that in a
regularcategory, for apair of morphisms

Y
g

��
X

f
// C

thefollowing conditionsareequivalentto eachother:

• f factorsthrougheverymonomorphismthroughwhichg factors;

• theabovediagramcanbefilled up to acommutativesquare

W

g′

��

// Y
g

��
X

f
// C

whereg′ is a regularepimorphism;

• thepullbackof g along f is a regularepimorphism(that is to say, we
cantake theabovesquareto beapullback).

Sofrom Theorem3.5wededuce:

Theorem3.6 For a regular T -enrichedcategory C with finite coproducts,
thefollowingconditionsareequivalentto each other:

(a) C hasM-closedrelations.

(b) For everyobjectX in C there existsan approximateco-solutionof M
in X havinganapproximationthat is a regular epimorphism.

(c) For everyobjectX in C thecanonicalapproximationof the terminal
approximateco-solutionof M in X is a regular epimorphism.

Remark 3.7 There is a close connection between the condition on the ap-
proximation considered in Theorem 3.1 and the condition on the approxima-
tion considered in Theorem 3.6 — see [3].
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Remark 3.8 Theorems3.4 and 3.6 were obtainedin the specialcasesof
Mal’tsev and subtractivecategoriesin [3] and [4], respectively. As it was
emphasizedin [4] and in [5] (seealso [11]), Theorem3.6 providesa con-
venienttool for working in a category C with M-closedrelations,sincethe
behaviorof approximateco-solutionsof M mimic up to a great degreethe
behaviorof termsolutionsof M in varietieswith M-closedrelations;in par-
ticular, this allows in manycasesto translatea universal-algebraic argu-
mentinvolving termsinto a purely categorical argument— thus giving a
straightforward methodof lifting certain resultsfromUniversal Algebra to
CategoryTheory(seee.g. [4] and[11]).

4 Final remarks

A naturalnext stepis to try to extendtheresultsof this paperto thecaseof
themoregeneraltypeof matricesconsideredin [10] (whichallow to replace
the systemof term equations(1) in Theorem1.2 with a moregeneralkind
of systemof termequations).However, beforethatoneshouldfirst proba-
bly try to understandTheorem3.4 better, which perhapsleadsto trying to
obtainananalogousresultwherein 3.4(a)andin 3.4(b),thenaturaltransfor-
mationd : homC →D, insteadof beinganapproximationof anapproximate
solutionof M in homC, would have the following strongerproperty: D is
equippedwith an internalT -algebrastructurewhereM is solvable,andd
is a homomorphismof internalT -algebras.For instance,it is easyto show
that a finitely completepointedcategory C is unital if andonly if thereis
an internalmagmaD in SetC

op×C anda homomorphismd : homC → D of
internalpointedsets,whichsatisfies(C2) (andspecifically, wecantakeD to
be the free internalmagmaover homC, with unit the basepoint of homC).
By the way, the sameresultremainsto be true whenwe replace“magma”
with “monoid” or “commutativemonoid”.

References

[1] M. Barr, P. A. Grillet, and D. H. van Osdol,Exact categories and cate-
gories of sheaves, Springer Lecture Notes in Mathematics 236, 1971.

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 317 -



[2] D. Bourn,Mal’cev categoriesandfibrationof pointedobjects,Applied
Categorical Structures4, 1996,307-327.

[3] D. Bourn andZ. Janelidze,ApproximateMal’ tsev operations,Theory
andApplicationsof Categories21(TheTholenFestschrift),2008,152-
171.

[4] D. BournandZ. Janelidze,Subtractivecategoriesandextendedsubtrac-
tions,AppliedCategorical Structures17,No. 4, 2009,317-343.

[5] D. Bourn andZ. Janelidze,Pointedprotomodularityvia naturalimag-
inary subtractions,Journal of Pure and Applied Algebra 213, 2009,
1835-1851.

[6] A. Carboni,M. C.Pedicchio,andN. Pirovano,Internalgraphsandinter-
nal groupoidsin Mal’ tsev categories,CanadianMathematicalSociety
ConferenceProceedings13,1992,97-109.

[7] E. FaroandG. M. Kelly, On thecanonicalalgebraicstructureof acate-
gory, Journalof PureandAppliedAlgebra 154,2000,159-176.

[8] Z. Janelidze,Subtractivecategories,AppliedCategorical Structures13,
No. 4, 2005,343-350.

[9] Z. Janelidze,Closednesspropertiesof internalrelationsI: A unifiedap-
proachto Mal’ tsev, unitalandsubtractivecategories,TheoryandAppli-
cationsof Categories16,2006,236-261.

[10] Z. Janelidze,Closednesspropertiesof internal relations V: Linear
Mal’ tsev conditions,Algebra Universalis58,2008,105-117.

[11] Z. JanelidzeandA. Ursini, Split shortfive lemmafor clots andsub-
tractivecategories,AppliedCategorical Structures(OnlineFirst),2009,
doi: 10.1007/s10485-009-9192-5.

[12] F. W. Lawvere,Functorial semantics of algebraic theories, Ph.D. The-
sis, Columbia University, 1963 (see also: F. W. Lawvere, Functorial
semantics of algebraic theories,Reprints in Theory and Applications of
Categories, No. 5, 2004, 1-121).

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 318 -



[13] F. E. J. Linton, Autonomousequationalcategories,Journal of Mathe-
maticsandMechanics15,1966,637-642.

Departmentof MathematicalSciences
StellenboschUniversity
PrivateBagX1, Matieland,7602
SouthAfrica
zurab@sun.ac.za
http://math.sun.ac.za/zurab

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 319 -


