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Abstract

La méthodede traductionpermettantde passerdes «term con-
ditions» au sensde I'algebre universellea desconditionspurement
caggoriquesqui a éte présenéedansle premierarticle de cettesérie,
estrevisitéeici dansunenouelle perspectie, qui estbagesurl’id ée
deconsicererlesopéerationsapproclees,ntroduiteparD. Bournetpar
I'auteur du présentarticle. Dansun certainsens,cesopérationsap-
procheesapparaissentommedescontrepartiesaggoriquesiester
mesd’unethéoriealgébriqued’unevariété.

Themethodof translatinguniversal-algebraitermconditionsinto
purely categgorical conditions,which was presentedn the first paper
from this series,is now revisited with a new insightthatis basedon
theideaof consideringsocalledapproximateopeiations whichis due
to D. Bournandthe presentuthor In somesensetheseapproximate
operationsarise as catayorical counterpartof termsof an algebraic
theoryof avariety

Intr oduction

In [9] we saw that classes of categories, such as Mal'tsev, unital, strongly
unital and subtractive categories, all can be obtained from the correspond-
ing classes of varieties of universal algebras, using the same general method
of extending classes of varieties, that are defined by suitabieconditions
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(i.e.aspeciakind of conditionsonthetermsof thealgebraiadheoryof avari-
ety), to classe®f catgyories. Theseclasse®f catgyoriesarethendefinedby
socalledclosednespropertiesof internal relations The aim of the present
paperis to shav thatin fact, the cateyorical settingalsoadmitsthe presence
of aspecialkind of “terms” — so calledapproximateopeiations Thisidea
wasfirst put forward in [3], whereonly the specialcaseof Mal'tsev cate-
gorieswastreated(but it waspointedout in [3] thatthe theorytransferso
thegenerakase).Thenin [4] (seealso[5]) thecaseof subtractve categories
wasconsideredn detail (whereapproximatesubtractionswereusedin the
constructionof the abelianizatiorfunctor for regular subtractve cateyories
with binary coproducts).In this paperwe presentthe generaltheory (see
the Introductionin [3] for a summaryof this theoryin the caseof Mal’tsev
catgyories).

1 Categorieswith M-closedrelations

In thissectionwerecallthenecessarynaterialfrom [9] (omittingtheproofs).

Preliminaries

By AlgTh we denotethe cateyory of (one-sortedndfinitary) algebraidhe-
ories(se€[12]). Let 7 beanobijectin this categoryandlet £ beanalgebraic
theoryobtainedfrom 7 by addingto it anm-ary operatorp andthe axioms

p(t117 "'7t1m) = U,
' 1)

p(tl’lb ~~7tnm) = Un,

wheretj; andu; arecertaintermsin 7, having the samefixedarity k. Then
we have a canonicaimorphisme: 7 — £ of theories.

Throughouthe papemwe assumen > 1, m> 0 andk > 0.

Thesystemof equationg1) givesriseto the extendedmatrix

t1g -+ tm| WU

th1 -+ thm| Un
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which uniquelydeterminest. A specialinstanceof this processs whenin
Linear Algebrawe associat@an extendedmatrix to a systemof linearequa-
tions (see[9]). Similarly, the role of M in our muchmore generalsetting,
is to determineif (1) is solvablein 7, i.e. whetherthe morphism7 — £
Is a split monomorphismwhich meansthat 7" containsan m-ary term p
suchthatthe equationsn (1) aretheoremsn 7). More generally we are
interestedn the existenceof afactorization

N

for a giventheory morphism7 — %K. Note thatoncea theory morphism
T — K isgiven,(1) becomessystenof termequationsn X, andwhenthe
above factorizationexistswe cansaythat(1) is solvablein %. In particular
we studythis problemin thecasewhen? — X is a centralmorphism[13],
l.e.everyk-arytermqfrom 7 commutesvith everyl-arytermr in X (where
k and| arearbitrarynaturalnumbers)n the sensehattheidentity

E

X

A(r (X22s -5 X2 )y ooy F (X -0, X)) = F(A(X2L5 -0, XL )5 -5 QX1 o5 X))

Is atheoremin K. Then,it turnsoutthatM givesriseto a conditionon the
category Alg 4 of K-algebrasyhichis equivalentto solvability of (1) in &

(seeTheoreml.2belaw). To formulatethis categoricalcondition,it is more
cornvenientto work with the transposef M, which we denoteby the same
letter

tig - tm
M= :

t1m tnm

uz Un

Inter nal M-closedrelations

By an internal 7-algebra A in a categgory C we meanan objectA in C
equippedwith an ordinaryinternal 7 -algebrastructureon Y (A) in the cat-
egory Sef®™, whereY denoteshe Yonedaembeddingy : C — Sef®™. We
usestandardnotation: For eachk-ary termv in 7', we write V* to dende
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correspondinds-ary operationv® : Y (A)X — Y(A) of Y(A). We usuallyomit
subscriptsvhenwe write the components4, : hom(X, A)X — hom(X, A) of
the naturaltransformation/*. Sometimesve even omit the superscripind
simply write v insteadof V2.

Letr = (ri : R— Aj)icq1,..,n} ands= (S : S— Aj)icq1,...n} betwo spans
in C. We saythat the spans factorsthroughthe spanr, if thereexists a
morphismf : S— Rsuchthatr;f = s for eachi € {1,...,n}.

By aninternaln-aryrelationr in C we meanaspan

r=(i:R— Ai)ie{l,...,n}

whoseprojectionsry, ..., Iy arejointly monomorphic.

SupposéA is aninternal 7 -algebrain C. We saythataninternaln-ary
relationr = (ri : R— A)icqa,..ny In C is M-closedwhenfor ary objectX
in C andfor ary morphismsxy, ..., xx : X — A, if for eachj € {1,...,m} the
span(tij(xa,...,X) : X — A)ie1,... ny factorsthroughthe relationr, thenso
doesthespan(ui(xy, ..., Xk) : X — A)ic1,....n}- Thelatterpropertyof xa, ..., X«
canbe expressedn shortby sayingthatr is compatiblewith the following
matrix:

tll(xla'“axk) tnl(xla'“axk>
tlm(xl77xk) tnm(X177Xk)
ul(xla"'axk) Un(xlw--,xk)
Thusin generalgivenanextendedmatrix
fin - fm
flm fnm
g1 - On

whoseeachi-th columnconsistsof morphismsX — C; in C, whereX is a
fixedobjectin C, we saythatarelationr = (ri : R— Cj)ic(1,... ny iS cOMpat-
ible with this matrix if whenerer thetop rows in the above matrix, regarded
asspansfactorthroughr, sodoesthe bottomrow.

Now considerarelationr = (ri : R— Aj)jcy1,.. ny betweerpossiblydif-
ferentinternal 7-algebrasAy, ..., A, in C. We saythatr is strictly M-closed
if for any objectX in C andfor arny family of morphisms

(Xir 2 X = A ic(1,...n}ire {1, k)
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therelationr is compatiblewith respecto the following matrix:

tra(Xag, - Xk) oo tha(Xngs--os Xnk)
tim(X11, - X1k) -+ tam(Xnt, -5 Xnk)
ul(Xl:b "'7X1k) e Un(Xn17 ceey Xnk)

The categoricalcondition determined by M

By a 7 -enrichmentof a category C we meana left inverseof the forgetful
functor
AlgTC — (C,

whereAlg.; denoteshe cateyory of internal ‘7 -algebrasn C (see[7], [9]).
Thus,a 7 -enrichmenequipseachobjectC in C with aninternal‘Z -algebra
structurein C, in sucha way that every morphismf : C — D becomesan
internalhomomorphisnof internal 7 -algebras.A ‘T -enriched category is
a catgory C given with a fixed 7-enrichment. A 7-enrichmentcan be
also equvalently definedas a natural 7 -algebrastructureon the functor
hom, i.e. aninternal ‘7 -algebrastructureon home in the functor category
Seft™*C. Whenwe talk abait a T-enrichedcategory C, we will automat-
icagypr%gard the functor homy asthe correspondingnternal 7 -algebrain
Sef™~C.

An internaln-ary relationr = (ri : R— C)icy1,...n) in @ 7-enrichedcat-
egory C is saidto be M-closedif r is M-closedwhenC is regardedasan
internal 7 -algebrain C whose‘7 -algebrastructureis the onethatis associ-
atedwith C by the 7 -enrichmen{asimilar corventionalsoappliesto “strict
M-closedness”).

Theorem1.1([9]) LetC bea finitely completeT -enrichedcategory. Then
thefollowing conditionsare equivalento ead other:

(a) EveryinternalrelationR — C"in C is M-closed.
(b) EveryinternalrelationR — Cy x ... x C, in C is strictly M-closed.

We saythata (finitely complete)7 -enrichedcategory C hasM-closed
relationsif it satisfies the equivalent conditions (a) and (b) in Theorem 1.1.
SupposeC = Alg . ThenT-enrichments of” are in one-to-one correspon-
dence with central morphismis — X (see [7]).
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Theorem1.2([9]) LetT — K bea central morphismof theories.Thenthe
T-enrichedcategory Alg 5 hasM-closedrelationsif andonly if the system
of equationg1) correspondingo M is solvablein XK.

By 7 -Catf\‘j we denotethe classof all finitely completeZ -enrichedcat-
egoriesC thathave M-closedrelations.In [9] it wasshowvn thatthe classof
Mal’tser categories,aswell asseveral othercloselyrelatedclassef cate-
gories(seeTablel), areof theform ‘I-Catf\‘j for suitable7’sandM'’s.

It turnsoutthatundercertainrestrictionson 7 andM theclasses/ -Catl§
themselescanbe characterizedia a generalizedorm of “solvability” of
(1). Thiswasfirst shavn in the caseof the classof Mal’'tses categoriesin
[3], whereit wasalsoobseredthatthe samecould be donemoregenerally
for the classe®f theform fI-Cat‘,‘{;]. The purposeof this paperis to outline
this moregeneralunifiedtheory

Observation 1.3 Belowwe describetwo procedues of producingfrom M
anotherextendednatrix M’ of termsin 7. It is easyto seethatin bothcases
wehaveT-Catls C 7-Catls,.

“Change of variables”: Let k' be a natural numberand supposethe
entriesin

!/ /
t11 tI’]l
r_ : :
M= t .t
lgn n/m
ul cee un

are K'-ary terms. Supposédurther there exist mapsfy, ..., fn : {1,....k} —
{1,...,K'} suct thatfor everyi € {1,...,n} theequations

(X, -y Xio) = 2 (Xfy (1) -0 X6y (k) )

ti/m(XJ-? ...,Xk/) :tim(xfi(l)a "'7Xfi(k))>
Uf(X]_,...,Xk/) = ui(xfi(l)a“'axfi(k) ,

are theorems inZ. Then we say that Ms obtained from M by change of
variables.
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Table 1: Examples of classes of categories determined by matrices

T = M = CeT-Catl§ iff Cisa

Thisets$ Mal’tsev category [6]

-~
XK < X
XX K <<

Thipointed sets Strongly unital category [2]

O O X
X <K <

—

X

X

~_ ~_

o X
X O

Thlpointed sets Unital category [2]

o X
xX X

Thlpointed sets Subtractive category [8]

x
o

 ~ ~
X
X
~_ N~ —

-304 -



Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

“Change of columns”: Letn’ bea natural numbem’ > 1 andsuppose

! /
tll o tn/l
r_ : :
M" = t .t
15n n’/m
up - Uy

Supposédurther there existsamap f : {1,...,n"} — {1,...,n} sud that for
everyi € {1,...,n'} wehave:

ti = tei).1
tim = L iyms
Uf = Usj)-

Thenwesaythat M’ is obtainedfromM by change of columns.

2 Approximate operations

Approximate solutions of the systemof term equationscor-
respondingto M

For an extendedterm matrix M, we usethe sameletter M to refer to the
systemof termequationgorrespondingo this matix. Let A beaninternal
T-algebrain a catggory C with finite products. An approximatesolution
in A, of a systemof term equationsM, is a morphismp : A™ — B in C
(an“approximateoperation”)suchthat thereexists a morphismd : A— B

makingthediagram

an_P g

(til,...,tim)T Td

AKT>A

commutefor eachi € {1,...,n}. Themorphismd is calledanapproximation
of the approximatesolution p. The morphismp in theinitial objectin the
categyory of all diagrams

an_Pop_ 9 A
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with Afixed,will becalledtheinitial approximatesolutionof M in A, andthe
morphismd in the samediagramwill be calleda canonicalapproximation
of p. WhenC hasfinite colimits, theinitial approximatesolutionof M in A,

togethemvith its canonicabpproximatiord, canbe obtainedvia the pushout

AM B

tin -+ tim
: : d
ta - tm (2)

By asolutionof M in A we meananapproximatesolutionof M in A which
hasanapproximatiorthatis anidentity morphism.Solutionsof M in Aarein
one-to-oneorrespondenceith left inversesof thecanonicabkpproximation
d of theinitial approximatesolutionof M in A (whenthe latter exists),and
so,M is solvablein A if andonly if d is a split monomorphism.This leads
usto thefollowing

Lemma 2.1 For an internal 7 -algebra A in Set whoseunderlyingsetis
non-emptythefollowing conditionsare equivalent:

(a) M issolvablein A.

(b) Thecanonicalapproximationof theinitial approximatesolutionof M
in Alis aninjectivemap.

(c) Foralli,i’ e {1,...,n} anday, ..., ax, by, ...,bx € Awehave
Vieq...mtij(a, ... a) = tij(ba, ... )]
= Ui(ay,...,a) = Uy (by,...,by).
If A is emptythen(b) and (c) are alwayssatisfied(so in this casewe still

have(b)<(c)), and(a) is satisfiedf andonlyif m# 0.
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Proof. We alreadyknow (a)y=(b).
(b)=-(c): Let p betheinitial approximatesolutionof M in Aandletd be
its canonicalapproximationSuppose

Vieqs,..my ij(aa,...,a) =tirj(ba, ..., by).

Then
d(ui(ag,...,a)) = p(tiz(as, ..., ), ---.tim(a1, ..., &) ) =

= p(ti/]_(bl, . bk), ...,ti/m(bl, ...,bk)> = d(ui/(bl, ...,bk)).

Sinced is injective, uj(ay, ..., a) = Ui (b, ..., by).
(c)=-(a): Thecondition(c) insureghatthefollowing mapis well-defined:

Ui(ba,....b) if Vieqa  mpaj =tij(b, ..., by),

. AM N =
P: A A7 p(a]-? ceey am) { ay otherwise

Fromthedefinitionof p it is clearthat p is asolutionof M in A.
Thelaststatemenof the Lemmais essentiallyobvious. O

Uniquenessof the approximation
Proposition2.2 For any‘7 andM, thefollowing conditionsare equivalent:
(a) Each approximatesolutionof M hasexactly oneapproximation.

(b) Thee existso € {1,...,n} andthere exist unary termsvy, ..., in 7
sudh thatug(vi(X), ..., (X)) = xis atheoemin 7.

Moreover, when(b) is satisfied for any approximationd of an approximate
solutionp of M (in aninternal 7 -algebra A in a category C), wehave

d=po (t(')Alv "'7t£\m> © (V?v 7\/@)
whero, vy, ..., arethesameasin (b).

Proof.(a)=(b): LetAbe the freel -algebra inSetover a one-element set
{x}. Consider the pushout (2). Xfis the only element oA, then this means
that for any unary ternw in 7 we havew(x) = x, and so (b) is trivially
satisfied. SupposA has at least two elements. The condition (b) states

-307 -



Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

nothingotherthanthatx belongsto theimageof the bottomhorizontalmap
in (2). If thisis not satisfied,thenB mustalsohave at leasttwo elements.
But this allows to defineanotherapproximatiord’ of p,

1y | d(a) ifa#x,
d(a)_{b if a=x,

whereb is ary elementf B suchthatb # d(x).

(b)=-(a) is a consequencef the last part of the proposition,which is
easyto prove: take o,v1, ...,V asin (b); thenla = ugo (vf,...,\), which
givesd=do ué‘o (V'lA, 7Vﬁ) = po (té‘l, Lo th o (V‘f‘, ,Vﬁ‘) O

Condition2.2(b) is satisfiedfor eachof the casedisplayedin Table 1
(in fact, in eachcasewe cantake o = 1 andall v's to be the identity term
V(X) = X).

Whenthe equivalentconditionsof Proposition2.2 aresatisfied,p is an
approximatesolutionof M in aninternal T -algebraA if andonly if for each
i €{1,...,n} wehave

po (ti'?l\.v "'>ti¢’n> = po (télv "'7tc';“m) ° (V?a 7VI§) © UﬁA
I.e. p coequalizeshemorphisms

(tiz,---tim)
AK AT

(to1,---,tom)o(V1,...,Vk) ol

whereo, vi, ...,V arethesameasin 2.2(c). In particular this allows to con-
structthe initial approximatesolutionof M in A asa joint coequalizerof
pairsof morphismsof theabove form (seee.g.Table2).

3 The characterization theorems

The first characterization theorem

Let C be a‘7-enriched category. Consider the following condition on a
natural transformatiod : hom: — D, wheren' is any natural numbey > 1:
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Table 2: Coequalizer constructions of some initial approximate solutions

T: M:
Xy
y (T, TR, )
Thsets$ A2 —(1u,1,18)> A3 B
y X A
(o, TR,y )
X X
Xy
(1y,0,0)
Thlpointed sefs 8 y A2 - A3 i B
X (e, TR, 1)
X X
i X 0 (1A70) p
Thipointed sets| | 0 X A 2——B
X X (OalA)
_ X X (1a.1n) p
Th[pointed sets| | 0 x A 2——B
(0,0)

x
o
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(Cr) Letr =(ri:R— A)icqr,..vy ands= (S : S— Aieq1,... v} bearbi-
trary internaln’-ary relationandspan,respectiely, betweenarbitrary
objectsAy, ..., Ay in C. If thereexistsanelementx € D(S R) suchthat

D(1s,ri)(X) =dga)(s) forevery ie{1,...n'},
thenthereexistsamorphismy : S— R suchthat

ry=s forevery ie{1,..n}.

This conditionturns out to be closelyrelatedto the following condition,
whichis determinedy M andanaturalnumbeny > 1:

(DM) Any internalrelationr = (rj : R— Aicqa,..vy in C is strictly M'-
closedwhereM’ is any extendedmnatrix (of termsin 7') with n’ columns,
obtainedrom M by changeof columnsandvariables.

It is easyto seethatif (C,y) is satisfied,then(C,) is satisfiedfor ary
n” € {1,...,n'}. A similarfactis alsotruefor the condition(D).

Theorem 3.1 Let C be a 7-enriched catggory. For any natural number
n’ > 2 thefollowing conditionsare equivalento eac other:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in hom satisfiegCyy);

(b) there exists an approximatesolution p of M in homg which hasan
approximationd satisfying(Cyy);

(c) C satisfiegDM).

Moreover, if theabove conditionsare satisfiedthend in (a) necessarilynas
injectivecomponents.

Proof. (a)=(b) is obvious. (b)=-(a) follows from thefactthatif the con-
dition (Cyy) is satisfiedfor acompositecd thenit is alsosatisfiedfor d.
(b)=-(c): Supposdb) is satisfied.Let X beanobjectand
r=(i:R— Ai)ie{l,...,n’}
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aninternalr’-ary relationin C. We mustshaw thatr is compatiblewith the
matrix

tra(Xaz, X))  teya(Xa, - Xk)
trm%as, - Xk)  trym(Xas -5 Xvk)
uf(l) (X11,...,X1k) uf(n’)(xn’la-"vxn’k)

forary mapf : {1,...n"} — {1,...,n}, whereeachx;j is anarbitrary mor-
phism

Xij i X — A
Supposeachupperj-th row, regardedasa span factorsthroughtherelation

r via amorphismz; : X — R. Considerthe elementx = pix g (z,---,Zm) €
D(X,R). Foreachi € {1,...,n'} we have

D(1x,ri)(x) = D(1x, ri)(p(X,R) (z1,--,2m))

= Px,a) (MiZas -+, TiZm) = Poxa) ()2 (Kins -5 Xik) s -+ L iym(Xis -5 Xik))
= dix a) (Ug (i) (X, -, Xik)) -
Now, applying(C,y) we getthatthelastrow of theabove matrix alsofactors
throughr.

Beforeproving (c)=-(a)firstwe provethat(c) impliesthatthed in (a) has
injective componentsLet X andY beary two objectsin C. Let p betheini-
tial approximatesolutionof M in homg(X,Y) with canonicabpproximation
d. Accordingto Lemma2.1,to shawv thatd is aninjective map, it sufiices
to shav that the condition 2.1(c) is satisfiedfor A = homz(X,Y), which
is the sameasto shaw thatfor all i,i’ € {1,...,n} anday,...,a,b1,...,bx €
homc(X,Y) therelation

Y<i Yiy

Is compatiblewith the matrix

til(al7"'7ak) ti’l(bla'“vbk)

tim(aj_, ceey ak) ti’m(blu ceey bk)
ui(as,...,a) Up(bg,...,bx)
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But thisis indeedsowhen(c) is satisfied sincethe above matrix canbe ob-
tainedfrom M by changeof columnsandvariablesandbecaus¢henumber
of columnsis lessthanor equalto 1’ (this is wherewe usethe assumption
n > 2).

(c)=(a): Supposdc) is satisfied.Let

r=(:R—=A)ic..ny and s=(s:S— Aici1..m)

be anarbitraryinternaln’-ary relationanda span,respectiely, betweenar-
bitrary objectsAy, ..., Ay in C. Supposehereexistsanelementx € D(S R)
suchthat

D(1s,1i)(X) = diga)(s) foreveryic{1,..,n'}.

Themapspsr),disr) arejointly surjective (sincepsg is aninitial approx-
imate solutionof M in homg (S R) with disr) asits canonicalapproxima-
tion). This meanghatx falls eitherin theimageof d(sg), or of p;gg). In the
first casewe getx = digR)(y) for amorphismy : S— R, andthennaturality
of d yieldsthat

disa (riy) = disa(s)
for everyi € {1,...,n'}, whichimpliesrjy = s for everyi € {1,...,n’} (since
eachd s, is aninjective map). Supposenow x fallsin theimageof psg),
i.e.thereexistmorphisms, ..., Zm : S— Rin C suchthatx = pgg) (1, -+, Zm).
Then,for eachi € {1,...,n"} we have

d(SAi)(S> = D(l& I’i)(X)

=D(1s,1i)(PsRr) (21 -+, Zm)) = Psa) (MiZ1; -, 11 Zm).
Sincein the pushout

hom(S A)™ —— . D(SA)

tin - tim
( : : ) disay)
n(hom(S A)¥) hom(S Aj)
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dsa) is aninjective map,theequality
disa)(S) = Prsa) (Fiza -, iZm)
impliesthe existenceof anelement
& € n(hom(S A)")

suchthat

(51)(3):3 and <ll 1§m>(a):(l’i21,...,l’i2m).

Thuswe obtainthat for eachi € {1,...,n’} thereexistsi* € {1,...,n} and
fi1, ..., fik : S— A suchthat

Ui ( fi1, ..., fix) = S

and
tij(fir, ..., fix) =rizy forevery je{1,...m}.

Now, considerthe extendedmatrix

trea(frg, o fie) o0 tea(fvn, oo, Tk
tl*m(fllv"'7 flk) tn’*m(fn’la--~: fn’k)
Ups(Faa,os fa) oo U (Fryg, oons k)

The top rows of this matrix, consideredas spanshetweenAy, ..., A,, factor
throughtherelationr (eachj-th row factorsthroughr via z;). This matrix
is obtainedfrom M by changeof columnsandchangeof variables.Hence,
(c) implies thatthe relationr is compatiblewith the abose matrix, and so
its bottomrow alsofactorsthroughr, i.e. thereexistsa morphismy: S— R
suchthatriy = s for everyi € {1,...,n'}. O

Remark 3.2 Inthecasewhenn’ =2 andM is thematrixfromTable 1, which
correspondso thenotionof a Mal'tser category, Theoem3.1becomed he-
orem3.20f [3].
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Remark 3.3 Suppos@&’ = 1. Then,in Theoem3.1,westill have(a)=-(b)=-(c),
which is evidentfrom the proof of Theoem3.1. The questionwhetherwe
alsohave(c)=-(a) or notremainsopen. However, if either 7 = Th[set$ or

7 = Th[pointedsets, thenit is easyto showthat we do have(c)=(a) (but
thend in (a) doesnot necessariljhaveinjectivecomponents).

Recallthat n denoteghe numberof columnsof M. Remark3.3, Theo-
rem3.1andObsenation1.3togethermply:

Theorem 3.4 For a finitely complete7 -enriched category C the following
conditionsare equivalent:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in homc satisfieqCp);

(b) there exists an approximatesolution p of M in homg which hasan
approximationd satisfying(C);

(c) C hasM-closedrelations.

Moreover, if the above conditionsare satisfiedthen 3.1(a) and 3.1(b) are
satisfiedfor anynatural numbem’ > 1.

The secondcharacterization theorem

Let C bea T-enrichedcategory with finite coproductsThenevery objectX

in C hasaninternalZ -coalgebrastructurefor eachk-arytermt in 7 theco-

operatiorty : X — kX of X isgivenbytx =t(11,...,1k), wherel, ..., 1, denote
the coproductinjectionsX — kX. Further this way the 7 -enrichmenif C

gigesriseto aninternal‘T-coalgebrastructureon 1¢ in thefunctor category
C*-.

Theorem 3.5 Afinitely completeT -enrichedcategory C with finite coprod-
uctshasM-closedrelationsif andonlyif for everyobjectX in C, everyn-ary
internal relationr : R— (kX)" in C is compatiblewith

(tiy)x -+ (tha)x
A
(u)x - (un)x
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Proof The“only if” partis obvious. The proof of the“if ” partrelieson
the obsenation thatfor any morphismsfy, ..., fx : X — C, composingeach
entryof Mx with the morphism

f
: ‘kX—=C
fi
yieldsthe matrix
tll(fl,...,fk) tnl(fl,...,fk)
Ul(fl,...,fk) un(f17"'7fk>

It is asimpleobsenrationthateachrow of this matrix factorsthroughr : R —
C"if andonly if the correspondingow of My factorsthroughthe pullback
of r alongthemorphism

f\"
: S (kX)"—C".

fi
Soevery n-ary relationon C is M-closedwhenevery n-ary relationon kX is
compatiblewith My. O

If C is aregularcateyory [1], thenfor eachobjectX in C thefollowing
conditionsareequialentto eachother:

« everyrelationr : R— (kX)"in C is compatiblewith My;

* thereexistsanapproximateco-solutionp : W — mX of M in X whose
approximatiord : W — X is aregularepimorphism;

 theapproximatiorof the terminalapproximateco-solutionof M in X
is aregularepimorphism.
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The equvalenceof thesethree conditionsfollows from the fact thatin a
regular category, for a pair of morphisms

Y
lg
X“?%>C
thefollowing conditionsareequvalentto eachother:

« f factorsthroughevery monomorphisnthroughwhich g factors;

 theabove diagramcanbefilled up to acommutatve square

W——=Y

A,
X“?%>C
whered is aregularepimorphism;

* thepullbackof g along f is aregularepimorphism(thatis to say we
cantake theabove squareio be a pullback).

Sofrom Theorem3.5we deduce:

Theorem 3.6 For a regular 7 -enriched category C with finite coproducts,
thefollowing conditionsare equivalentto ead other:

(@) C hasM-closedrelations.

(b) For everyobjectX in C there existsan approximateco-solutionof M
in X havingan approximationthatis a regular epimorphism.

(c) For everyobjectX in C the canonicalapproximationof the terminal
approximateco-solutionof M in X is a regular epimorphism.

Remark 3.7 There is a close connection between the condition on the ap-
proximation considered in Theorem 3.1 and the condition on the approxima-
tion considered in Theorem 3.6 — see [3].
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Remark 3.8 Theoems3.4 and 3.6 were obtainedin the special casesof
Mal’tser and subtractive categoriesin [3] and[4], respectively Asit was
emphasizedh [4] andin [5] (seealso[11]), Theoem 3.6 providesa con-
venienttool for workingin a category C with M-closedrelations,sincethe
behaviorof approximateco-solutionsof M mimic up to a great degreethe
behaviorof termsolutionsof M in varietieswith M-closedrelations;in par-
ticular, this allows in manycasesto translatea universal-algebraic argu-
mentinvolving termsinto a purely categgorical argument— thus giving a
straightforwaid methodof lifting certain resultsfrom Universal Algebra to
Category Theory(seee.g. [4] and[11]).

4 Final remarks

A naturalnext stepis to try to extendtheresultsof this paperto the caseof
themoregeneratypeof matricesconsideredn [10] (which allow to replace
the systemof term equationg1) in Theoreml.2 with a moregeneralkind
of systemof term equations).However, beforethat one shouldfirst proba-
bly try to understandrheorem3.4 better which perhapdeadsto trying to
obtainananalogousesultwherein 3.4(a)andin 3.4(b),thenaturaltransfor
mationd : homz — D, insteadof beinganapproximatiorof anapproximate
solutionof M in homg, would have the following strongerproperty: D is
equippedwith an internal 7-algebrastructurewhereM is solvable,andd
Is a homomorphisnof internal 7 -algebras.For instancejt is easyto shav
that a finitely completepointedcategory C is unital if andonly if thereis
aninternalmagmab in Set®™*C anda homomorphisnd : hom: — D of
internalpointedsets which satisfieg Cy) (andspecifically we cantake D to
be the free internalmagmaover homg, with unit the basepoint of hom).
By the way, the sameresultremainsto be true whenwe replace*magma”
with “monoid” or “commutatve monoid”.
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