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1. Intr oduction and Results

We studya relationshipbetweengeometryon a spaceandgeometryon its
loopspace.Weareconcernedwith a fairly generalclassof spaces:diffeolo-
gicalspaces,oneversionof the“convenientcalculus”[Sou81,KM97]. Most
prominently, thecategory of diffeologicalspacescontainsthecategoriesof
smoothmanifoldsandFréchetmanifoldsasfull subcategories,anda lot of
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familiargeometrygeneralizesalmostautomaticallyfrom thesesubcategories
to diffeologicalspaces.

Thegeometrywe studyon a diffeologicalspaceX consistsof principal
bundleswith connection.The structuregroupof thesebundlesis an ordi-
nary, abelianLie groupA, which is allowedto bediscreteandnon-compact.
TheloopspaceLX thatis relevanthereconsistsof so-calledthin homotopy
classesof smoothmapsτ : S1 // X, and is thusbettercalledthe “thin
loop space”of X. Dueto theconvenientpropertiesof diffeologicalspaces,
LX is again anhonestdiffeologicalspace.OnLX, we characterizea class
of “fusion maps”f : LX // A, following an ideaof Stolz andTeichner
[ST]. A fusionmapf is smooth,andwheneverγ1, γ2 andγ3 arepathsin X
with acommoninitial pointandacommonendpoint, it satisfies

f (γ2 ? γ1) ∙ f(γ3 ? γ2) = f(γ3 ? γ1),

where? denotesthecompositionof pathsandγ denotesthe reversedpath.
Fusionmapsform a groupunderpoint-wisemultiplication, which we de-
noteby Fus(LX,A). A detaileddiscussionof fusionmapsis thecontentof
Section2. Ourfirst resultis

Theorem A. Let X be a connecteddiffeological spaceand let A be an
abelianLie group.There is an isomorphism

h0DiffBun∇
A (X) ∼= Fus(LX,A)

betweenthe group of isomorphismclassesof diffeological principal A-
bundlesover X with connectionand the group of fusionmapson the thin
loopspaceLX.

Thebijectionof TheoremA is establishedby groupisomorphismscalled
“transgression”and “regression”. Transgressionbasically takes the holo-
nomy of the given connection,and is discussedin Section5. Its inverse,
regression,reconstructsa principal bundleover X with connectionfrom a
givenfusionmapf : LX // A, andis thecontentof Section4. Theproof
of TheoremA is givenin Section6.

Thegroupsonbothsidesof theisomorphismof TheoremA have impor-
tant subgroups:the oneon the left handsideis composedof bundleswith
flat connections,andtheoneon the right handsideis composedof locally
constantfusion maps. In Propositions4.2.5and3.2.13we shall show the
following:
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Corollary A. Theisomorphismof TheoremA restrictsto an isomorphism

h0DiffBun∇0
A (X) ∼= Fuslc(LX,A)

betweenthegroupof isomorphismclassesof flat diffeological principal A-
bundlesoverX andthegroupoflocally constantfusionmapsonLX.

If X is asmoothmanifold,adiffeological principalbundleoverX is the
sameasa smoothprincipal bundle; similarly, connectionson diffeological
principalbundlesbecomeordinary, smoothconnections.Undertheseidenti-
fications,TheoremA andCorollaryA arestatementsaboutthegeometryof
ordinary, smoothmanifolds.

Oursecondresultis ananalogof TheoremA in asetupfor bundleswith-
outconnection.It reliesontheexistenceof connectionsonprincipalbundles
andis thusonly valid over smoothmanifolds,andnot over generaldiffeo-
logical spaces.Therelevantstructureon thethin loop spaceis now a group
of equivalenceclassesof fusionmaps,which we denoteby hFus(LM,A).
Heretwo fusionmapsareidentifiedif they areconnectedby a paththrough
thespaceof fusionmaps.

Theorem B. Let M bea connectedsmoothmanifold. There is an isomor-
phism

h0BunA(M) ∼= hFus(LM,A)

betweenthe group of isomorphismclassesof smoothprincipal A-bundles
overM andthegroupof equivalenceclassesof fusionmapsonLM .

Our lastresultis thatundertheisomorphismsof TheoremsA andB, the
operationof forgettingconnectionscorrespondspreciselyto the projection
of a fusionmapto its equivalenceclass:

Theorem C. The bijectionsof TheoremsA and B fit into a commutative
diagram

h0Bun∇
A (M) oo

∼= //

��

Fus(LM,A)

��
h0BunA(M) oo

∼=
// hFus(LM,A),

whosevertical arrowsare, respectively, forgetting the connectionand pro-
jectingto equivalenceclasses.
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TheoremsB andC areproved simultaneously. In Sections4 and5 we
definegrouphomomorphismsT andR thatconstitutethe isomorphismof
TheoremB such that TheoremC is true. In other words, T and R are
covered,respectively, by transgressionandregression,whichareinversesof
eachotheraccordingto TheoremA. Sincethe vertical arrows in the com-
mutative diagramof TheoremC aresurjective, it follows thatT andR are
alsoinversesto eachother.

Studying the relationshipbetweenprincipal bundleswith connection
over a smoothmanifold M and their holonomyhasa long history in dif-
ferentialgeometry, includingwork of Milnor, LashofandTeleman.A nice
overview andreferencescanbe found in Barrett’s seminalpaper[Bar91].
In thatpaper, Barrettintroducedthenotionof thin homotopicloopsthatwe
usehere,andprovedaversionof ourTheoremA for smoothmanifolds.We
remarkthat his formulationof the loop spacestructureis slightly different
from our fusionmaps,andrequiresfixing abasepoint in M .

Theresultsof thepresentarticleextendBarrett’s resultin two ways.The
first is thatTheoremA extendsBarrett’s bijectionto a largerclassof spaces
– diffeologicalspaces.For example,TheoremA holdsfor principalbundles
over the thin loop spaceitself. The secondis TheoremB, which extends
Barrett’s bijectionto principalbundleswithoutconnection.

Our resultsaremadepossibledue to new tools that we develop. The
main innovation is a comprehensive theoryof principal bundleswith con-
nectionoverdiffeologicalspaces;this is workedout in Section3. Wefollow
theslogan:evenif oneis only interestedin smoothmanifoldsit is helpful to
usediffeologicalspaces.More specifically, we usenew descent-theoretical
aspects:we introducea Grothendiecktopologyon thecategory of diffeolo-
gical spacesandprove thatprincipalbundleswith andwithout connections
form sheavesof groupoids(Theorems3.1.5and3.2.2). Finally, we show
thatdiffeological principalbundleswith andwithoutconnectionreduceover
smoothmanifoldsconsistentlyto smoothprincipalbundles(Theorems3.1.7
and3.2.6).

In themaintext of this paperwe assumethat thereaderis familiar with
thebasicsof diffeologicalspaces.In orderto make thepaperaccessiblefor
others,wehaveincludedAppendixA with abrief review aboutdiffeological
spaces,emphasizingdifferentialforms,pathspacesandsheaftheory.
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2. Pathsand Loops in Diffeological Spaces

In this sectionwe definefusionmapson thin loop spaces.They appearon
theright handsideof thebijectionsof TheoremsA andB.

2.1 Thin Homotopy Equivalence

LetX beadiffeologicalspace.A pathin X is asmoothmapγ : [0, 1] // X
that is locally constantin a neighborhoodof {0, 1}. The latter conditionis
alsoknown underthe name“sitting instants”. Our main referencefor this
sectionis [IZ], wherepathsarecalled“stationarypaths”.Thesetof pathsis
denotedPX; it is itself a diffeologicalspaceasa subsetof thediffeological
spaceof smoothmapsfrom [0, 1] to X, whichwedenoteby D∞([0, 1], X).

A diffeologicalspaceX is calledconnectedif theendpointevaluation

ev : PX // X × X : γ � // (γ(0), γ(1))

is surjective. Onecanshow thatev is thenevena subduction[IZ, V.6], the
diffeologicalanalogof asmoothmapthatadmitssmoothlocal sections(see
Definition A.2.1 andLemmaA.2.2). In the following we assumethatX is
connected.

Becauseof thesitting instants,two pathsγ1, γ2 with γ1(1) = γ2(0) can
becomposedto a third pathγ2 ? γ1 which is definedin theusualway [IZ,
V.2,V.4]. For x ∈ X, wedenoteby idx theconstantpathatx, andfor apath
γ we denoteby γ thereversedpath. A smoothmapf : X // Y between
diffeologicalspacesinducesasmoothmap

Pf : PX // PY : γ � // f ◦ γ

thattakescompositionandreversalof pathsin X to thoseof pathsin Y [IZ,
I.59].
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We wantto forcecompositionto beassociative, theconstantpathsto be
identities,andpathreversalto provide inversesfor this composition. One
solution would be to identify homotopicpaths. However, as is known in
thecaseof manifolds,a lot of thegeometrywill belost: onebetterrestricts
to homotopiesof rank one,so-calledthin homotopies[Bar91, SW09]. In
thefollowing we generalizetheconceptof thin homotopiesto diffeological
spaces.

Definition 2.1.1.Let k ∈ N. A smoothmapf : X // Y betweendiffeo-
logical spaceshas rank k if for every plot c : U // X and every point
x ∈ U there existsan openneighborhoodUx ⊂ U , a plot d : V // Y and
a smoothmapg : Ux

// V such that thediagram

Ux
g //

c

��

V

d

��
X

f
// Y

is commutative, andtherankof thedifferential of g is at mostk.

With a view to TheoremB it is importantto seethat notionswe intro-
ducefor diffeologicalspacesreduceto the correspondingexistentnotions
for smoothmanifolds.

Lemma 2.1.2.For M andN smoothmanifolds,a smoothmapf : M // N
hasrankk in thesenseof Definition2.1.1if andonly if its differential is at
mostof rankk.

The proof is elementary. One can also show that a smooth map
f : X // Y betweendiffeologicalspaceshasrankk if andonly if Laub-
inger’s tangentialmapf∗ hasat mostrankk [Lau08]. Thefollowing lemma
summarizesobviousstatements.

Lemma 2.1.3.Therankof smoothmapssatisfiesthefollowing rules:

(a) If k > l, everyrankl mapalsohasrankk.

(b) Everyconstantmaphasrankzero.

(c) If f : X // Y has rank k and descendsalong a subduction
p : X // Z, thequotientmapf ′ : Z // Y alsohasrankk.
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(d) If f : X // Y hasrankk, andg : W // X andh : Y // Z are
smoothmaps,thenh ◦ f ◦ g : W // Z alsohasrankk.

Usingthenotionof therankof asmoothmap,wedefineasuitableequiv-
alencerelationon thespacePX of pathsin X.

Definition 2.1.4.Let γ1 andγ2 be pathsin X with a commoninitial point
x and a commonend point y. A homotopybetweenγ1 and γ2 is a path
h ∈ PPX with

ev(h) = (γ1, γ2) and ev(h(s)) = (x, y)

for all s ∈ [0, 1]. A homotopyh is calledthin, if theadjointmap

h∨ : [0, 1]2 // X : (s, t) � // h(s)(t)

hasrankone.

An importantexampleof a thin homotopy is an orientation-preserving
reparameterization;or even any smoothmap η : [0, 1] // [0, 1] with
η(0) = 0 and η(1) = 1. A homotopy betweenγ ◦ η and γ can be ob-
tainedfrom a smoothhomotopy betweenη andtheidentity id[0,1]. It is thin
dueto Lemmata2.1.2and2.1.3(d).

Lemma 2.1.5.Beingthin homotopicis an equivalencerelation on the dif-
feological spacePX of pathsin X.

Proof. Firstof all, theidentity idγ ∈ PPX is thin, sinceid∨
γ factorsthrough

[0, 1], andthushasrankoneby Lemmata2.1.2and2.1.3(d). If h ∈ PPX
is a thin homotopy, h is also thin since(h)∨ factorsthroughh∨. Finally,
we have to show that if h1 ∈ PPX andh2 ∈ PPX arecomposablethin
homotopies,the compositionh2 ? h1 is again thin. For this purposewe
recallthatthepathcompositionh2 ? h1 : [0, 1] // PX is definedusingthe
subductionU := U1 t Uε t U2

// [0, 1], where

U1 := [0, 1
2
) , Uε := (1

2
− 1

2
ε, 1

2
+ 1

2
ε) and U2 := ( 1

2
, 1],

and ε is chosensuchthat h1(t) = h1(1) for all t > 1 − ε and h2(t) =
h2(0) for all t < ε. We defineh̃ : U // PX by h1(2t) over U1, h1(1) =
h2(0) over Uε andh2(2t − 1) over U2. Obviously, h̃ descendsto [0, 1]; this
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definesh2 ? h1 (seeLemmaA.1.4). Sinceh1 andh2 arethin, it follows that
h̃∨ : U × [0, 1] // X hasrankone.Furthermore,it descendsto (h2 ? h1)

∨.
Thus,(h2 ? h1)

∨ hasrankoneby Lemma2.1.3(c). �

Denotingby ∼ the equivalencerelation of being thin homotopic,the
diffeologicalspaceof thin homotopy classesof pathsis

PX := PX/ ∼ .

It remainsto show thatPX hasthedesiredstructure:

Proposition2.1.6.Pathcompositionandreversal descendto smoothmaps

? : PX ×X PX // PX and (..) : PX // PX.

Thecompositionis associativeand the constantpathsare identities. Fur-
thermore, reversingpathsprovidesinversesfor thecomposition.

Proof. Compositionandreversalof pathsin PX aresmoothmaps[IZ, V.3,
V.4]. By LemmaA.1.4, a smoothmap that descendsalong a subduction
descendsto a smoothmap. Sowe only have to show thatcompositionand
reversalarewell-definedunderthin homotopies.

In orderto do so,we introducea “pointwise” compositionandreversal
for pathsin pathspaces.If h ∈ PPX is suchapath,r(h) ∈ PPX is defined
by r(h)(s) := h(s). Sincer(h)∨ factorsthroughh∨, r(h) is thin wheneverh
is thin. Thus,if h is a thin homotopy betweenγ1 andγ2, thenr(h) is a thin
homotopy betweenγ1 andγ2.

The compositiongoessimilarly; here one constructsfrom two paths
h1, h2 ∈ PPX suchthat h1 × h2 is a path in PX ×X PX a new path
c(h1, h2) by c(h1, h2)(s) := h2(s) ? h1(s). This is thin by thesamereason-
ing asin theproof of Lemma2.1.5. Summarizing,if h1 is a thin homotopy
betweenγ1 andγ′

1, andh2 is a thin homotopy betweenγ2 andγ′
2, whereγ1

andγ2 arecomposable,c(h1, h2) is well-definedsince

h1(s)(1) = γ1(1) = γ2(0) = h2(s)(0)

for all s ∈ [0, 1], andthusis a thin homotopy betweenγ2 ? γ1 andγ′
2 ? γ ′

1.
Compositionis associative: onefindsfor threecomposablepathsγ1, γ2

andγ3, a thin homotopy (γ3 ? γ2) ? γ1 ∼ γ3 ? (γ2 ? γ1) constructedfrom
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theevident reparameterization.In thesameway onefinds thin homotopies
γ ? idx ∼ γ ∼ idy ? γ for apathγ with ev(γ) = (x, y).

Inversionprovidesinverses:wehave to constructthin homotopies

γ ? γ ∼ idy and idx ∼ γ ? γ

for any pathγ with ev(γ) = (x, y). To do so,considera smoothingfunction
ϕ, i.e. a smoothmap ϕ : [0, 1] // [0, 1] suchthat thereexists ε > 0
with ϕ(t) = 0 for t < ε and ϕ(t) = 1 for t > 1 − ε. Notice that for
s ∈ [0, 1], Γs(t) := γ(ϕ(s)ϕ(t)) is a pathin X with ev(Γs) = (x, γϕ(s)),
whereγϕ := γ ◦ ϕ is the reparameterizedpath. Furthermore,it can be
regardedasapath

Γ : [0, 1] // PX : s � // Γs

with ev(Γ) = (idx, γϕ). The adjoint mapΓ∨ hasrank onesinceit factors
through[0, 1]. Then,c(r(Γ), Γ) in the notationintroducedabove is a thin
homotopy betweenidx = idx ? idx andγϕ ? γϕ. Sinceγ andγϕ arethin
homotopy equivalent,thelatter is thin homotopy equivalentto γ ? γ. Thus,
we have constructedoneof theclaimedthin homotopies.Theotheronecan
beconstructedanalogously. �

Finally we remarkthat thespacePX of thin homotopy classesof paths
in X is functorial in X: for f : X // Y a smoothmap,the inducedmap
Pf : PX // PY on pathspacesdescendsto thin homotopy classesto a
smoothmap

Pf : PX // PY ,

respectingcomposition,reversalandidentity paths.An alternative formula-
tion of Proposition2.1.6is thatPX is thespaceof morphismsof a diffeo-
logical groupoidcalledthepathgroupoidof X (see[SW09,SW11]).From
thispointof view, themapsPf definefunctorsbetweenthesegroupoids.

2.2 FusionMaps

In thissectionwegivethedefinitionof afusionmap,basedonarelationship
betweenpathspacesandloop spacesthatwe introducefirst. A loop in X is
asmoothmapτ : S1 // X. Loopsin X form thediffeologicalspace

LX := D∞(S1, X).
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The following definition generalizesBarrett’s notion of thin homotopies
[Bar91] from smoothmanifoldsto diffeologicalspaces.

Definition 2.2.1. A homotopybetweenloops τ1 and τ2 in X is a path
h ∈ PLX with ev(h) = (τ1, τ2). A homotopyh is called thin, if the ad-
joint map

h∨ : [0, 1] × S1 // X : (t, z) � // h(t)(z)

hasrankone.

For any smoothmapf : S1 // S1 that is homotopicto the identity –
in particularany rotationandany orientation-preservingreparameterization
– thereexistsa thin homotopy betweenτ ◦ f andτ . Analogouslyto Lemma
2.1.5onecanshow thatbeingthin homotopicis anequivalencerelationon
the diffeologicalspaceLX of loopsin X. We denotethis equivalencere-
lation by ∼, andthe diffeologicalspaceof thin homotopy classesof loops
by

LX := LX/ ∼

andcalledthethin loopspaceof X.
Now we cometo theafore-mentionedrelationshipbetweenpathspaces

andloop spaces.Denotingby PXcl ⊂ PX the subspaceof closedpaths,
a smoothmapcl : PXcl

// LX is obtainedby performinga gluing con-
structionsimilar to theonefrom theproof of Lemma2.1.5.Considera pair
(γ1, γ2) of pathswith a commoninitial anda commonendpoint; suchpairs
of pathsform thefibre productPX [2] := PX ×X×X PX, takenalongthe
evaluationmapev : PX // X × X. We have a mapse : PX [2] // PXcl

thattakesthepair (γ1, γ2) to theclosedpathγ2?γ1, andis smoothsincepath
compositionandinversionaresmooth[IZ, V.3, V.4]. All together, we have
asmoothmap

l := cl ◦ se : PX [2] // LX.

Sinceevery loop in theimageof l is constantin a neighborhoodof 1 ∈ S1,
it is clearthat l is not surjective. It induces,however, a subductionon thin
homotopy classes:

Lemma 2.2.2.There is a subductioǹ : PX [2] // LX such that thedia-
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gram

PX [2] l //

pr2

��

LX

pr

��
PX [2]

`
// LX

is commutative. In particular, ` is surjective. Moreover, ` satisfiestherela-
tions

`(γ1, κ ? γ2) = `(κ ? γ1, γ2) and `(γ1, γ2 ? β) = `(γ1 ? β, γ2)

for all possibleγ1, γ2, κ, β ∈ PX.

Proof. We show thatpr ◦ l descendsto theclaimedmap`; this makesthe
diagramcommutative. With Proposition2.1.6 it remainsto prove that cl
descends.Indeed: the compositionof a thin homotopy h ∈ PPXcl with
cl definesa thin homotopy cl ◦ h ∈ PLX . Thefirst relationsfollow since
alreadyse(γ1, κ ? γ2) = se(κ ? γ1, γ2). Thesecondfollows sincetheloops
cl(β ? γ2 ? γ1) andcl(γ2 ? γ1 ◦ β) arerelatedby a rotationof 2π

3
, andhence

thin homotopic. The statementthat ` is a subductionis not neededin this
articleandcanhencebeleft asanexercise. �

Thesubductioǹ is neededto definefusionmaps.Let G beaLie group,
andsupposef : LX // G is asmoothmap.We introducethenotation

f` := f ◦ ` : PX [2] // G

in orderto simplify thefollowing formulae.

Definition 2.2.3.A smoothmapf : LX // G is calledfusion,if

f`(γ1, γ2) ∙ f`(γ2, γ3) = f`(γ1, γ3)

for all (γ1, γ2, γ3) ∈ PX [3], i.e. for all triples of thin homotopyclassesof
pathswith a commoninitial pointanda commonendpoint.

It is straightforwardto deducethefollowing propertiesof fusionmaps.

Lemma 2.2.4.Letf : LX // G bea fusionmap.Then,

(a) f`(γ1, γ2) = f`(γ2, γ1)
−1 for all (γ1, γ2) ∈ PX [2].
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(b) f`(γ, γ) = 1 for all γ ∈ PX.

Fusionmapsform a subspaceof thediffeologicalspaceD∞(LX,G) of
all smoothmaps,which we write asFus(LX,G). It appearson the right
handsideof theisomorphismof TheoremA.

Definition 2.2.5.A fusionhomotopybetweenfusionmapsf0 andf1 is a path
h in Fus(LX,G) with ev(h) = (f0, f1).

Dueto thecompositionandreversalof paths,fusionhomotopiesdefine
anequivalencerelation∼ on thespaceof fusionmaps.Wedenotethespace
of equivalenceclassesby

hFus(LX,G) := Fus(LX,G)/ ∼ .

It appearson theright handsideof theisomorphismof TheoremB.
Therearetwo particularsituations.The first is whenG is replacedby

an abelianLie groupA. Then,fusion mapsFus(LX,A) form a groupby
point-wisemultiplication, anda subgroupof the groupD∞(LX,A). The
groupstructureis preservedunderfusionhomotopies;hence,hFus(LX,A)
is alsoagroup.

The secondsituationis that of a smoothmanifold M . Then one can
expressthe condition that a map f : LM // G is smooth in terms
of the Fréchetmanifold structureon LM . Indeed,f is smooth if and
only if f ◦ pr : LM // G is smooth in the Fréchet sense,where
pr : LM // LM is theprojectionto thin homotopy classes(seeLemmata
A.1.4 andA.1.7). In the sameway, the smoothnessof a fusion homotopy
h ∈ PFus(LM,G) canbecharacterizedby sayingthat thepullbackof the
adjointmaph∨ : [0, 1]×LM // G to [0, 1]×LM is smoothin theFréchet
sense.Thus,thesetsFus(LM,G) andhFus(LM,G) have a descriptionin
termsof Fréchetmanifolds.

3. Diffeological Principal Bundleswith Connection

In thissectionwe introducediffeologicalprincipalbundleswith connection,
whichappearontheleft handsideof thebijectionof TheoremA. In addition,
weprovesomeresultsthatweneedin orderto proveTheoremsA andB.
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3.1 Diffeological Principal Bundles

Herewe definediffeologicalprincipal bundlesandshow that they form a
sheafof groupoidsover diffeological spaces(Theorem3.1.5). This sheaf
is monoidal if the structuregroup is abelian(Theorem3.1.6). We show
thata diffeologicalbundleover a smoothmanifold is thesameasa smooth
principalbundle(Theorem3.1.7).

Let G beaLie groupandlet X beadiffeologicalspace.

Definition 3.1.1.A diffeological principal G-bundleoverX is a subduction
p : P // X togetherwith a fibre-preservingright actionof G on P such
that

τ : P × G // P ×X P : (p, g) � // (p, pg)

is a diffeomorphism.

The conditionon the mapτ ensuresthat the actionis smooth,free and
fibrewisetransitive. For instance,it determinesasmoothmap

gP : P [2] // G : (p1, p2)
� // pr2(τ

−1(p1, p2)), (3.1.1)

whoseresultis theuniquegroupelementg ∈ G with p2 = p1g. Thecondi-
tion thattheprojectionp beasubductionensuresthatX is diffeomorphicto
thequotientof P by thegroupaction[IZ, I.50].

Remark 3.1.2.Definition 3.1.1coincideswith therestrictionof [Igl85, De-
finition 3.3.1] from diffeologicalgroupsto ordinaryLie groups.In orderto
seethis, it is importantto noticethattheprojectionof adiffeologicalprinci-
palG-bundleis necessarilya“strongsubduction”,thediffeologicalanalogue
of asubmersion.

The morphismsbetweendiffeologicalprincipal G-bundlesover X are
G-equivariantsmoothmapsthat respectthe projectionsto X. For P1 and
P2 diffeologicalprincipalG-bundlesoverX, weclaim thateverymorphism
ϕ : P1

// P2 is invertible.To seethis,considerthesmoothmap

P2 ×X P1
// P1 : (p2, p1)

� // p1gP2(ϕ(p1), p2).

It satisfiesthegluing conditionfor thesubductionpr1 : P2 ×X P1
// P2,

andhencedescendsto a smoothmapϕ−1 : P2
// P1. This is an inverse
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of ϕ. Thus,diffeologicalprincipalG-bundlesover a diffeologicalspaceX
form agroupoidthatwedenotebyDiffBunG(X).

If G is replacedby anabelianLie groupA, thesetsof morphismshasthe
following structure.

Lemma 3.1.3. Let P1 and P2 be diffeological principal A-bundlesover
X. Then the set Hom(P1, P2) of morphismsis a torsor over the group
D∞(X,A).

Proof. Theproof goesexactly asin themanifoldcaseandusesthesmooth-
nessof themapτ from Definition 3.1.1andthesmoothnessof themapgP

from (3.1.1). �

Pullbacksof diffeologicalprincipal G-bundlesaredefinedin the same
way as for smoothprincipal G-bundles. Thus, diffeological principal G-
bundlesform a presheafof groupoidsover diffeologicalspaces.We shall
seethat this presheafis actuallya sheafwith respectto the Grothendieck
topologyof subductions(seeAppendixA.2).

Thegluingaxiomis formulatedasfollows. Associatedto any subduction
ω : W // X is a descentcategory Des(ω). The objectsof Des(ω) are
pairs(P, d) of adiffeologicalprincipalG-bundleoverW andof amorphism
d : ω∗

1P // ω∗
2P of diffeologicalprincipalG-bundlesoverW [2] suchthat

ω∗
23d ◦ ω∗

12d = ω∗
13d (3.1.2)

overW [3]. Here,ωi1,...,ik is theprojectionto theindexedfactors.A morphism
in Des(ω) betweenobjects(P1, d1) and(P2, d2) is amorphismϕ : P1

// P2

of diffeologicalprincipalG-bundlesoverW suchthat

d2 ◦ ω∗
1ϕ = ω∗

2ϕ ◦ d1. (3.1.3)

Thepullbackalongω definesa functor

ω∗ : DiffBunG(X) // Des(ω).

Thegluingaxiomis

Lemma 3.1.4.For every subductionω : W // X, the functor ω∗ is an
equivalenceof groupoids.
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Proof. We constructaninversefunctorω∗. For (P, d) anobjectin Des(ω),
weconsider

P ′ := P/ ∼ with p1 ∼ p2
ks +3 d(p1) = (p2). (3.1.4)

Due to (3.1.2),∼ is an equivalencerelation, andP ′ is equippedwith the
pushforwarddiffeology. Theprojectionω ◦ p : P // X satisfiesthegluing
conditionfor thesubductionpr : P // P ′, sothat it descendsto a smooth
mapp′ : P ′ // X. Theactionof G descendsto P ′ sinced is G-equivariant.
Now wehave to show thatP ′ is adiffeologicalprincipalG-bundleoverX.

First we show thatp′ is again a subduction.Let c : U // X bea plot
andx ∈ U . Sinceω ◦ p is – asacompositionof subductions– asubduction,
thereexistsanopenneighborhoodV ⊂ U of x andaplot c̃ : V // P of P .
Now, c′ := pr ◦ c̃ is aplot of P ′, andp′ ◦ c′ = c|V . Thus,p′ is asubduction.

In orderto verify that themapτ ′ associatedto P ′ is a diffeomorphism,
considerthecommutativediagram

P × G
τ //

pr×id

��

P ×W P

pr×pr

��
P ′ × G

τ ′
// P ′ ×X P ′.

The vertical mapsaresubductions.Thus, τ ′ is smoothby LemmaA.1.4.
Sinceτ is a bijection,τ ′ hasto bea bijection,andagain by LemmaA.1.4,
theinverseof τ ′ is asmoothmap.

Summarizing,ω∗(P, d) := P ′ is a diffeologicalprincipalG-bundleover
X. Now let ϕ : (P1, d1) // (P2, d2) be a morphismin Des(ω). Due to
(3.1.3),thereexistsauniquemapϕ′ : P ′

1
// P ′

2 suchthatthediagram

P1
ϕ //

p′1

��

P2

p′2

��
P ′

1 ϕ′
// P ′

2

is commutative. Again, LemmaA.1.4 shows that ϕ′ is smooth. It is also
G-equivariant,andthusa morphismω∗(ϕ) := ϕ′ of diffeologicalprincipal
G-bundlesoverX.
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What remainsis to define natural equivalencesω∗ ◦ ω∗ ∼= id and
ω∗ ◦ ω∗

∼= id. Supposefirst (P, d) is an object in Des(ω). With
ω∗P ′ = W ×X P ′, themap

ξ(P,d) : P // ω∗P ′ : x � // (p(x), pr(x))

is smoothandG-equivariant,andnaturalin (P, d). Supposesecondlythat
P is a diffeologicalprincipalG-bundleoverX. Theequivalencerelation∼
from (3.1.4)onω∗P = W ×X P identifies(w, x) and(w′, x′) if andonly if
ω(w) = ω(w′) andx = x′. Considertheprojectionpr2 : ω∗P // P , which
is G-equivariant. It respectstheequivalencerelation∼ anddefineshencea
smoothmapζP : (ω∗P )′ // P . Thismapis naturalin P . �

Summarizingtheabove results,wehave:

Theorem3.1.5.LetG bea Lie group.TheassignmentX � // DiffBunG(X)
definesa sheafof groupoidsover thesiteof diffeological spaces.

For an abelian Lie group A there is more structure: the groupoid
DiffBunA(X) of diffeologicalprincipal A-bundlesis monoidal. The usual
definitionof tensorproductsof abelianprincipalbundlescarriesover to the
diffeologicalcontext. If P1 andP2 arediffeologicalprincipalA-bundlesover
X, then

P1 ⊗ P2 := (P1 ×X P2)/ ∼ with (p1.a, p2) ∼ (p1, p2.a),

equippedwith its canonicaldiffeologyaccordingto ExampleA.1.3 (d) and
(e), is again a diffeologicalprincipal A-bundleover X. Verifying that the
functor ω∗ and the naturalequivalencesω∗ ◦ ω∗ ∼= id andω∗ ◦ ω∗

∼= id
constructedin theproofof Lemma3.1.4aremonoidal,wehave

Theorem 3.1.6. Let A be an abelian Lie group. The assignment
X � // DiffBunA(X) definesa sheafof monoidalgroupoidsover thesiteof
diffeological spaces.

In the remainderof this sectionwe considerdiffeologicalprincipal G-
bundlesover a smoothmanifold M . The functorMan // Diff from the
category of smoothmanifoldsto the category of diffeological spaces(see
SectionA.1) inducesa functor

DM : BunG(M) // DiffBunG(M).

WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

- 177 -



Oneonly hasto noticethat theprojectionof a smoothprincipalbundleis a
subduction(LemmaA.2.2).

Theorem3.1.7.ThefunctorDM is an isomorphismof groupoids.

Proof. Supposep : P // M is adiffeologicalprincipalG-bundleoverM .
We equipthe total spaceP with a smoothmanifold structure.By Lemma
A.2.2 we canchooseanopencover {Uα} of M togetherwith diffeological
sectionssα : Uα

// P . They inducebijections

σα : Uα × G // p−1(Uα) : (x, g) � // sα(x)g

andthusequipeachsubsetp−1(Uα) ⊂ P with a smoothmanifoldstructure.
Thetransitionfunctionis

σ−1
β ◦ σα : (Uα ∩ Uβ) × G // (Uα ∩ Uβ) × G

(x, g) � // (x, gP (sβ(x), sα(x))g)

andthussmooth.Hence,thesmoothmanifoldstructuresonthesetsp−1(Uα)
glue together. The sameargumentshows that they are independentof the
choiceof the opensetsUα andthe sectionssα. We claim that the original
diffeologyonP coincideswith thesmoothdiffeologyinducedby thesmooth
manifold structurewe have just defined. Given that claim, the projection
p : P // X, the local sectionssα : Uα

// P , and the actionof G on
P aresmooth. Thus,p : P // M is a smoothprincipal G-bundleover
M . Similarly, every morphismϕ : P1

// P2 of diffeological principal
G-bundlesis smooth.Thisyieldsa functor

D−1
M : DiffBunG(M) // BunG(M).

We have to show that the two functorsDM andD−1
M arestrict inverses

of eachother. Onepart is exactly the above claim. In order to prove the
claim, supposeP is a diffeologicalprincipal G-bundle. We have to show
thatamapc : U // P is aplot of P if andonly if it is smoothwith respect
to the smoothmanifold structureon P definedabove. Supposefirst c is a
plot. DefinetheopensetsVα := c−1p−1(Uα) thatcoverU , andconsiderthe
composite

σ−1
α ◦ c|Vα : Vα

// Uα × G. (3.1.5)
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Sinceσ−1
α is a smoothmap,(3.1.5)is smooth.Becauseσα is a chartof the

smoothmanifoldP , c is smoothonVα. SinceU is coveredby thesetsVα, c
is smootheverywhere.Conversely, supposec : U // P is smooth.Then,
(3.1.5)is smoothandthusa plot of Uα × G. But sinceσα is alsosmooth,
its compositionwith theplot (3.1.5)is aplot of P . Sincethiscompositionis
c|Vα , c is aplot by axiom(D3) of DefinitionA.1.1.

It remainsto checktheotherpart. AssumethatP is a smoothprincipal
G-bundle.Then,thesectionssα usedabovecanbechosensmooth,resulting
in diffeomorphismsσα. Theseinducetheoriginalsmoothmanifoldstructure
onP . �

Sincepullbacks(andin theabeliancase:tensorproducts)of diffeologi-
cal principal bundlesaredefinedexactly asfor smoothbundles,it is clear
thattheisomorphismsDM defineanisomorphismof sheavesof (monoidal)
groupoids.

3.2 Connections,Parallel Transport and Holonomy

In this sectionwe introduceconnectionson diffeologicalprincipalbundles,
and generalizethe statementsof Section3.1 to a setupwith connections
(Theorems3.2.2,3.2.3and3.2.6). Furtherwe investigateparalleltransport
andholonomyin diffeologicalprincipalbundleswith connection.

The definition of a connectionis literally the sameasin the context of
smoothmanifolds.

Definition 3.2.1.Let p : P // X be a diffeological principal G-bundle
overX. A connectiononP is a 1-formω ∈ Ω1(P, g) such that

ρ∗ω = Ad−1
g (pr∗ω) + g∗θ,

where ρ : P × G // P is the action map, g : P × G // G and
pr : P × G // P are the projections,Ad denotesthe adjoint action of
G ong, andθ ∈ Ω1(G, g) is theleft-invariantMaurer-CartanformonG.

Justlike this definition, several statementsgeneralizestraightforwardly
from connectionson smoothprincipalbundlesto diffeologicalones.For in-
stance,thetrivial principalG-bundleP := X×G overX carriesacanonical
connectionω := pr∗2θ. Moregenerally, if A ∈ Ω1(X, g) is any 1-form,

ω := Ad−1
pr2

(pr1
∗A) + pr∗2θ
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definesaconnectiononP .
Let P1 andP2 be principal G-bundleswith connectionsω1 andω2, re-

spectively. A bundle morphismϕ : P1
// P2 is connection-preserving

if ϕ∗ω2 = ω1. We denotethegroupoidof diffeologicalprincipalG-bundles
with connectionbyDiffBun∇

G (X). Wehavethefollowingextensionof Theo-
rem3.1.5.

Theorem3.2.2.LetG bea Lie group.TheassignmentX � // DiffBun∇
G (X)

definesa sheafof groupoidsover thesiteof diffeological spaces.

Proof. Pullbacksof connectionsaredefinedin theevidentway. It remains
to verify the gluing axiom. Let π : Y // X be a subduction,let P be a
principal G-bundleover Y and let ω be a connectionon P . Supposed :
π∗

1P // π∗
2P is a connection-preservingbundlemorphismsatisfyingthe

cocyclecondition
π∗

23d ◦ π∗
12d = π∗

13d.

Let P ′ the quotientprincipal G-bundleover X, comingwith a subduction
pr : P // P ′. For pri : P ×P ′ P // P the two projections,we have
to show thatpr∗1ω = pr∗2ω. Then,sincedifferentialformsform a sheaf[IZ,
VI.38], the1-form ω descendsto P ′. It follows thenautomaticallythat the
quotient1-form is aconnection.

In orderto prove theidentitypr∗1ω = pr∗2ω, considerthesmoothmap

k : P ×P ′ P // pr∗1P : (x1, x2)
� // (x1, p(x1), p(x2)),

wherethe projectionspr1, pr2 : P ×P ′ P // P aregiven by pr1 ◦ k and
pr1◦d◦k, respectively. Sinced preservesconnections,wehavepr∗1ω = pr∗2ω.

�

Next comesomestatementsaboutconnectionsondiffeologicalprincipal
bundleswith abelianstructuregroupA. First of all, it is straightforward
to verify that on a tensorproductP1 ⊗ P2 of two suchbundles,onehasa
tensorproductconnectionω1 ⊗ω2, comingfrom thesumpr∗1ω1 +pr∗2ω2 that
descendsalongthesubductionP1×X P2

// P1⊗P2. Wehaveimmediately

Theorem 3.2.3.ThegroupoidDiffBun∇
A (X) is monoidal,andprincipal A-

bundleswith connectionform a sheafof monoidalgroupoids.

Further, wehave thefollowing generalizationof Lemma3.1.3.

WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

- 180 -



Lemma 3.2.4.Let P1 andP2 beprincipal A-bundlesover X with connec-
tions. Then,the setHom(P1, P2) of connection-preservingmorphismsis a
torsorover thegroupD∞

lc (X,A) of locally constantsmoothmaps.

Proof. Given Lemma3.1.3, it is enoughto prove the following claim.
Supposeϕ : P1

// P2 is a connection-preservingbundlemorphism,and
f : X // A is a smoothmap. One computesthat ϕf is connection-
preservingif andonly if

p∗1f
∗θ = 0, (3.2.1)

wherep1 : P1
// X is the bundleprojection. Becausedifferentialforms

form asheafoverDiff , andp1 is asubduction,it follows that(3.2.1)holdsif
andonly if alreadyf ∗θ = 0. Accordingto thefollowing lemma,this is the
caseif andonly if f is locally constant. �

Generally, wedefinedlog(f) := f ∗θ for asmoothfunctionf : X // A.
Then,wehave:

Lemma 3.2.5.dlog(f) = 0 if andonly if f is locally constant.

Proof. Supposefirst that f is locally constant. Then, for any plot c :
U // X, its pullbackf ◦ c is constantonpath-connectedcomponentsof U ,
i.e. locally constant.Thus,theordinarydifferentialform (f ∗θ)c = (f ◦ c)∗θ
vanishes.Conversely, supposef ∗θ = 0. Assumethat thereexists a path
γ ∈ PX with ev(γ) = (x, y) suchthat f(x) 6= f(y). It follows that the
compositionτ := f ◦ γ is a smooth,non-constantmap. In particular, there
existst ∈ (0, 1) andv ∈ Tt(0, 1) suchthatdτ |t(v) 6= 0. Then,

(f ∗θ)γ|t(v) = τ ∗θ|t(v) 6= 0,

contradictingtheassumptionof f ∗θ = 0. �

Next wereturnto ageneralLie groupG, andcomparediffeologicalprin-
cipal bundleswith connectionover a smoothmanifold to smoothbundles
with connection.ThefunctorDM from Section3.1extendsto a functor

D∇
M : Bun∇

G (M) // DiffBun∇
G (M),

andasaconsequenceof Theorem3.1.7weseeimmediately

Theorem3.2.6.ThefunctorD∇
M is an isomorphismof groupoids.

WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

- 181 -



Thecurvatureof aconnectionω onaprincipalG-bundleP is the2-form

Kω := dω + [ω ∧ ω] ∈ Ω2(P, g).

If G is abelianKω descendsto a 2-formΩ2(X, g). A connectionω is called
flat if Kω vanishes.Flatnesscanbedetected“locally”:

Lemma 3.2.7. A connectionω on a diffeological principal G-bundle
p : P // X is flat if and only if for every plot c : U // X the pull-
back connectionc∗ω on c∗P is flat.

Proof. Clearly, if ω is flat, c∗ω is flat. Let d : V // P bea plot of P , so
thatc := p ◦ d is aplot of X. By assumption,c∗P is flat; additionallyit also
hasasmoothsections : V // c∗P : v � // (v, d(v)). Then,

0 = s∗Kc∗ω = s∗pr∗Kω = d∗Kω = (Kω)d.

Thisshows thatthe2-formKω vanishes. �

Importantexamplesof flat connectionsariseasfollows.

Lemma 3.2.8.Letf : X // Y bea smoothrankonemap,andP a princi-
pal G-bundleoverY with connection.Then,f ∗P is flat.

Proof. Using Lemma3.2.7we may checkthat c∗f ∗P is flat for all plots
c : U // X. Moreover, sincec∗f ∗P is a smoothprincipalG-bundlewith
connection(Theorem3.2.6),we cancheckits flatnesslocally. Sincef has
rank one,every point u ∈ U hasan openneighborhoodV ⊂ U suchthat
(f ◦ c)|V factorsthrougha rank one map g : V // W and a plot d :
W // Y of Y . It follows thatc∗f ∗P |V ∼= g∗d∗P , which is flat. �

In the remainderof this sectionwe defineparallel transportandholo-
nomy for connectionson diffeologicalprincipal bundles. For this purpose
we regarda connectionω ∈ Ω1(P, g) on a diffeologicalprincipalG-bundle
P overX via TheoremB.2asasmoothmapFω : PP // G. Thecondition
on the 1-form ω from Definition 3.2.1is now sayingthat for g ∈ PG and
γ ∈ PP wehave

g(1) ∙ Fω(γg) = Fω(γ) ∙ g(0). (3.2.2)

In order to definethe parallel transport,let us first notice the follow-
ing generalfact. If f : M // X is a smoothmap definedon a con-
tractiblesmoothmanifold M , thenf lifts to P , i.e. thereexists a smooth

WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

- 182 -



map f̃ : M // P suchthat p ◦ f̃ = f . Indeed,the pullbackf ∗P is by
Theorem3.1.7a smoothprincipalG-bundleandthushasa smoothsection
s : M // f ∗P . Combiningthissectionwith theprojectionpr : f ∗P // P
yieldstheclaimedlift.

Definition 3.2.9.SupposeP is a diffeological principal G-bundlewith con-
nectionω. Letγ ∈ PX bea pathand γ̃ bea lift. Then,themap

τ ω
γ : Pγ(0)

// Pγ(1) : q � // γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

is calledtheparallel transportof ω alongγ.

It is straightforwardto checkthattheparalleltransportτ ω
γ is independent

of thechoiceof thelift γ̃. Indeed,if γ′ is anotherlift, wehaveasmoothmap

g : [0, 1] // G : t � // gP (γ̃(t), γ ′(t))

suchthat γ̃g = γ′ andthus

γ′(1).(Fω(γ′) ∙ gP (γ′(0), q)) = γ̃g(1).(Fω(γ̃g) ∙ gP (γ̃g(0), q))

= γ̃(1).(g(1) ∙ Fω(γ̃g) ∙ g(0) ∙ gP (γ̃(0), q))

= γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

with thelastequalitygivenby (3.2.2).
Alternatively, parallel transportcanbe definedusingthe parallel trans-

port of smoothprincipal bundles. For this purpose,onepulls back (P, ω)
alongγ to aprincipalG-bundleover [0, 1]. Denoteby

τ γ∗ω
τ : (γ∗P )|0 // (γ∗P )|1

theparalleltransportof γ∗ω alongthecanonicalpathτ from 0 to 1. Then,
undertheidentification(γ∗P )|t ∼= Pγ(t), wehave τ ω

γ = τ γ∗ω
τ .

Wesummarizeall propertiesof paralleltransportin thefollowing

Proposition3.2.10.LetP bea diffeological principalG-bundleoverX with
connectionω. Then,

(a) parallel transportis functorial in thepath:

τ ω
idx

= idPx and τ ω
γ2
◦ τ ω

γ1
= τ ω

γ2◦γ1
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(c) themapτ ω
γ is a G-equivariantdiffeomorphism,anddependsonly on

thethin homotopyclassof thepathγ.

(c) if theconnectionω is flat, thenτ ω
γ onlydependsonthehomotopyclass

of γ.

(d) themap
τ ω : PX ×X P // P : (γ, q) � // τ ω

γ (q)

is smooth.

Proof. (a) follows directly from the functorial propertiesof the mapFω.
Equivarianceandinvertibility in (b) areclearfrom thedefinition.

To seetheindependencefrom thin homotopies,considerathin homotopy
h betweenpathsγ1 andγ2 andits adjointh∨ : [0, 1]2 // X thatwe extend
to a plot c : R2 // X (seetheproof of TheoremB.2). As noticedabove,
one can choosea smoothsections : R2 // c∗P and obtain a lift c̃ :=
pr ◦ s : R2 // P of c. The lift is a homotopy betweenlifts γ̃1 and γ̃2

(thoughnot thin, in general).We claim that c̃∗Fω is flat. Then,by Lemma
B.3, Fω(γ̃1) = Fω(γ̃2). To prove the claim, we noticethat the connection
pr∗ω on c∗P is flat by Lemma3.2.8. But then,c̃∗Fω = s∗pr∗ω is alsoflat.
For (c) thesameproofapplies,just that c̃∗Fω is alreadyflat by assumption.

Finally, to see(d) considerthemap

τ̃ : PP ×X P // P : (γ̃, q) � // γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

whichissmoothasacompositionof smoothmaps.Furthermore,for γ ∈ PX
andany lift γ̃ ∈ PP , wehaveby definitionτ ω

γ (q) = τ̃(γ̃, q). Thenweclaim
that Pπ : PP // PX is a subduction. Since τ̃ is independentof the
lift γ̃, it descendsby LemmaA.1.4 to a smoothmap. To seethat Pπ is a
subduction,noticethatany plot c : U // X lifts locally over contractible
openneighborhoodsto P , asnoticedpreviously. �

The following discussionis restricted to diffeological principal A-
bundleswith connectionfor A anabelianLie group. In orderto definethe
holonomyof a connectionwe have to regard loopsasclosedpaths.Sincea
pathhasby definitionsitting instants,onehasto choosea smoothingfunc-
tion ϕ; thenweobtainasmoothmap

oϕ : LX // PXcl : τ � // τ ◦ ϕ.
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The thin homotopy classof oϕ(τ) is independentof the choiceof ϕ. Thus
wehaveacanonicalsmoothmap

o : LX // PX.

Noticethato doesnotdescendto thethin loopspaceLX, sincearotationof
theloopwouldchangetheendpointsof theassociatedpath.

Definition 3.2.11.Let τ : S1 // X be a loop, and let q ∈ Pτ(0) be an
elementin the fibre of P over the basepoint of τ . The holonomyof the
connectionω aroundτ is theuniquegroupelementHolω(τ) := a ∈ A such
that

τ ω
o(τ)(q).a = q.

SincethestructuregroupA is abelian,theholonomyis independentof
thechoiceof q (we recall that for non-abeliangroupstheholonomyis only
well-definedup to a conjugation). Analogouslyto paralleltransport,it can
be expressedin termsof the holonomyof the smoothprincipal A-bundle
τ ∗P over S1, namelyHolω(τ) = Holτ∗ω(S1). The following proposition
summarizesfurtherimportantpropertiesof theholonomy.

Proposition 3.2.12.Let P be a diffeological principal A-bundle and ω a
connectionon P . TheholonomyHolω(τ) arounda loop τ dependsonly on
thethin homotopyclassof τ , anddefinesa smoothmap

Holω : LX // A.

Furthermore,

(a) If (P1, ω1) and (P2, ω2) are isomorphicas principal A-bundleswith
connection,

Holω1 = Holω2 .

(b) If (P1, ω1) and(P2, ω2) areprincipal A-bundleswith connections,

Holω1⊗ω2 = Holω1 ∙ Holω2 .

Proof. We first verify thatHolω : LX // A is smooth.We have to show
that for every plot c : U // LX themapHolω ◦ c : U // A is smooth.
This canbechecked locally. For u ∈ U , let V ⊂ U bea contractibleopen
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neighborhoodof u. Then,thebasepoint projectionev0 ◦ c : V // X lifts
to asmoothmapq̃ : V // P . Now,

(Holω ◦ c)|V (v) = τ ω(o(c(v)), q̃(v))

is a compositionof smoothmaps(seeProposition3.2.10(d)), and hence
smooth. Now we verify that Holω(τ) dependsonly on the thin homotopy
classof τ . For h ∈ PLX a thin homotopy betweenloopsτ1 andτ2, and
h∨ : [0, 1] × S1 // X its adjoint,weseeby Lemma3.2.8thath∨∗P is flat.
Hence,by Stokes’Theorem,

1 = Holh∨∗ω(S1 × {0})−1 ∙ Holh∨∗ω(S1 × {1}).

Thus,Holω(τ1) = Holω(τ2). Thealgebraicproperties(a)and(b) arestraight-
forwardto check. �

Our final observation concernsthe “derivative” of holonomyin the ge-
neraldiffeologicalsetup,generalizingawell-known formulain themanifold
setup.

Proposition 3.2.13.Let P bea principal A-bundlewith connectionω over
a diffeological spaceX. Then,

dlog(Holω) =

∫

S1

ev∗Kω ∈ Ω1(LX, a).

In particular, Holω is locally constantif ω is flat.

Proof. We work in a plot d : U // LX. Let γ : (−ε, ε) // U representa
tangentvectorin U , with u := γ(0). Let C0,ε := [0, t] × S1 bethestandard
cylinder, with τt denotingtheloopat time t. OnC0,ε wepick theorientation
which makesτε orientation-preserving.Considerthe mapφ : C0,ε

// X
definedby φ(t, z) := d̃(γ(t), z), whered̃ : U ×S1 // X is thesmoothmap
associatedto d. Then, Stokes’ Theorem(appliedto the smoothprincipal
A-bundleφ∗P overC0,ε) yields

Holω(τt) = Holω(τ0) ∙ exp

(∫

C0,ε

φ∗Kω

)

.
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Now wecompute

dlog(Holω)d|u

(
d

dt

∣
∣
∣
∣
0

γ

)

= θHolω(τ0)

(
d

dt

∣
∣
∣
∣
0

Holω(τt)

)

=
d

dt

∣
∣
∣
∣
0

∫

C0,t

φ∗Kω,

wherethefirst stepis thedefinitionof dlog, andthesecondstepis Stokes’
Theorem. The result is preciselythe fibre integrationof d̃∗Kω, evaluated
at u andon the tangentvectorgiven by γ. Thus, for eachplot d we have
dlog(Holω)d =

∫
S1 d̃∗Kω, and this shows the claim. The statementabout

flatnessfollows from Lemma3.2.5. �

4. Regression

Throughoutthis section,X is a connecteddiffeologicalspace,x is a base
point, and G is a Lie group. In the first subsection,we constructa dif-
feological principal G-bundle Rx(f) over X associatedto a fusion map
f : LX // G. In the secondsubsection,we equip this bundle with a
connection.Thesetwo constructionsconstitutethe bijectionsof Theorems
B andA, respectively.

4.1 Reconstructionof the Bundle

The reconstructionof the bundleRx(f) is essentiallythe oneof [Bar91],
recalledin a way emphasizingthe role of descenttheory. Let PxX denote
thesubspaceof PX consistingof classesof pathsin X startingat x. Then,
the restrictionof the subductionev : PX // X × X to PxX is still a
subductionev1 : PxX // X, which is aconsequenceof PropositionA.2.3.

Let f : LX // G be a fusion map. Let Tx := PxX × G denotethe
trivial principalG-bundleoverPxX. We equipTx with a descentstructure
for thesubductionev1, andusethatdiffeologicalprincipalG-bundlesform
asheafoverdiffeologicalspaces(Theorem3.1.5).Thedescentstructureis a
bundlemorphism

df : pr∗1Tx
// pr∗2Tx (4.1.1)

overPxX
[2], with pri : PxX

[2] // PxX theprojections.It is definedby

df (γ1, γ2, g) := (γ1, γ2, f`(γ2, γ1)g).
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This is a smooth,G-equivariantmap, respectsthe projectionsto the base,
andsatisfiesthe descentcondition(3.1.2)dueto the fusion propertyof f .
Thus,weobtainadiffeologicalprincipalG-bundle

Rx(f) := (ev1)∗(Tx, df )

overX.

Lemma 4.1.1. The isomorphismclassof Rx(f) doesnot dependon the
choiceof thebasepointx.

Proof. For anotherbasepointy chooseapathκ ∈ PX with ev(κ) = (y, x),
which is possiblesinceX, is by assumption,connected.Proposition2.1.6
shows thatthemap

cκ : PxX // PyX : γ � // γ ? κ

is smooth. It suffices to show that the descentstructuredf on the trivial
principalG-bundleTy overPyX pullsbackalongcκ to thedescentstructure
df onTx. Indeed,thisisequivalentto theidentityf`(γ2?κ, γ1?κ) = f`(γ2, γ1)
which follows from Lemma2.2.2. �

Next we look at thetwo particularcaseswe have lookedat at theendof
Section2.2. Thefirst caseis thatG is replacedby anabelianLie groupA.
We recallthatthentheproductof fusionmapsis againa fusionmap.

Lemma 4.1.2.Let f1, f2 : LX // A befusionmaps.There is a canonical
isomorphism

Rx(f1f2) ∼= Rx(f1) ⊗ Rx(f2).

Proof. ThetensorproductTx⊗Tx inheritsadescentstructuredf1 ⊗df2 , and
sincediffeologicalbundlesform a sheafof monoidalgroupoids(Theorem
3.1.6),Tx ⊗ Tx descendsto Rx(f1) ⊗ Rx(f2). Considertheisomorphism

ϕ : Tx ⊗ Tx
// Tx : ((γ, a1), (γ, a2))

� // (γ, a1a2)

of principalA-bundlesoverPxX. It exchangesthedescentstructuredf1⊗df2

onTx ⊗Tx with df1f2 onTx; hence,ϕ descendsto theclaimedisomorphism.
�

The secondparticularcaseis whenX is a smoothmanifoldM . Then,
thereis anisomorphismDiffBunG(M) ∼= BunG(M) betweenthegroupoids
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of diffeological principal G-bundlesand ordinary smoothones(Theorem
3.1.7).Theexistenceof connectionsonsmoothprincipalbundlespermitsus
to show thefollowing:

Lemma 4.1.3. Let M be a connected smooth manifold, and let
f : LM // G be a fusionmap. Then,the isomorphismclassof Rx(f)
dependsonlyon thefusionhomotopyclassof f .

Proof. Let h be a fusion homotopy betweenfusion mapsf0 andf1. Let
T denotethe trivial principal G-bundle over [0, 1] × PxM . We definea
descentstructureon T with respectto the subductionid × ev1 : [0, 1] ×
PxM // [0, 1] × M by

dh(t, γ1, γ2, g) := (t, γ1, γ2, h(t)(`(γ2, γ1))g).

Thecocycle conditionis satisfiedbecauseh(t) is a fusionmapat any time
t. We obtain a diffeological (and thus smooth)principal G-bundleQ :=
(id × ev1)∗(T, dh) over M . Its restrictionto {0} × M is Rx(f0) and its
restrictionto {1} × M is Rx(f1). Thus,any connectionon Q definesan
isomorphism. �

Summarizing,onasmoothmanifoldM wehaveawell-definedmap

R : hFus(LM,G) // h0BunG(M).

If G is abelian,R is a grouphomomorphismby Lemma4.1.2. This group
homomorphismdefinesthebijectionof TheoremB.

4.2 Reconstructionof the Connection

Our constructionof a connectionon Rx(f) is different from the one of
[Bar91]. We equip the trivial G-bundle Tx over PxX with a connection.
This amountsto specifyinga 1-formAx ∈ Ω1(PxX, g). Thenwe prove that
this connectiondescendsto aconnectiononRx(f).

In order to definethe 1-form we useTheoremB.2, which identifies1-
formsonany diffeologicalspacewith certainsmoothmapsonits pathspace.
Let γ : [0, 1] // PxX bea path.Noticethatβ0 := γ(0) andβ1 := γ(1) are
elementsin PxX. Furthernoticethatβ(t) := γ(t)(1) definesapathβ ∈ PX
(seeFigure1). Weconsiderthegroupelement

Fx(γ) := f`(β1, β ? β0) ∈ G.
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x

β0

β1

β

Figure1: A pathin thespacePxX of basedpaths.

Lemma 4.2.1.Thisdefinesa smoothmapFx : P(PxX) // G satisfying

Fx(γ
′ ◦ γ) = Fx(γ

′) ∙ Fx(γ)

for everypair (γ, γ ′) of composableelementsin P(PxX).

Proof. Themap

P (PxX) // PxX × PxX × PX : γ � // (β0, β1, β) (4.2.1)

we have implicitly usedabove is smooth. Smoothnessof the composition
[IZ, V.3] andof f` show thenthatFx is asmoothmap.FromLemmata2.2.2
and2.2.4wededuce

Fx(γ
′?γ) = f`(β2, β

′?β?β0) = f`(β
′−1?β2, β1)∙f`(β1, β?β0) = Fx(γ

′)∙Fx(γ).

It remainsto show thatFx is well-definedonP(PxX). If h is a thin homo-
topy betweenγ andγ′, and(β0, β1, β) and(β1, β2, β

′) denotetheir images
under(4.2.1),thenβ0 = β′

0 andβ1 = β′
1. Furthermore,thepathsβ andβ′

arethin homotopic:h1(s)(t) := ev1(h(s)(t)) definesahomotopy betweenβ
andβ′, for whichh∨

1 = ev1 ◦h∨ hasrankonesinceh∨ hasrankone(Lemma
2.1.3(d)). Thus,Fx(γ) = Fx(γ

′). �

By TheoremB.2, Fx definesa 1-form Ax ∈ Ω1(PxX, g). We want to
show that the connectionωx on Tx determinedby Ax descendsalongev1.
For thispurpose,wehave to show that

WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

- 190 -



Lemma 4.2.2.Thebundlemorphismdf : pr∗1Tx
// pr∗2Tx preservescon-

nections.

Proof. Whenever onehasa morphismP1
// P2 betweentrivial princi-

pal G-bundlesover a diffeologicalspaceY , givenby multiplicationwith a
smoothmapf : Y // G, this morphismpreservesconnection1-formsA1

andA2 onP1 andP2, respectively, if andonly if

A2 = Ad−1
f (A1) + f ∗θ.

This canbecheckedexplicitly in thesameway asonedoesit in thesmooth
manifold context. In our situation,we have Y := PxX

[2], Pi := pr∗i Tx,
f := f−1

` , andthe1-formsareAi := pr∗i Ax for i = 1, 2. Thus,theequation
wehave to show is

pr∗1Ax = Adf`
(pr∗2Ax) − f ∗

` θ̄.

By TheoremB.2, this is equivalentto showing thatFx satisfies

f`(γ(1), γ ′(1)) ∙ Fx(γ
′) = Fx(γ) ∙ f`(γ(0), γ ′(0))

for all (γ, γ ′) ∈ P(PxX
[2]). Indeed,sincethenβ = β′, wehave

f`(β1, β
′
1) ∙ f`(β

′
1, β

′ ? β ′
0) = f`(β1, β ? β ′

0)

= f`(β
−1 ? β1, β

′
0) = f`(β1, β ? β0) ∙ f`(β0, β

′
0),

following from Lemmata2.2.2and2.2.4. �

Sincediffeological principal bundleswith connectionform a sheafof
groupoids(Theorem3.2.2)wehavenow aprincipalG-bundle

R∇
x (f) := (ev1)∗(Tx, ωx, df )

overX with connection, whoseunderlyingbundleis Rx(f) from theprevi-
oussection.

Lemma 4.2.3.The isomorphismclassof R∇
x (f) doesnot dependon the

choiceof thebasepointx.
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Proof. The mapcκ from Lemma4.1.1satisfiesc∗κAx = Ay, equivalently,
c∗κFx = Fy, which follows from Lemma2.2.2. Thus, cκ descendsto the
claimedisomorphism. �

Summarizing,wehaveawell-definedmap

R∇ : Fus(LX,G) // h0DiffBun∇
G (X)

thatwe call regression. It definesthebijectionof TheoremA. For a smooth
manifoldM , it fits by constructioninto thecommutativediagram

Fus(LM,G) R∇
//

��

h0Bun∇
G (M)

��
hFus(LM,G)

R
// h0BunG(M),

and thus contributesone part of the proof of TheoremC. The following
lemmashows thatR∇ is agrouphomomorphismfor abelianLie groups.

Lemma 4.2.4.Let f1, f2 : LX // A befusionmaps.Then,thecanonical
isomorphism

Rx(f1f2) ∼= Rx(f1) ⊗ Rx(f2)

fromLemma4.1.2respectstheconnections.

Proof. We recall from theproof of Lemma4.1.2that the isomorphismhas
beenobtainedfrom an isomorphismϕ : Tx ⊗ Tx

// Tx overPxX. Since
theconnectionωx on Tx is thepullbackof a 1-form Ax onPxX, it follows
that

ϕ∗ωx = pr∗1ωx + pr∗2ωx

whatever the definition of Ax was. Thus,ϕ preservesconnectionsandde-
scendsto aconnection-preservingisomorphism. �

Finally, we prove onepartof CorollaryA. Generally, a mapon a diffeo-
logicalspaceX is calledlocally constant, if f(x) = f(y) whenever (x, y) is
in theimageof theevaluationmapev : PX // X × X.

Proposition 4.2.5.Let f : LX // G be a locally constantfusion map.
Then,theconnectiononR∇

x (f) is flat.
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Proof. It sufficesto show thatthe1-formAx onPxX is flat, i.e. dAx +[Ax∧
Ax] = 0. This is, by TheoremB.2, equivalentto showing that the smooth
mapFx : PPxX // G takesthesamevalueon homotopicpaths.Suppose
h ∈ PPPxX is ahomotopy betweenpathsγ, γ ′ ∈ PPxX. If (β0, β1, β) and
(β′

0, β
′
1, β) arethe triples of pathsassociatedto γ andγ′, we find β0 = β′

0

andβ1 = β′
1, andh inducesa homotopy h̃ betweenβ andβ′ (seetheproof

of Lemma4.2.1).Then,

[0, 1] h̃ // PX
pr // PX

`(β1,−?β0) // LX

is apathin LX from `(β1, β?β0) to `(β′
1, β

′?β ′
0). Sincef is locally constant,

it follows thatFx(γ) = Fx(γ
′). �

5. Transgression

In this section,X is a diffeological spaceandA is an abelianLie group.
Let P be a principal A-bundle over X with connectionω. According to
Proposition3.2.12,theholonomyof ω is a smoothmapHolω : LX // A.
Furthermore,Holω dependsonly on the isomorphismclassof (P, ω) and
satisfies

Holω1⊗ω2 = Holω1 ∙ Holω2

for (P1, ω2) and(P2, ω2) two diffeologicalprincipalA-bundleswith connec-
tion.

Lemma 5.1.Theholonomyof a connectionω is a fusionmap.

Proof. This is a simply calculation:for q anelementin thefibre of P over
thecommoninitial pointof threepaths(γ1, γ2, γ3) ∈ PX [3],

q = τ ω
γ3?γ1

(q).Holω(`(γ1, γ3))

= τ ω
γ3?γ2

(τ ω
γ2?γ1

(q)).Holω(`(γ1, γ3))

= τ ω
γ3?γ2

(q).Holω(`(γ1, γ2))
−1.Holω(`(γ1, γ3))

= q.Holω(`(γ2, γ3))
−1.Holω(`(γ1, γ2))

−1.Holω(`(γ1, γ3))

Herewehaveusedthedefinitionof holonomy(Definition3.2.11)via thepa-
rallel transportτ ω

γ of theconnectionω, its functoralityanditsA-equivariance
(Proposition3.2.10). �
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Summarizing,wehaveawell-definedgrouphomomorphism

T ∇ : h0DiffBun∇
A (X) // Fus(LX,A)

that we call transgression. We prove in the following sectionthat it is the
inverseof thegrouphomomorphismR∇ constructedin Section4.2.

Lemma 5.2.Thefusionhomotopyclassof Holω is independentof thechoice
of theconnectiononP .

Proof. For two connectionsω0 andω1 onP , considertheprincipalG-bundle

id × p : [0, 1] × P // [0, 1] × X

andthe1-formΩ := tω1+(1−t)ω0 on [0, 1]×P , whichdefinesaconnection
on [0, 1] × P . Considerfurtherthesmoothmap

η : [0, 1] × LX // L([0, 1] × X), η(t, τ )(s) := (ϕ(t), τ (s)),

whereϕ is asmoothingfunction(seetheproofof Proposition2.1.6).Then,

H := HolΩ ◦ η : [0, 1] × LX // A

is asmoothmapandcorrespondsto apathh ∈ PD∞(LX,A) with H = h∨,
connectingHolω0 andHolω1 . All thatremainsis to checkthath(t) lies in the
subspaceof fusion mapsfor all t ∈ [0, 1]. This follows from the fact that
HolΩ is a fusionmap(Lemma5.1). �

Over a smoothmanifold M , every diffeological principal A-bundle is
anordinary, smoothprincipalbundle(Theorem3.1.7).Dueto theexistence
of connectionson suchbundles,we obtaina well-definedgrouphomomor-
phism

T : h0BunA(M) // hFus(LM,A).

By construction,thediagram

h0Bun∇
A (M)

T ∇
//

��

Fus(LM,A)

��
h0BunA(M)

T
// hFus(LM,A),

is commutative, which contributestheremainingpart to theproof of Theo-
remC.
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6. Proof of TheoremA

We show that regressionR∇ and transgressionT ∇ are inversesto each
other, startingwith the proof that T ∇ ◦ R∇ is the identity on the space
Fus(LX,A) of fusionmaps.Let f : LX // A bea fusionmap.We have
to computetheholonomyof thereconstructedbundle(P, ω) := R∇

x (f). Let
a loop τ ∈ LX berepresentedby a closedpathγ ∈ PXcl underthemapcl
from Section2.2. Let τ ω

γ : Py
// Py denotetheparalleltransportalongγ,

wherey = γ(0) = γ(1) andPy denotesthefibre of P over y. We have to
computea ∈ A suchthatτγ(q).a = q for some(andhenceall) q ∈ Py.

Thepathγ lifts to PXx. To seethis, let usdenoteby γt ∈ PX thepath
γt(s) := γ(tϕ(s)), for ϕ a smoothingfunction(seetheproof of Proposition
2.1.6).Wechooseapathκ ∈ PX with ev(κ) = (x, y). Then,

γ̃ : [0, 1] // PXx : t � // γt ? κ

is a pathandlifts γ alongtheevaluationev1. We recall thatP is descended
from thetrivial principalA-bundleTx overPXx. In particular, it comeswith
a projectionpr : Tx

// P . Theparalleltransportsτ ω
γ in P andτγ̃ in Tx fit

into acommutativediagram

Tx|κ
τγ̃ //

pr

��

Tx|γ◦κ

pr

��
Py

τ ω
γ

// Py.

Theparalleltransportin thetrivial bundleTx alongγ̃ is accordingto Defini-
tion 3.2.9givenby

τγ̃(γ̃(0), g) := (γ̃(1), gFx(γ̃)).

Wecomputefrom thedefinitionof Fx andLemma2.2.4that

Fx(γ̃) = f`(γ̃(1), γ ? γ̃(0)) = f`(γ ? κ, γ ? κ) = 1.

Thus,for q := pr(γ̃(0), g) ∈ Py, we have τ ω
γ (q) = pr(γ̃(1), g) ∈ Py. Now

weusethedefinitionof P , givenby thedescentstructuredf from (4.1.1)and
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thedescentconstruction(3.1.4).WecomputeusingLemma2.2.2

τ ω
γ (q) = pr(γ̃(1), g) = pr(γ̃(0), f`(γ̃(0), γ̃(1))g)

= q.f`(κ, γ ? κ) = q.f`(id, γ) = q.f`(γ, id)−1 = q.f(τ)−1.

We conclude that Holω(τ) = f(τ), which completesthe proof that
(T ∇ ◦ R∇)(f) = f .

Next is the proof that R∇ ◦ T ∇ is the identity on the group
h0DiffBun∇

A (X) of isomorphismclassesof diffeologicalprincipalA-bundles
over X with connection.Let P besucha bundle,andlet f : LX // A be
theassociatedfusionmap,its holonomy. Let q0 ∈ P bea fixedpoint in the
fibreoverx. Noticethat

ϕ : Tx
// ev∗

1P : (γ, g) � // (γ, τγ(q0).g)

definesabundlemorphismoverPXx: it is smoothby Proposition3.2.10(c)
andA-equivariant. Moreover, it exchangesthe descentstructuredf on the
trivial bundleTx = PXx × A with thetrivial descentstructureon ev∗

1P :

pr∗2ϕ(df (γ1, γ2, g)) = pr∗2ϕ(γ1, γ2, f`(γ2, γ1)g)

= τγ2(q0).f`(γ2, γ1)g = τγ1(q0).g = pr∗1ϕ(γ1, γ2, g).

Hence,ϕ descendsto anisomorphism

(ev1)∗(ϕ) : Rx(f) // P .

It remainsto prove thatthis isomorphismrespectstheconnections.This
is thecaseif andonly if the isomorphismϕ respectsconnections,i.e. pulls
backthe connectionev∗

1ω on ev∗
1P to the connectionωx on Tx, which was

definedby a1-formAx. Considerthecomposite

PXx
// PXx × A

ϕ // ev∗
1P // P

in which thefirst mapsendsa pathγ to thepair (γ, 1). Explicitly, this com-
positeis themap

j : PXx
// P : γ � // τγ(q0).

Now, theisomorphismϕ is connection-preservingif andonly if

j∗ω = Ax. (6.1)
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In order to checkequation(6.1), let Fω : PP // A be the smoothmap
correspondingto the1-formω underthebijectionof TheoremB.2. Werecall
that Ax wasdefinedby a smoothmapFx : PPxX // A. We claim that
Fx(γ) = Fω(j◦γ) for all γ : [0, 1] // PXx. Thisshows(6.1)andcompletes
theproofof TheoremA.

To show theclaim,we recallfrom Section4.2thatγ definesthreepaths,
namelyβ0 := γ(0) ∈ PXx, β1 := γ(1) ∈ PXx andβ ∈ PX. Thepathj ◦γ
is a lift of thepathβ alongthebundleprojectionp : P // X:

p((j ◦ γ)(t)) = p(τγ(t)(q0)) = γ(t)(1) = β(t)

for all t ∈ [0, 1]. Usingthefunctoralityof paralleltransportandthedefinition
of holonomywefind

τ ω
β (j(γ(0))).Holω(β ? β0 ? β−1

1 ) = τ ω
β1?β−1

0
(j(γ(0))). (6.2)

On theleft handside,

Holω(β ?β0 ?β−1
1 ) = Holω(β−1

1 ?β ?β0) = f`(β ?β0, β1) = f`(β1, β ?β0)
−1,

wherethefirst equalityholdsbecausethetwo loopsin theargumentof Holω
arerelatedby arotation,i.e. aparticularthin homotopy. Thesecondequality
is thedefinitionof f andthelastequalityis Lemma2.2.4.On theright hand
sideof (6.2),wehave

τ ω
β1◦β

−1
0

(j(γ(0))) = τ ω
β1

(q0) = j(γ(1))

dueto thedefinitionof j. Thus,(6.2)becomes

τ ω
β (j(γ(0))) = j(γ(1)).f`(β1, β ? β0).

A comparisonwith Definition3.2.9showsthatFω(j◦γ) = f`(β1, β?β0). The
right handsideis preciselythedefinitionof Fx(γ) andshows thatFx(γ) =
Fω(j ◦ γ).

A. Diffeology of Loop Spacesand PathsSpaces

In SectionA.1 we review standarddefinitionsandfactsaboutdiffeological
spaces.In SectionA.2 we introducea Grothendiecktopologyon the cate-
goryof diffeologicalspacesbasedonsubductions.In SectionA.3 wereview
differentialformsondiffeologicalspacesandrelatethemto smoothmapson
pathspaces.
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A.1 Diffeological Spaces

Diffeologicalspaceswereintroducedby Souriau[Sou81],andaretodayun-
derstoodasoneflavor of the “convenientcalculus”. For a concisepresen-
tation we refer the readerto [BH, Lau08], for a comprehensive treatment
to [IZ], andto [Sta11]for a comparisonwith otherformsof theconvenient
calculus.

Definition A.1.1. A diffeological spaceis a set X with a diffeology. A
diffeology on a setX is a set of mapsc : U // X called plots, where
each plot is definedon an opensubsetU ⊂ Rk with varyingk ∈ N0, such
that threeaxiomsaresatisfied:

(D1) for anyplot c : U // X, anyopensubsetV ⊂ Rl, andanysmooth
functionf : V // U themapc ◦ f is alsoa plot.

(D2) everyconstantmapc : U // X is a plot.

(D3) if f : U // X is a mapdefinedon U ⊂ Rk and{Ui}i∈I is an open
coverof U for which all restrictionsf |Ui

areplotsof X, thenf is also
a plot.

Moreover, a mapf : X // Y betweendiffeological spacesX and Y is
calledsmoothif for everyplot c : U // X of X themapf ◦ c : U // Y
is a plot of Y .

Diffeologicalspacesform a categoryDiff , andtheisomorphismsin Diff
arecalleddiffeomorphisms. The following theoremexplainswhy it is con-
venientto usediffeologicalspaces.

TheoremA.1.2 ([BH, Theorem9]). ThecategoryDiff is a quasitopos.

In practice,this meansthat many constructionsareavailablewhich are
in generalobstructedor simplynotpossiblefor smoothmanifoldsor Fréchet
manifolds.Thenext exampledescribessomeof theseconstructions.

ExampleA.1.3.

(a) For diffeologicalspacesX andY , the setD∞(X,Y ) of smoothmaps
f : X // Y carriesa canonicaldiffeologycalledthe functionaldiffeo-
logy [IZ, I.57].
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A mapc : U // D∞(X,Y ) is aplot if andonly if thecomposite

U × X
c×id // D∞(X,Y ) × X ev // Y

is smooth.

(b) EverysubsetY of adiffeologicalspaceX carriesacanonicaldiffeology
calledthesubsetdiffeology [IZ, I.33].

A mapc : U // Y is aplot of Y if andonly if its compositionwith the
inclusionι : Y � � // X is aplot of X.

(c) The direct productX × Y of diffeological spacesX andY carriesa
canonicaldiffeologycalledtheproductdiffeology [IZ, I.55].

A mapc : U // X×Y is aplot of X×Y if andonly if its composition
with theprojectionsto X andto Y areplotsof X andY , respectively.

(d) For any pair of diffeologicalmapsf : X // Z andg : Y // Z, the
fibreproductX ×Z Y is – asasubsetof X × Y – adiffeologicalspace.

(e) For X a diffeologicalspace,Y a set,andp : X // Y a map,Y carries
acanonicaldiffeologycalledthepushforward diffeology [IZ, I.43].

A mapc : U // Y is aplot if andonly if everypointx ∈ U hasanopen
neighborhoodV ⊂ U suchthat eitherc|V is constantor thereexists a
plot c̃ : V // X of X with c|V = p ◦ c̃.

The pushforward diffeology of ExampleA.1.3 (e) arisesfrequentlyin
this article, namelywhen∼ is an equivalencerelation on a diffeological
spaceX, andY := X/ ∼ is thesetof equivalenceclasses.Then,Y carries
thepushforwarddiffeology inducedby theprojectionpr : X // Y . One
caneasilyshow

Lemma A.1.4 ([IZ, I.51]). LetX1 andX2 bediffeological spaces,let Y be
a setandlet p : X1

// Y bea map.Then,a mapf : Y // X2 is smooth
with respectto thepushforward diffeologyonY if andonly if f ◦p is smooth.

In the remainderof this sectionwe shall relatediffeological spacesto
Fréchetmanifolds. Let Frech denotethe category of Fréchetmanifolds.
Then,thereis a functor

Frech // Diff (A.1.1)
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definedas follows. On objects,it declareson a Fréchetmanifold X the
smoothdiffeology. Its plots areall smoothmapsc : U // X, definedon
opensubsetsU ⊂ Rk, for all k ∈ N0. On morphismsit is the identity:
any smoothmapf : X // Y betweenFréchetmanifoldsis diffeological.
Indeed,its compositionf ◦ c with any plot c : U // X of X is smooth,and
thusa plot of Y . Thefollowing theorempermitstheunambiguoususageof
theword “smooth”.

Theorem A.1.5 ([Los94, Theorem3.1.1]). Thefunctor (A.1.1) is full and
faithful, i.e. a mapbetweenFréchet manifoldsX and Y is smoothin the
manifoldsenseif andonly if it is smoothin thediffeological sense.

Remark A.1.6.

1. Sincesmoothmanifoldsform a full subcategory of Frech, Theorem
A.1.5 remainstrueuponsubstituting“smooth” for “Fréchet”.

2. If M is a smoothmanifold with boundary, it still carriesthe smooth
diffeology. However, sinceour plotsaredefinedon opensubsets,any
map f : M // X that is smoothin the interior of M is already
smoothonM . For thisarticlethisis negligible: theonly manifoldwith
boundarythatappearshereis the interval M := [0, 1] asthedomain
of paths.But pathsareby definitionconstantneartheboundary.

Finally we shallshow thatthefunctor(A.1.1) identifiestheFréchetma-
nifold C∞(S1,M) with the diffeologicalspaceD∞(S1,M) (seeExample
A.1.3 (a)), so that the loop spaceLM of a smoothmanifold hasan unam-
biguousmeaning.Moregenerally, wehave thefollowing statement.

Lemma A.1.7.LetM bea smoothmanifoldandlet K bea compactsmooth
manifold. Thefunctionaldiffeology on D∞(K,M) and the smoothdiffeo-
logy on C∞(K,M) coincidein thesensethat everyplot of oneis a plot of
theother.

Proof. Let c : U // C∞(K,M) beamap.It is aplot of C∞(K,M) if and
only if it is smooth.It is aplot of D∞(K,M) if andonly if

U × K
c×id // C∞(K,M) × K ev // M (A.1.2)

is smooth. Supposefirst that c is smooth. Since the evaluationmap is
smooth,also(A.1.2) is smooth.Hence,everyplot of C∞(K,M) is aplot of
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D∞(K,M). Conversely, assumethat (A.1.2) is smooth.We want to show
thatc is smooth.WerecallthattheFréchetmanifoldstructureonC∞(K,M)
is theoneof thesetΓ(K,M×K) of smoothsectionsin thetrivial M -bundle
over K. We alsorecall that if ϕ : E // F is a smoothmorphismof fibre
bundlesover K, the inducedmapϕ∗ : Γ(K,E) // Γ(K,F ) is smooth
[Ham82,Example4.4.5].Since(A.1.2) is smooth,also

U × K
c×id // C∞(K,M) × K

ev×id // M × K

is a smoothmorphismof (trivial) fibre bundlesover K. It henceinducesa
smoothmap c̃ : C∞(K,U) // C∞(K,M). Let i : U // C∞(K,U) be
the inclusionof constantmaps,which is smooth. Hence,the composition
c̃ ◦ i : U // C∞(K,M) is asmoothmapandcoincideswith c. Thus,every
plot of D∞(K,M) is aplot of C∞(K,M). �

A.2 Subductions

Presheaves can be defined over any category, while the formulation of
the gluing axiom, i.e. the definition of a sheaf,requiresthe choiceof a
Grothendiecktopology. In this sectionwe introducea Grothendiecktopol-
ogyon thecategoryDiff of diffeologicalspaces.

Definition A.2.1 ([IZ, I.48]). A smoothmap π : Y // X is called
subductionif thefollowingconditionis satisfied.For everyplot c : U // X
andeveryx ∈ U there existsan openneighborhoodV ⊂ U of x anda plot
c̃ : V // Y such thatπ ◦ c̃ = c|V .

Onecanshow that every subductionis surjective, andthat an injective
subductionis a diffeomorphism[Igl85, Proposition1.2.15]. Onecanalso
show that a smoothmapπ : Y // X is a subductionif andonly if the
diffeology of X is the pushforward diffeology inducedby π [IZ, I.46]. In
particular, all projectionspr : X // X/ ∼ to spacesof equivalenceclasses
aresubductions.Furtherexamplesof subductionsareprojectionsto a factor
in a productor fibre product[IZ, I.56], and– asmentionedin Section2.1
– theendpointevaluationev : PX // X × X for X connected[IZ, V.6].
Subductionsover smoothmanifoldscanbe characterizedin the following
way.
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Lemma A.2.2.Let M bea smoothmanifold,let Y bea diffeological space
andlet π : Y // M bea smoothmap.Then,π is a subductionif andonly if
everypointp ∈ M hasanopenneighborhoodW ⊂ M thatadmitsa smooth
sections : W // Y .

Thenext propositionis themainpointof this subsection.

Proposition A.2.3. Subductionsform a Grothendieck topology on thecate-
goryDiff .

Proof. The identity idX of a diffeologicalspaceX is clearlya subduction.
Thecompositionof subductionsis a subduction[Igl85, Proposition1.2.15].
Finally, thepullbackof a subductionalongany diffeologicalmapis a sub-
duction[Igl85, Proposition1.4.8]. �

A.3 Differ ential Forms

Differentialformson diffeologicalspacesaredefined“plot-wise” usingthe
notionof ordinarydifferentialformsonsmoothmanifolds.

Definition A.3.1 ([IZ, VI. 28]). Let X be a diffeological space. A k-form
on X is a family {ϕc} of k-forms ϕc ∈ Ωk(U) parameterizedby plots
c : U // X, such thatϕc1 = f ∗ϕc2 for everycommutativediagram

Uc1

f //

c1
��8888888

Uc2

c2
���������

X

(A.3.1)

with c1 andc2 plotsandf smooth.

Thesetof k-formson a diffeologicalspaceX is denotedΩk(X); simi-
larly onedefinesk-formswith valuesin avectorspaceV , denotedΩk(X,V ).
All familiar featuresof differentialformsgeneralizefrom smoothmanifolds
to diffeologicalspaces,equippingthe family Ω∗(X) with thestructureof a
differentialgradedcommutative algebra(dgca).Further, if f : X // Y is
asmoothmapbetweendiffeologicalspaces,thereis apullback

f ∗ : Ωk(Y ) // Ωk(X) with (f ∗ϕ)c := ϕf◦c
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for aplot c of X, formingamorphismbetweendgca’s. In otherwords,forms
over diffeological spacesform a presheafΩ∗ of dgca’s over diffeological
spaces.Onecanshow [IZ, VI.38] thatthispresheafis evenasheaf.

For a smoothmanifoldM , it is easyto checkthat thek-formsof Defi-
nition A.3.1 arethesameasordinary(smooth)k-formson manifolds. The
following lemmageneralizesa familiar fact from smoothmanifoldsto dif-
feologicalspaces(seeLemma2.1.2and[SW11,Lemma4.2])

Lemma A.3.2.Letf : X // Y bea smoothrankk map.Thenthepullback
f ∗ϕ vanishesfor all ϕ ∈ Ωk+1(Y ).

Proof. Let ϕ ∈ Ωk+1(Y ) andlet c : U // X be a plot. We show that
ϕf◦c = 0. Sincef hasrankk, every pointu ∈ U hasanopenneighborhood
Uu ⊂ U with a plot d : V // Y anda rankk mapg : Uu

// V satisfying
d ◦ g = f ◦ c|Uu , seeDefinition 2.1.1.It follows thatϕf◦c|Uu = g∗ϕd = 0.
�

Differential forms canbe transgressedto the loop space,andwe have
usedthat in Proposition3.2.13.Let ϕ bea k-form on a diffeologicalspace
X. Consideraplot d : U // LX of theloopspace,i.e. amapsuchthatthe
adjointmapd̃ : U × S1 // X is smooth.Considerthe(k − 1)-form

ψd :=

∫

S1

d̃∗ϕ ∈ Ωk−1(U),

whered̃∗ϕ is ak-form onU × S1 – andthusanordinarydifferentialk-form
– and

∫
S1 denotes“integrationalongthe fibre”. Let d1 : U1

// LX and
d2 : U2

// LX bothbeplots,andlet f : U1
// U2 beasmoothmapsuch

thatd2 ◦ f = d1, thenwe have d̃2 ◦ f̃ = d̃1, wheref̃ := f × id. It follows
thatf ∗ψd2 = ψd1 . Hence,ψ := {ψd} is a (k − 1)-form on thediffeological
spaceLX. Thesameprocedureworksfor thethin loopspaceLX insteadof
LX. In bothcases,weusethesymbolicalnotation

ψ :=

∫

S1

ev∗ϕ.

B. Differ ential Forms and SmoothFunctors

In thissectionwediscussacloserelationbetween1-formsonadiffeological
spaceX andsmoothmapson the pathspacePX. For smoothmanifolds,
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this relation hasbeenstudiedbefore in [SW09, SW11]. Let G be a Lie
group. On the onehand,considerthe the following groupoidFun(X,G).
Its objectsaresmoothmapsF : PX // G satisfying

F (γ2 ? γ1) = F (γ2) ∙ F (γ1)

whenever pathsγ1, γ2 are composable.A morphismg : F1
// F2 is a

smoothmapg : X // G suchthat

g(γ(1)) ∙ F1(γ) = F2(γ) ∙ g(γ(0)).

Compositionis multiplication, i.e. g2 ◦ g1 := g1g1, andthe identity mor-
phismsaregivenby theconstantmapg = 1. On theotherhand,let Z1

X(G)
bethefollowing groupoid.Theobjectsare1-formsA ∈ Ω1(X, g), with g the
Lie algebraof G. A morphismg : A1

// A2 is asmoothmapg : X // G
suchthat

A2 = Adg(A1) − g∗θ̄,

whereθ̄ ∈ Ω1(G, g) is theright-invariantMaurer-Cartanform on G. Com-
positionandidentitiesareasin Fun(X,G).

Both groupoidsarenaturalin X, i.e. if f : X // Y is a smoothmap,
thereareevidentpullbackfunctors

f ∗ : Fun(Y,G) // Fun(X,G) and f ∗ : Z1
Y (G) // Z1

X(G). (B.1)

Thesepullbackfunctorscomposestrictly underthecompositionof smooth
maps. In otherwords,Fun(−, G) andZ1(G) arepresheavesof groupoids
over the category of diffeologicalspaces.We remarkthat both presheaves
arein generalnot sheaves.

For a smoothmanifoldM , thegroupoidsFun(M,G) andZ1
M(G) have

beenintroducedin [SW09]. Werecall

PropositionB.1 ([SW09,Proposition4.7]). For a smoothmanifoldM there
is an isomorphismof categories

Fun(M,G)
D∞

//
Z1

M (G).
P∞

oo
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This isomorphismcan be characterizedin termsof parallel transport.
Supposeω ∈ Ω1(P, g) is a connectionon a smoothprincipal G-bundleP
overM , γ ∈ PM is apathandγ̃ ∈ PP is a lift of γ. Then,

τ ω
γ (γ̃(0)) = γ̃(1).P∞(ω)(γ̃),

where τ ω
γ denotesthe parallel transport of ω along γ, and P∞(ω) :

PP // G correspondsto the1-formω underPropositionB.1.
We needtwo propertiesof the isomorphismof PropositionB.1. Firstly,

it commuteswith the pullbackfunctors(B.1), i.e. it is an isomorphismof
presheavesoverDiff [SW11,Proposition1.7]. Secondly, let uscall a1-form
A ∈ Ω1(X, g) flat, if the2-form

KA := dA + [A ∧ A]

vanishes,and let us call an objectF in Fun(X,G) flat, if F (γ) = F (γ′)
whenever γ andγ′ arehomotopic(Definition 2.1.4). Then,the flat objects
in Z1

M(G) correspondpreciselyto the flat objectsin Fun(M,G) [SW09,
LemmaB.1 (c)].

We prove the following generalizationof PropositionB.1 from smooth
manifoldsto diffeologicalspaces.

TheoremB.2.LetX bea diffeological space. Then,there is a isomorphism
of categories

Fun(X,G)
D //

Z1
X(G)

P
oo

that restrictsovereveryplot c : U // X to theisomorphismof Proposition
B.1,i.e.

c∗ ◦D = D∞ ◦ c∗ and c∗ ◦P = P∞ ◦ c∗.

Proof. The functorD : Fun(X,G) // Z1
X(G) is easyto define. If an

objectF in Fun(X,G) is given,onehasfor eachplot c : U // X a1-form
Ac := D∞(c∗F ) ∈ Ω1(U, g). These1-formsclearlydefineanobject{Ac}
in Z1

X(G). Moreover, any morphismin Fun(X,G) is automaticallya mor-
phismin Z1

X(G). ThisdefinesthefunctorD, andit restrictsby construction
over eachplot to the functorD∞. To finish the proof, it thus remainsto
constructthefunctorP suchthatis strictly inversetoD.
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AssumeA = {Ac} is an object in Z1
X(G). A mapF : PX // G is

definedasfollows. Any pathγ : [0, 1] // X extendscanonicallyto a plot
γ̃ : R // X. Namely, onesimply puts γ̃(t) := γ(0) for all t < 0 and
γ̃(t) := γ(1) for all t > 1. Thereis auniquethin homotopy classτ ∈ PR of
pathsin R with ev(τ) = (0, 1). Then,weput

F (γ) := P∞(Aγ̃)(τ).

We have to checkthat this definition yields an object in Fun(X,G). This
checkconsistsof thefollowing threeparts.

1.) Compatibilitywith thepathcomposition. For thefollowing calcula-
tionswe usethenotationFγ̃ := P∞(Aγ̃). If γ1, γ2 ∈ PX arecomposable
paths,considerthetwo smoothmaps

ι1 : R // R : t � // 1

2
t and ι2 : R // R : t � // 1

2
+

1

2
t.

Due to theuniquenessof thepathτ , onehasτ = Pι2(τ) ? Pι1(τ) in PR.
Then,

F (γ2 ? γ1) = Fγ̃2?γ1
(τ) = Fγ̃2?γ1

(Pι2(τ) ? Pι1(τ))

= Fγ̃2?γ1
(Pι2(τ)) ∙ Fγ̃2?γ1

(Pι1(τ)) = ι∗2Fγ̃2?γ1
(τ) ∙ ι∗1Fγ̃2?γ1

(τ)

(∗)
= Fγ̃2(τ) ∙ Fγ̃1(τ) = F (γ2) ∙ F (γ1),

where(∗) comesfrom thecommutativediagram

R
ιk //

γ̃k
��<<<<<<<<<< R

γ̃2?γ1
������������

X

for k = 1, 2, which impliesequalitiesι∗kAγ̃2?γ1
= Aγ̃k

between1-forms. It
will beconvenientto provealsothatF (idx) = 1 for any x ∈ X. Indeed,

F (idx) = Fĩdx
(τ) = P∞(Aĩdx

)(τ) = 1

sinceAĩdx
= ĩdx

∗A = 0 becausẽidx hasrankzero(Lemmata2.1.3(b) and
A.3.2).
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2.) Smoothness. Let c : U // PX beaplot, i.e. themap

[0, 1] × U
id×c // [0, 1] × PX ev // X

is smooth. We extendthis mapto a plot c̃ : R × U // X. Considerthe
inclusionιu : R // R × U definedby ιu(t) := (t, u), andthe associated
smoothmap

Γ : U // P(R× U) : u � // Pιu(τ).

It follows that

U
Γ // P(R× U)

Fc̃ // G (B.2)

is smooth. We claim that (B.2) coincideswith F ◦ c; this shows that F is
smooth.Indeed,

Fc̃(Γ(u)) = Fc̃(Pιu(τ)) = ι∗uFc̃(τ) = F
c̃(u)

(τ) = F (c(u)).

3.) Thin homotopyinvariance. We have to show that F (γ1) = F (γ2)
whenever there is a thin homotopy h ∈ PPX betweenγ1 and γ2. The
adjoint maph∨ : [0, 1]2 // X canbe extendedto a plot h̃∨ : R2 // X
[SW11,Section2.3]. Onechecksthat

((h∨)∗F )(γ) = F
P̃ h∨(γ)

(τ) = P∞(A
P̃ h∨(γ)

)(τ)

= P∞(γ̃∗A
h̃∨)(τ) = P∞(A

h̃∨)(γ).

Sinceh∨ hasrankone,the1-form A
h̃∨ = (h̃∨)∗A is flat by LemmaA.3.2,

andsois (h∨)∗F . Then,theclaim follows from LemmaB.3 below.
By now we have defineda functorP : Z1

X(G) // Fun(X,G). It re-
mainsto show that it is inverseto thefunctorD. SupposeA is anobjectin
Z1

X(G), andF := P(A). Over a plot c : U // X, we have to checkthat
D∞(c∗F ) = Ac. This is equivalentto c∗F = P∞(Ac). Indeed,we find for
γ ∈ PU

(c∗F )(γ) = F (Pc(γ)) = P∞(A
P̃ c(γ)

)(τ)
(∗)
= P∞(γ̃∗Ac)(τ)

= γ̃∗P∞(Ac)(τ) = P∞(Ac)(γ)
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where(∗) comesfrom thecommutativediagram

R
γ̃ //

P̃ c(γ)
��<<<<<<<<<< Uc

c

������������

X

andthe last equalitycomesfrom the fact that (P γ̃)(τ) = γ aselementsin
PX. Conversely, supposean objectF in Fun(X,G) is given andA :=
D(F ). Wehave to checkthatP(A) = F . Indeed,for γ ∈ PX,

P(A)(γ) = P∞(Aγ̃)(τ) = P∞(D∞(γ̃∗F ))(τ)

= (γ̃∗F )(τ) = F (P γ̃(τ)) = F (γ).

Thiscompletestheproof. �

We remarkthat the conditionthat the functorsD andP restrict to the
functorsD∞ andP∞ overeachplot, impliesthattheisomorphismof Theo-
rem B.2 commuteswith the pullback functors(B.1) andrespectsflatness.
Thesupplementarylemmausedin theproofaboveandin Section3.2 is

Lemma B.3. Let X bea diffeological space. SupposeF : PX // G is a
smoothmapsatisfying

F (γ′ ◦ γ) = F (γ′) ◦ F (γ) and F (idx) = 1

for all composablepathsγ′, γ, andall pointsx ∈ X. Supposefurther that
h ∈ PPX is a homotopybetweenpathsγ1 andγ2, such that (h∨)∗F is flat,
whereh∨ : [0, 1]2 // X is theadjointof h. Then,F (γ1) = F (γ2).

Proof. Recall that γ1, γ2 : [0, 1] // X are locally constantin neighbor-
hoodsU1, U2 of {0, 1}, respectively. Let U := [0, 1] \ (U1 ∩ U2). Choosea
smoothingfunctionϕ suchthatϕ(t) = t for all t ∈ U . As a consequence,
γi = γi ◦ ϕ for i = 1, 2. Wecanregardϕ asapathin R, andusethesmooth
mapsιhs : R // R2 : t � // (s, t) andιvs : R // R2 : t � // (t, s) to con-
structpathsin R2 like shown in Figure2. NoticethatF (γi) = Fh(Pιh0(ϕ))
for i = 1, 2, wherewe have denotedFh := (h∨)∗F . For (x, y) := ev(γ1) =
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(0, 0)
Pιh0 (ϕ)

//

Pιv0(ϕ)

��

(0, 1)

Pιv1(ϕ)

��
(1, 0)

Pιh1 (ϕ)
// (1, 1)

Figure 2: Paths aroundthe boundaryof the unit
square.

ev(γ2), wecalculate

F (γ1) = F (idy) ∙ F (γ1) = F (P (h∨ ◦ ιv1)(ϕ) ? P (h∨ ◦ ιh0)(ϕ))

= Fh(Pιv1(ϕ) ? Pιh0(ϕ))

SincethepathsPιv1(ϕ) ? Pιh0(ϕ) andPιh1(ϕ) ? Pιv0(ϕ) areobviouslyhomo-
topic in R2, thelatterresultis equalto

Fh(Pιh1(ϕ) ? Pιv0(ϕ)) = F (P (h∨ ◦ ιh1)(ϕ) ? P (h∨ ◦ ιv0)(ϕ))

= F (γ2) ∙ F (idx) = F (γ2)

Both linestogethershow theclaim. �
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