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1. Intr oduction and Results

We studya relationshipbetweengeometryon a spaceand geometryon its
loop space We areconcernedvith afairly generaklassof spacesdiffeolo-
gical spacespneversionof the“convenientcalculus’[Sou81,KM97]. Most
prominently the category of diffeologicalspacesontainsthe categoriesof
smoothmanifoldsand Fréchetmanifoldsasfull subcatgories,anda lot of
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familiargeometrygeneralizeslmostautomaticallyfrom thesesubcatgories
to diffeologicalspaces.

The geometrywe studyon a diffeologicalspaceX consistsof principal
bundleswith connection. The structuregroup of thesebundlesis an ordi-
nary, abelianLie group A, whichis allowedto bediscreteandnon-compact.
Theloop spacel X thatis relevanthereconsistf so-calledthin homotopy
classeof smoothmapsr : S' — X, andis thusbettercalledthe “thin
loop space”of X. Dueto the corvenientpropertiesof diffeologicalspaces,
LX is again anhonestdiffeologicalspace.On L X, we characterize class
of “fusion maps” f : LX — A, following anideaof Stolzand Teichner
[ST]. A fusionmap f is smooth,andwheneer ~,, v, and~; arepathsin X
with acommoninitial pointanda commonendpoint, it satisfies

fRx7) - f(B*72) = f(B*7),

wherex denoteghe compositionof pathsand” denoteghe reversedpath.
Fusionmapsform a group underpoint-wise multiplication, which we de-
noteby Fus(LX, A). A detaileddiscussiorof fusionmapsis the contentof
Section2. Our first resultis

Theorem A. Let X be a connectediffeolagical spaceand let A be an
abelianLie group. Ther is anisomorphism

hoDiffBuny (X) = Fus(LX, A)

betweenthe group of isomorphismclassesof diffeolagical principal A-
bundlesover X with connectionand the group of fusion mapson the thin
loop spacelL X.

Thebijectionof TheoremA is establishedby groupisomorphismgalled
“transgression’and “regression”. Transgressiofbasicallytakes the holo-
nomy of the given connection,andis discussedn Section5. Its inverse,
regressionreconstructs principal bundle over X with connectionfrom a
givenfusionmapf : LX — A, andis the contentof Sectiond. The proof
of TheoremA is givenin Section6.

Thegroupson bothsidesof theisomorphisnof TheoremA have impor-
tant subgroups:ithe oneon the left handsideis composedf bundleswith
flat connectionsandthe oneon the right handsideis composeaf locally
constantfusion maps. In Propositions4.2.5and 3.2.13we shall shawv the
following:
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Corollary A. Theisomorphisnof TheoemA restrictsto anisomorphism
hoDiffBuny®(X) = Fusi.(LX, A)

betweerthe group of isomorphisntlassesof flat diffeolagical principal A-
bundlesover X andthegroupoflocally constantfusionmapson £.X .

If X is asmoothmanifold,adiffeolagical principalbundleover X is the
sameas a smoothprincipal bundle; similarly, connectionon diffeological
principalbundlesbecomeordinary smoothconnectionsUnderthesedenti-
fications,TheoremA andCorollary A arestatementaboutthe geometryof
ordinary smoothmanifolds.

Oursecondesultis ananalogof TheoremA in asetupfor bundleswith-
outconnectionlt reliesontheexistenceof connection®n principalbundles
andis thusonly valid over smoothmanifolds,andnot over generaldiffeo-
logical spacesTherelevantstructureon the thin loop spaces now a group
of equivalenceclasseof fusion maps,which we denoteby hFus(LM, A).
Heretwo fusion mapsareidentifiedif they areconnectedy a paththrough
the spaceof fusionmaps.

Theorem B. Let M bea connectedmoothmanifold. Ther is an isomok
phism
hoBuny (M) = hFus(LM, A)

betweenthe group of isomorphisnmclassesof smoothprincipal A-bundles
over M andthegroupof equivalencelassef fusionmapson LM.

Our lastresultis thatundertheisomorphism®f TheoremsA andB, the
operationof forgetting connectiongorrespondpreciselyto the projection
of afusionmapto its equvalenceclass:

Theorem C. The bijectionsof TheoemsA and B fit into a commutative
diagram

o

hoBuny (M)

|

hoBun, (M) <——— IFus(LM, A),

Fus(LM, A)

whosevertical arrowsare, respectivelyforgetting the connectionand pro-
jectingto equivalencelasses.
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TheoremsB and C are proved simultaneously In Sections4 and5 we
definegrouphomomorphisms” and% thatconstitutethe isomorphisnof
TheoremB sud that TheoremC is true. In otherwords, 7 and % are
covered,respectiely, by transgressioandregressionwhich areinversesof
eachotheraccordingto TheoremA. Sincethe vertical arrons in the com-
mutative diagramof TheoremC aresurjective it follows that.7 and% are
alsoinversedo eachother

Studying the relationshipbetweenprincipal bundleswith connection
over a smoothmanifold M andtheir holonomyhasa long history in dif-
ferentialgeometryincludingwork of Milnor, Lashofand Teleman.A nice
overview andreferencesan be found in Barretts seminalpaper[Bar91].
In thatpaper Barrettintroducedthe notion of thin homotopicloopsthatwe
usehere,andproveda versionof our TheoremA for smoothmanifolds.We
remarkthat his formulation of the loop spacestructureis slightly different
from our fusionmaps,andrequiresfixing abasepointin M.

Theresultsof the presentrticleextendBarretts resultin two ways.The
firstis thatTheoremA extendsBarretts bijectionto alarger classof spaces
— diffeologicalspacesFor example, TheoremA holdsfor principalbundles
over the thin loop spaceitself. The secondis TheoremB, which extends
Barrett’s bijectionto principalbundleswithoutconnection.

Our resultsare madepossibledue to new tools that we develop. The
main innovation is a comprehense theory of principal bundleswith con-
nectionover diffeologicalspacesthisis workedoutin Section3. We follow
theslogan: evenif oneis only interestedn smoothmanifoldsit is helpfulto
usediffeologicalspacesMore specifically we usenew descent-theoretical
aspectswe introducea Grothendieckopologyon the cateyory of diffeolo-
gical spacesaandprove that principal bundleswith andwithout connections
form sheaes of groupoids(Theorems3.1.5and 3.2.2). Finally, we shav
thatdiffeolagical principalbundleswith andwithout connectiorreduceover
smoothmanifoldsconsistentlyto smoothprincipalbundles(Theorems3.1.7
and3.2.6).

In the maintext of this paperwe assumehatthe readeris familiar with
the basicsof diffeologicalspacesin orderto make the paperaccessibldor
otherswe haveincludedAppendixA with abrief review aboutdiffeological
spacesemphasizinglifferentialforms, pathspacesndsheaftheory
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2. Pathsand Loopsin Diffeological Spaces

In this sectionwe definefusion mapson thin loop spaces.They appearon
theright handsideof the bijectionsof TheoremsA andB.

2.1 Thin Homotopy Equivalence

Let X beadiffeologicalspace A pathin X isasmoothmapy : [0,1] — X
thatis locally constanin a neighborhoodf {0, 1}. Thelatter conditionis
alsoknown underthe name“sitting instants”. Our main referencefor this
sectionis [IZ], wherepathsarecalled“stationarypaths”. The setof pathsis
denotedP X; it is itself a diffeologicalspaceasa subsebf the diffeological
spaceof smoothmapsfrom [0, 1] to X, whichwe denoteby D>([0, 1], X).
A diffeologicalspaceX is calledconnectedf theendpointevaluation

ev: PX — X x X : v+ (7(0),v(1))

is surjectve. Onecanshaw thatev is thenevena subductionlZ, V.6], the
diffeologicalanalogof a smoothmapthatadmitssmoothlocal sectiongsee
Definition A.2.1 andLemmaA.2.2). In the following we assumeéhat X is
connected.

Becausef the sitting instants two pathsy;, 2 with v, (1) = ~2(0) can
be composedo a third path~; * «; which is definedin the usualway [1Z,
V.2,V.4]. Forz € X, wedenoteby id, theconstanpathat z, andfor apath
~ we denoteby 7 thereversedpath. A smoothmap f : X — Y between
diffeologicalspacesnducesa smoothmap

Pf.:PX — PY :v+—= foxn

thattakescompositionandreversalof pathsin X to thoseof pathsin Y [IZ,
1.59].
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We wantto force compositionto be associatre, the constanpathsto be
identities,and pathreversalto provide inversesfor this composition. One
solution would be to identify homotopicpaths. However, asis known in
the caseof manifolds,a lot of thegeometrywill belost: onebetterrestricts
to homotopiesof rank one, so-calledthin homotopiegBar91, SW09]. In
thefollowing we generalizehe concepiof thin homotopiego diffeological
spaces.

Definition 2.1.1.Letk € N. Asmoothmap f : X — Y betweerdiffeo-
logical spaceshasrank k if for everyplot ¢ : U — X and every point
x € U there existsan openneighborhood’/, C U, aplotd : V — Y and
asmoothmapg : U, — V sud thatthediagram

U,—2 v

c d

X

Y

Is commutativeandtherankof thedifferential of ¢ is at mostk.

With a view to TheoremB it is importantto seethat notionswe intro-
ducefor diffeological spacegeduceto the correspondingexistent notions
for smoothmanifolds.

Lemma2.1.2.For M and N smoothmanifoldsasmoothmapf : M — N
hasrankk in the senseof Definition 2.1.1if and only if its differential is at
mostof rankk.

The proof is elementary One can also shav that a smooth map
f : X — Y betweendiffeologicalspacedasrank k if andonly if Laub-
inger’'stangentiaimap f, hasatmostrank & [Lau08]. Thefollowing lemma
summarize®bvious statements.

Lemma 2.1.3.Therankof smoothmapssatisfieghefollowing rules:

(@) If k£ > [, everyrank! mapalsohasrankk.
(b) Everyconstanimaphasrankzeio.

(c)If f : X — Y hasrank £ and descendsalong a subduction
p: X — Z,thequotientmapf’ : Z — Y alsohasrankk.
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(d) If f: X — Y hasrankk,andg : W — X andh : Y — Z are
smoothmapsthenho fog: W — Z alsohasrankk.

Usingthenotionof therankof asmoothmap,we defineasuitableequi-
alencerelationonthespaceP X of pathsin X.

Definition 2.1.4.Let~; and~; be pathsin X with a commoninitial point
x and a commonend point y. A homotopybetweeny; and v, is a path
h € PPX with

ev(h) = (11,72) and ev(h(s)) = (z,y)
for all s € [0, 1]. Ahomotopyr is calledthin, if theadjointmap
RY :[0,1]> — X : (s,t) — h(s)(t)

hasrankone

An importantexampleof a thin homotoyy is an orientation-preserving
reparameterizationpr even ary smoothmapn : [0,1] — [0, 1] with
n(0) = 0 andn(1) = 1. A homotoyy betweeny o n and~ can be ob-
tainedfrom a smoothhomotogy between; andtheidentity idy ;. It is thin
dueto Lemmata2.1.2and2.1.3(d).

Lemma 2.1.5.Beingthin homotopicis an equivalenceelation on the dif-
feolagical spaceP X of pathsin X.

Proof. Firstof all, theidentityid, € PPX isthin, sinceid; factorsthrough
[0, 1], andthushasrankoneby Lemmata2.1.2and2.1.3(d). If h € PPX
is a thin homotoyy, & is alsothin since (h)V factorsthroughhV. Finally,
we have to shaw thatif h; € PPX andhy, € PPX arecomposablehin
homotopiesthe compositionhy; x hy is again thin. For this purposewe
recallthatthe pathcompositioni, x h, : [0, 1] — PX is definedusingthe
subduction/ := U; U U, U Uy — [0, 1], where

U :=1[0,2) , U:=(—-1e5+%¢) and U,:=(3,1],

ande is chosensuchthat 7, (t) = hi(1) forallt > 1 — e andhy(t) =

hy(0) for all t < e. We defineh : U — PX by hi(2t) over Uy, hi(1) =
ha(0) over U, andhy (2t — 1) over U,. Obviously, h descendso [0, 1]; this
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definesh, x h;, (seeLemmaA.1.4). Sinceh, andh, arethin, it follows that
hY : U x [0,1] — X hasrankone.Furthermoreit descend$o (hq x hy)".
Thus,(hy x h1)Y hasrankoneby Lemma2.1.3(c). O

Denoting by ~ the equialencerelation of beingthin homotopic,the
diffeologicalspaceof thin homotopy classe®f pathsis

PX = PX/ ~ .

It remaingto shawv thatP X hasthedesiredstructure:
Proposition 2.1.6.Path compositiorandreversal descendo smoothmaps

«:PX xx PX — PX and (.):PX — PX.

The compositionis associativeand the constantpathsare identities. Fur-
thermog, reversing pathsprovidesinversesfor the composition.

Proof. Compositionandreversalof pathsin PX aresmoothmaps[lZ, V.3,
V.4]. By LemmaA.1.4, a smoothmap that descendslong a subduction
descends$o a smoothmap. Sowe only have to shav that compositionand
reversalarewell-definedunderthin homotopies.

In orderto do so, we introducea “pointwise” compositionandreversal
for pathsin pathspaceslf h € PPX issuchapath,r(h) € PPX isdefined
by r(h)(s) := h(s). Sincer(h)" factorsthroughh”, (k) is thin whenever h
is thin. Thus,if % is athin homotogy betweerny, and~,, thenr(h) is athin
homotopy betweerry; and>s.

The compositiongoessimilarly; here one constructsfrom two paths
hi,ho € PPX suchthath; x hy is apathin PX xy PX anew path
c(hy, he) by c(hy, ha)(s) := ha(s) x hi(s). Thisis thin by the samereason-
ing asin the proof of LemmaZ2.1.5. Summarizingjf h, is athin homotogy
betweeny,; and~;, andh, is athin homotoyy betweeny, and~), wherey,
and~, arecomposableg(hy, hy) is well-definedsince

ha(s)(1) = (1) = 72(0) = ha(s)(0)

for all s € [0, 1], andthusis athin homotoyy betweeny, x v; and~,  +;.
Compositionis associatie: onefindsfor threecomposablgathsy,, v
and~s, athin homotopy (73 * 72) x 71 ~ 73 * (72 * 1) constructedrom
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the evidentreparameterizationin the sameway onefinds thin homotopies
v *id, ~ v ~ id, * v for apathy with ev(y) = (z,y).
Inversionprovidesinverseswe have to constructhin homotopies

yxy ~id, and id, ~7F*7y

for ary path~ with ev(y) = (x,y). To do so,considera smoothingunction
¢, i.e. asmoothmapy : [0,1] — [0, 1] suchthat thereexistse > 0
with ¢(¢) = 0 fort < eandp(t) = 1 fort > 1 — e. Notice that for
s € [0,1], I's(t) = v(e(s)p(t)) is apathin X with ev(I's) = (z,v,(s)),
where, = 7 o ¢ is the reparameterizegath. Furthermore,t canbe
regardedasa path

[':0,1] — PX:s—1T

with ev(I") = (id,,7,). TheadjointmapI¥ hasrank onesinceit factors
through[0,1]. Then,¢(r(T"),T") in the notationintroducedabove is a thin
homotoyy betweenid, = id, x id, and7, % 7,. Sincevy and~, arethin
homotopy equivalent,thelatteris thin homotopy equvalentto 7 x . Thus,
we have constructedneof the claimedthin homotopiesThe otheronecan
be constructegnalogously O

Finally we remarkthatthe spaceP X of thin homotopy classe®f paths
in X is functorialin X: for f : X — Y asmoothmap,the inducedmap
Pf : PX — PY onpathspaceglescendso thin homotopy classego a
smoothmap

Pf:PX — PY,

respectingcomposition reversalandidentity paths.An alternatve formula-
tion of Proposition2.1.6is that’ P X is the spaceof morphismsof a diffeo-
logical groupoidcalledthe pathgroupoidof X (see[SW09,SW11]). From
this point of view, themapsP f definefunctorsbetweerthesegroupoids.

2.2 Fusion Maps

In this sectionwe give thedefinitionof afusionmap,basedn arelationship
betweerpathspacesndloop spaceghatwe introducefirst. A loopin X is
asmoothmapr : S' — X. Loopsin X form thediffeologicalspace

LX = D>(S', X).
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The following definition generalizesBarretts notion of thin homotopies
[Bar91]from smoothmanifoldsto diffeologicalspaces.

Definition 2.2.1. A homotopybetweenloops 7, and 7 in X is a path
h € PLX withev(h) = (m,72). A homotopyh is called thin, if the ad-
joint map

RY :[0,1] x St — X : (t,2) — h(t)(2)

hasrankone

For ary smoothmap f : S* — S! thatis homotopicto the identity —
in particularary rotationandary orientation-preservingeparameterization
—thereexistsathin homotogy betweenr o f andr. Analogouslyto Lemma
2.1.50necanshav thatbeingthin homotopicis anequivalencerelationon
the diffeological spacel X of loopsin X. We denotethis equivalencere-
lation by ~, andthe diffeological spaceof thin homotopy classeof loops
by

LX = LX)~

andcalledthethin loop spaceof X.

Now we cometo the afore-mentionedelationshipbetweernpathspaces
andloop spaces.Denotingby PX.,, C PX the subspacef closedpaths,
asmoothmapcl : PX., — LX is obtainedby performinga gluing con-
structionsimilar to the onefrom the proof of Lemma2.1.5. Considera pair
(71, 72) of pathswith acommoninitial anda commonendpoint; suchpairs
of pathsform thefibre productPX®? := PX xy,x PX, takenalongthe
evaluationmapev : PX — X x X. Wehaveamapse : PX!? — PX,,
thattakesthe pair (1, 72) to theclosedpathis; xv;, andis smoothsincepath
compositionandinversionaresmooth[lZ, V.3, V.4]. All togetheywe have
asmoothmap

l:=close: PXP — LX.

Sinceevery loopin theimageof [ is constanin a neighborhoodf 1 € 5!,
it is clearthat/ is not surjectve. It induceshowever, a subductionon thin
homotopy classes:

Lemma 2.2.2.Ther s a subductiory : PX2 —~ £X sud that the dia-
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gram
l

PXE LX

pr? ‘

PXE ——LX

pr

Is commutative In particular, ¢ is surjective Moreover, ¢ satisfiegherela-
tions

Uy, kxy) = LFEx71,7%)  and Ly, ya* B) = Uy * 3,72)

for all possibley;, s, k, 5 € PX.

Proof. We shaw thatpr o [ descendso the claimedmap/; this makesthe
diagramcommutatve. With Proposition2.1.6it remainsto prove that cl
descends.Indeed: the compositionof a thin homotoly » € PPX_ with
cl definesa thin homotoyy cl o h € PLX. Thefirst relationsfollow since
alreadyse(v1, k * 72) = se(R x 71,72). Thesecondollows sincetheloops
cl(B x5 1) andcl(7; * 1 o 3) arerelatedby a rotationof 2 andhence
thin homotopic. The statementhat ¢ is a subductionis not neededn this
articleandcanhencebeleft asanexercise. O

Thesubductior? is neededo definefusionmaps.Let G beaLie group,
andsupposef : LX — G isasmoothmap.We introducethe notation

fo:=fol:PXE — @

in orderto simplify thefollowing formulae.
Definition 2.2.3.Asmoothmap f : LX — G is calledfusion,if

Je(vis72) - fe(va,v3) = fe(n,s)

for all (v1,v2,73) € PXE i.e. for all triples of thin homotopyclassesof
pathswith a commonnitial pointanda commorendpoint.

It is straightforvardto deducethe following propertiesof fusionmaps.
Lemma2.2.4.Letf : LX — G beafusionmap.Then,

@) fe(y1,72) = fe(y2, )" forall (vi,72) € PXE.
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(b) fe(y,~) =1forall v € PX.

Fusionmapsform a subspacef the diffeologicalspaceD>(L X, G) of
all smoothmaps,which we write as Fus(LX, G). It appearson the right
handsideof theisomorphisnmof TheoremA.

Definition 2.2.5.A fusionhomotopybetweerfusionmapsf, and f; is a path
hin Fus(LX,G) withev(h) = (fo, f1)-

Dueto the compositionandreversalof paths,fusion homotopiesdefine
anequvalencerelation~ onthe spaceof fusionmaps.We denotethe space
of equialenceclassedy

hFus(LX,G) = Fus(LX,G)/ ~ .

It appear®ntheright handsideof theisomorphisnof TheoremB.

Therearetwo particularsituations. Thefirst is when G is replacedby
an abelianLie group A. Then,fusion mapsFus(LX, A) form a groupby
point-wise multiplication, and a subgroupof the group D>*°(L X, A). The
groupstructureis presered underfusionhomotopieshence iFus(L X, A)
is alsoagroup.

The secondsituationis that of a smoothmanifold /. Thenone can
expressthe conditionthata map f : LM — G is smoothin terms
of the Frechetmanifold structureon LA . Indeed, f is smoothif and
only if fopr : LM — G is smoothin the Fréechetsense,where
pr: LM — LM is theprojectionto thin homotofy classegseeLemmata
A.l.4andA.1.7). In the sameway, the smoothnessf a fusion homotogy
h € PFus(LM,G) canbecharacterizedy sayingthatthe pullbackof the
adjointmaph” : [0,1] x LM — G t0 [0, 1] x LM is smoothin the Fréechet
sense.Thus,thesetsFus(LM, G) andhFus(LM, G) have adescriptionin
termsof Fréchetmanifolds.

3. Diffeological Principal Bundleswith Connection

In this sectionwe introducediffeologicalprincipalbundleswith connection,
whichappeaontheleft handsideof thebijectionof TheoremA. In addition,
we prove someresultsthatwe needin orderto prove TheoremsA andB.
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3.1 Diffeological Principal Bundles

Here we definediffeological principal bundlesand showv that they form a
sheafof groupoidsover diffeological spaceqTheorem3.1.5). This sheaf
Is monoidalif the structuregroup is abelian(Theorem3.1.6). We shawv
thata diffeologicalbundle over a smoothmanifoldis the sameasa smooth
principalbundle(Theorem3.1.7).

Let G bealie groupandlet X beadiffeologicalspace.

Definition 3.1.1.A diffeolagical principal G-bundleover X is a subduction
p : P — X togetherwith a fibre-preservingright action of G on P sut
that

T:PXxG— PxxP:(pg)— (p,pg)
is a diffeomorphism.

The conditionon the map ensureghatthe actionis smooth,free and
fibrewisetransitive. For instancejt determines smoothmap

ap P G : (p17p2) = prz(T_l(phPQ)), (3.1.1)

whoseresultis the uniquegroupelementy € G with p, = p;g. Thecondi-
tion thatthe projectionp beasubductiorensureshat X is diffeomorphicto
thequotientof P by thegroupaction[lZ, 1.50].

Remark 3.1.2.Definition 3.1.1coincideswith therestrictionof [IgI85, De-
finition 3.3.1]from diffeologicalgroupsto ordinaryLie groups.In orderto
seethis, it is importantto noticethatthe projectionof a diffeologicalprinci-
pal G-bundleis necessarily“strongsubduction” thediffeologicalanalogue
of asubmersion.

The morphismsbetweendiffeological principal G-bundlesover X are
GG-equivariantsmoothmapsthat respectthe projectionsto X. For P, and
P, diffeologicalprincipal G-bundlesover X, we claim thatevery morphism
¢ : P, — P, isinvertible. To seethis, considerthe smoothmap

Py xx Pi — Pi: (p2,p1) — p1gp, (@(p1), p2).

It satisfiesthe gluing conditionfor the subductionpr, : P, xx P, — P,
andhencedescends$o a smoothmapyp—! : P, — P;. Thisis aninverse
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of ¢. Thus,diffeologicalprincipal G-bundlesover a diffeologicalspaceX
form a groupoidthatwe denoteby Diff Bun(X).

If G isreplacedby anabelianLie group A, thesetsof morphismshasthe
following structure.

Lemma 3.1.3.Let P, and P, be diffeolagical principal A-bundlesover
X. Thenthe set Hom(P;, P,) of morphismsis a torsor over the group
D>(X, A).

Proof. Theproofgoesexactly asin the manifold caseandusesthe smooth-
nessof the mapr from Definition 3.1.1andthe smoothnessf the map gp
from (3.1.1). O

Pullbacksof diffeological principal G-bundlesare definedin the same
way as for smoothprincipal G-bundles. Thus, diffeological principal G-
bundlesform a presheafof groupoidsover diffeological spaces.We shall
seethat this preshealfis actually a sheafwith respectto the Grothendieck
topologyof subductiongseeAppendixA.2).

Thegluingaxiomis formulatedasfollows. Associatedo any subduction
w : W — X is adescentateggory Des(w). The objectsof Des(w) are
pairs(P, d) of adiffeologicalprincipal G-bundleover W andof amorphism
d : wiP — w3 P of diffeologicalprincipal G-bundlesover W suchthat

Wiad o wiyd = wisd (3.1.2)

in Des(w) betweerﬁ.Bjects(Pl, dy) and(P,, dy) isamorphismy : P, — P,
of diffeologicalprincipal G-bundlesover W suchthat
dy o wip = wip o d. (3.1.3)
Thepullbackalongw definesafunctor
w* : Diff Bung(X) — Des(w).

Thegluing axiomis

Lemma 3.1.4.For every subductionw : W — X, the functorw* is an
equivalencef groupoids.
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Proof. We constructaninversefunctorw,. For (P, d) anobjectin Des(w),
we consider

P':=P/~ with p; ~py<=d(p)=(p2). (3.1.4)

Dueto (3.1.2), ~ is an equivalencerelation,and P’ is equippedwith the
pushforvarddiffeology Theprojectionwop : P — X satisfieghegluing
conditionfor the subductionpr : P — P’, sothatit descend$o a smooth
mapp’ : P’ — X. Theactionof G descend$o P’ sinced is G-equivariant.
Now we have to shav that P’ is a diffeologicalprincipal G-bundleover X.

Firstwe shaw thatp’ is again a subduction.Let ¢ : U — X beaplot
andz € U. Sincew o p is —asacompositionof subductions- a subduction,
thereexistsanopenneighborhood” C U of x andaploté¢: V — P of P.
Now, ¢’ := pr o ¢isaplotof P’,andp’ o ¢ = ¢|y. Thus,p’ is asubduction.

In orderto verify thatthe map7’ associatedo P’ is a diffeomorphism,
considerthe commutatve diagram

PxG————=PxwyP

eridJ/ Lprxpr

P,XG?P,XXPI.

The vertical mapsare subductions. Thus, 7’ is smoothby LemmaA.1.4.
Sincer is a bijection, 7' hasto be a bijection, andagain by LemmaA.1.4,
theinverseof 7’ is asmoothmap.

Summarizingw, (P, d) := P’ is adiffeologicalprincipal G-bundleover
X. Now let o : (P,d;) — (P,d2) beamorphismin Des(w). Dueto
(3.1.3),thereexistsa uniquemapy’ : P — P; suchthatthediagram

P, 4@>p2

/

Py

/

Py

I

By

/

is commutatve. Again, LemmaA.1.4 shaws that ¢’ is smooth. It is also
G-equiariant,andthusa morphismw.(¢) := ¢’ of diffeologicalprincipal
G-bundlesover X.
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What remainsis to define natural equvalencesw, o w* = id and
w* o w, = id. Supposefirst (P, d) is an objectin Des(w). With
w*P' =W xx P',themap

§pay: P— WP xv— (p(z),pr(z))

is smoothand G-equiariant,andnaturalin (P, d). Supposesecondlythat
P is adiffeologicalprincipal G-bundleover X. The equvalencerelation~
from (3.1.4)onw*P = W x x P identifies(w, x) and(w’, 2’) if andonly if
w(w) = w(w') andz = 2’. Considettheprojectionpr, : w*P — P, which
is G-equvariant. It respectghe equivalencerelation~ anddefineshencea
smoothmap(p : (w*P)" — P. Thismapis naturalin P. O

Summarizinghe above results we have:

Theorem3.1.5.LetG bea Lie group. Theassignmen' +— DiffBun,,(X)
definesa sheafof groupoidsover the site of diffeolagical spaces.

For an abelianLie group A thereis more structure: the groupoid
DiffBun,(X) of diffeologicalprincipal A-bundlesis monoidal. The usual
definition of tensorproductsof abelianprincipal bundlescarriesover to the
diffeologicalcontet. If P, andP, arediffeologicalprincipal A-bundlesover
X, then

PL@Py:=(Pyxx P)/ ~ with (pi.a,pz) ~ (p1,p2.0),

equippedwith its canonicaldiffeology accordingto ExampleA.1.3 (d) and
(e), is agnin a diffeological principal A-bundleover X. Verifying thatthe
functor w, andthe naturalequivalencesv, o w* = id andw* o w, = id
constructedn the proof of Lemma3.1.4aremonoidal,we have

Theorem 3.1.6. Let A be an abelian Lie group. The assignment
X +—— Diff Bun,(X) definesa sheafof monoidalgroupoidsover the site of
diffeolagical spaces.

In the remainderof this sectionwe considerdiffeological principal G-
bundlesover a smoothmanifold M. The functor Man — Diff from the
categgory of smoothmanifoldsto the category of diffeological spaceqsee
SectionA.1) inducesafunctor

Dy : Bung (M) — Diff Bung(M).
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Oneonly hasto noticethatthe projectionof a smoothprincipalbundleis a
subductionLemmaA.2.2).

Theorem 3.1.7.ThefunctorD,, is anisomorphisnof groupoids.

Proof. Suppose : P — M is adiffeologicalprincipal G-bundleover M.
We equipthe total spaceP with a smoothmanifold structure. By Lemma
A.2.2 we canchooseanopencover {U, } of M togetherwith diffeological
sectionss,, : U, — P. They inducebijections

0, U, x G —= p’l(Ua) s (z,9) = s4(2)g

andthusequipeachsubsep~!(U,) C P with asmoothmanifoldstructure.
Thetransitionfunctionis

05000 1 (UaNUs) xG  —  (UyNUs) x G
(z.9) = (2,9p(s5(),5a())g)

andthussmooth.Hence thesmoothmanifoldstructureonthesetsp= (U,,)
glue together The sameargumentshaws thatthey areindependenof the
choiceof the opensetsU, andthe sectionss,. We claim thatthe original
diffeologyon P coincideswith thesmoothdiffeologyinducedby thesmooth
manifold structurewe have just defined. Given that claim, the projection
p : P — X, thelocal sectionss,, : U, — P, andthe actionof G on
P aresmooth. Thus,p : P — M is a smoothprincipal G-bundle over
M. Similarly, every morphismy : P, — P; of diffeological principal
G-bundlesis smooth.This yieldsa functor

D,} : DiffBung (M) — Bung(M).

We have to showv that the two functorsD,, and D;j arestrict inverses
of eachother Onepartis exactly the above claim. In orderto prove the
claim, supposeP is a diffeological principal G-bundle. We have to shav
thatamapc: U — P isaplotof P if andonlyif it is smoothwith respect
to the smoothmanifold structureon P definedabove. Supposdirst c is a
plot. DefinetheopensetsV,, := ¢ !'p~!(U,) thatcover U, andconsiderthe
composite

o tocly, i Vo — Uy x G. (3.1.5)
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Sinceo,! is asmoothmap, (3.1.5)is smooth.Becauser,, is a chartof the
smoothmanifold P, ¢ is smoothon V. SinceU is coveredby thesetsV,,, ¢
Is smootheverywhere.Corversely suppose: : U — P is smooth.Then,
(3.1.5)is smoothandthusa plot of U, x G. But sinceo, is alsosmooth,
its compositionwith theplot (3.1.5)is aplot of P. Sincethis compositions
clv,,, cis aplot by axiom (D3) of Definition A.1.1.

It remainsto checkthe otherpart. Assumethat P is a smoothprincipal
G-bundle. Then,thesectionss, usedaborve canbechosersmooth resulting
in diffeomorphisms,,. Thesenducetheoriginal smoothmanifoldstructure
onpP. U

Sincepullbacks(andin the abeliancase:tensorproducts)of diffeologi-
cal principal bundlesare definedexactly asfor smoothbundles,it is clear
thattheisomorphism&D,, defineanisomorphisnof sheaesof (monoidal)
groupoids.

3.2 Connections,Parallel Transport and Holonomy

In this sectionwe introduceconnectionon diffeologicalprincipal bundles,
and generalizethe statementf Section3.1 to a setupwith connections
(Theorems3.2.2,3.2.3and 3.2.6). Furtherwe investigate paralleltransport
andholonomyin diffeologicalprincipal bundleswith connection.

The definition of a connectionis literally the sameasin the context of
smoothmanifolds.

Definition 3.2.1.Letp : P — X be a diffeolagical principal G-bundle
over X. A connectioron P is a 1-formw € Q!(P, g) sud that

prw = Adg_l(pr*w) +g"0,

whee p : P x G — P istheactionmap,g : P x G — G and
pr : P x G — P are the projections,Ad denoteshe adjoint action of
G ong, andf € Q'(G, g) is theleft-invariant Maurer-Cartanformon G.

Justlik e this definition, several statementgieneralizestraightforvardly
from connection®n smoothprincipalbundlesto diffeologicalones.For in-
stancethetrivial principalG-bundle P := X x GG over X carriesacanonical
connectionv := prif. More generallyif A € Q'(X, g) isarny 1-form,

w = Ad ! (pr;*A) 4 prif

pPra
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definesaconnectioron P.

Let P, and P, be principal G-bundleswith connectionsu; andws,, re-
spectvely. A bundle morphismy : P, — P, IS connection-peserving
if p*wy = wy. We denotethe groupoidof diffeologicalprincipal G-bundles
with connectiorby DiffBuny (X ). We have thefollowing extensionof Theo-
rem3.1.5.

Theorem3.2.2.LetG bea Lie group. Theassignmen — DiffBuny (X)
definesa sheafof groupoidsover the site of diffeolagical spaces.

Proof. Pullbacksof connectionsaredefinedin the evidentway. It remains
to verify the gluing axiom. Let 7 : Y — X bea subductionjet P bea
principal G-bundle over Y andlet w be a connectionon P. Supposel :
7P — 7 P is a connection-preservingundle morphismsatisfyingthe
cogycle condition

Tasd 0 Tiod = Tisd.

Let P’ the quotientprincipal G-bundle over X, comingwith a subduction
pr: P— P'. Forpr, : P xpr P — P thetwo projections,we have
to shaw thatprjw = priw. Then,sincedifferentialformsform asheaf{lZ,
VI1.38], the 1-form w descendso P'. It follows thenautomaticallythatthe
guotientl-formis aconnection.

In orderto prove theidentity priw = priw, considerthe smoothmap

k:PxXp P— priP : (z1,22) —= (v1,p(z1),p(2)),

wherethe projectionspr,, pr, : P xp. P — P aregivenby pr, o k£ and
pr;odok, respectrely. Sinced preseresconnectionsye havepriw = priw.
O

Next comesomestatementaboutconnection®n diffeologicalprincipal
bundleswith abelianstructuregroup A. First of all, it is straightforvard
to verify thaton a tensorproduct P, ® P, of two suchbundles,one hasa
tensomproductconnectiony; ® ws, comingfrom thesumpriw,; + priws, that
descendslongthesubductionP; x x P, — P; ® P,. We haveimmediately

Theorem 3.2.3.Thegroupoid Diff Buny (X ) is monoidal,and principal A-
bundleswith connectiorform a sheafof monoidalgroupoids.

Further we have the following generalizatiorof Lemma3.1.3.
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Lemma 3.2.4.Let P, and P, be principal A-bundlesover X with connec-
tions. Then,the setHom (P, P;) of connection-peservingmorphismss a
torsor overthegroup D;°(X, A) of locally constantsmoothmaps.

C

Proof. Given Lemma3.1.3, it is enoughto prove the following claim.
Supposep : P, — P, is a connection-preservingundle morphism,and
f X — Ais asmoothmap. One computesthat ¢ f is connection-
preservingf andonly if

pif0 =0, (3.2.2)

wherep, : P, — X is the bundle projection. Becausdifferentialforms
form asheafover Diff, andp; is asubductionijt followsthat(3.2.1)holdsif
andonly if alreadyf*6 = 0. Accordingto the following lemma,thisis the
casef andonlyif f islocally constant. O

Generallywedefinedlog(f) := f*0 forasmoothfunctionf : X — A.
Then,we have:

Lemma3.2.5.dlog(f) = 0 if andonlyif f islocally constant.

Proof. Suppos¢first that f is locally constant. Then, for ary plot ¢ :
U — X, itspullback f o cis constanbn path-connectedomponent®sf U,
i.e. locally constant.Thus,theordinarydifferentialform (f*0). = (f o ¢)*0
vanishes.Corversely supposef*“d = 0. Assumethat thereexists a path
v € PX with ev(y) = (z,y) suchthat f(z) # f(y). It follows thatthe
compositionr := f o v is a smooth,non-constanmap. In particular there
existst € (0,1) andv € T;(0, 1) suchthatdr|,(v) # 0. Then,

(f70)s]e(v) = 770 (v) # 0,

contradictingheassumptiorof f*6 = 0. O

Next wereturnto ageneralie groupG, andcomparaiffeologicalprin-
cipal bundleswith connectionover a smoothmanifold to smoothbundles
with connection.ThefunctorD,, from Section3.1 extendsto a functor

Dy, : Buny (M) — DiffBung (M),

andasaconsequencef Theorem3.1.7we seeimmediately

Theorem 3.2.6.Thefunctor Dy, is anisomorphisnof groupoids.
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Thecurvatue of aconnectionv onaprincipal G-bundle P is the2-form
K, :=dw+[wAw] € QP g).

If G is abeliank, descendso a2-form Q?(X, g). A connectionw is called
flatif K, vanishesFlatnescanbedetectedlocally”:

Lemma 3.2.7. A connectionw on a diffeolagical principal G-bundle
p : P — X isflatif andonly if for everyplot ¢ : U — X the pull-
bad connection-*w onc¢* P is flat.

Proof. Clearly, if w is flat, c*w isflat. Letd : V — P beaplotof P, so
thatc := p o disaplotof X. By assumptiong* P is flat; additionallyit also
hasasmoothsections : V. — ¢*P : v+ (v,d(v)). Then,

0=5Ku, =spr'K, =d'K, = (K,)q-
This shaws thatthe 2-form K, vanishes. O

Importantexamplesof flat connectionsriseasfollows.

Lemma3.2.8.Letf : X — Y beasmoothrankonemap,and P a princi-
pal G-bundleoverY with connectionThen, f* P is flat.

Proof. Using Lemma3.2.7 we may checkthat ¢* f* P is flat for all plots
¢ : U — X. Moreover, sincec* f*P is a smoothprincipal G-bundlewith
connection(Theorem3.2.6),we cancheckits flatnesdocally. Since f has
rank one,every pointu € U hasanopenneighborhood/ C U suchthat
(f o ¢)|y factorsthrougharankonemapg : V — W andaplot d :
W — Y of Y. It followsthatc* f*P|y = g*d* P, whichis flat. O

In the remainderof this sectionwe define parallel transportand holo-
nomy for connectionn diffeological principal bundles. For this purpose
we regard a connectionw € Q!(P, g) on adiffeologicalprincipal G-bundle
P over X viaTheoremB.2 asasmoothmapF,, : PP — G. Thecondition
on the 1-form w from Definition 3.2.1is now sayingthatfor ¢ € PG and
v € PP wehave

9(1) - Fu(vg) = Fu(v) - 9(0). (3.2.2)
In orderto definethe parallel transport,let us first notice the follow-

ing generalfact. If f : M — X is a smoothmap definedon a con-
tractible smoothmanifold M, then f lifts to P, i.e. thereexists a smooth
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mapf : M — P suchthatp o f = f. Indeed,the pullback f*P is by
Theorem3.1.7a smoothprincipal G-bundleandthushasa smoothsection
s: M — f*P. Combiningthis sectionwith theprojectionpr : f*P — P
yieldsthe claimedlift.

Definition 3.2.9.SupposeP is a diffeolagical principal G-bundlewith con-
nectionw. Lety € PX bea pathand® bealift. Then,themap

7 Pyoy — Py 1 = 7(1).(FL(%) - 9p(7(0),q))

is calledthe parallel transportof w along-y.

It is straightforvardto checkthattheparalleltransport” isindependent
of thechoiceof thelift 4. Indeed,f +' is anothellift, we have asmoothmap

9:00,1] — Gt gp(3(t),7'(t))
suchthatyg = v/ andthus
Y (1).(FL(Y) - 9p(4'(0).9)) = F9(1).(F.(Y9) - 9p(79(0),q))
1

¥ (
(1) (9(1) - E(79) - 9(0) - 9p(7(0), 9))
F()-(Fu(7) - 9p(7(0), ¢))

with thelastequalitygivenby (3.2.2).

Alternatively, paralleltransportcanbe definedusingthe paralleltrans-
port of smoothprincipal bundles. For this purpose,one pulls back (P, w)
along~ to aprincipal G-bundleover [0, 1]. Denoteby

7 (Y P) o — (v'P)hh

the paralleltransportof v*w alongthe canonicalpatht from 0 to 1. Then,
undertheidentification(y* P)|; & ,wehavery = 7).
We summarizeall propertlesnf paralleltransportn thefollowing

Proposition3.2.10.Let P beadiffeolagical principal G-bundleover X with
connectiorw. Then,

(a) parallel transportis functorial in the path:

— 7 w
=idp, and T o7 =77,
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(c) themap. is a G-equivariantdiffeomorphismand dependnly on
thethin homotopyclassof the path~.

(c) if theconnectionw isflat, thenz.” only depend®nthehomotopyclass
of 5.

(d) themap
7Y PX xx P— P:(v,q) —7,(q)

is smooth.

Proof. (a) follows directly from the functorial propertiesof the map F,.
Equwvarianceandinvertibility in (b) areclearfrom the definition.

To seetheindependencrom thin homotopiesgonsiderthin homotory
h betweerpathsy, and~, andits adjointh" : [0, 1]> — X thatwe extend
to aplotc : R? — X (seethe proof of TheoremB.2). As noticedabove,
one can choosea smoothsections : R? — ¢*P andobtainallift ¢ :=
pr o s : R2 — P of c. Thelift is a homotopy betweenlifts 5, and 7,
(thoughnot thin, in general).We claim thatc* F, is flat. Then,by Lemma
B.3, F,(1) = F.(%2). To prove the claim, we noticethat the connection
priw onc*P is flat by Lemma3.2.8. But then,¢* F,, = s*pr*w is alsoflat.
For (c) thesameproof appliesjustthatc* F, is alreadyflat by assumption.

Finally, to see(d) considerthemap

7:PPxx P— P:(3q) — 31).(F,(7) - gp(7(0),q))

whichis smoothasacompositiorof smoothmaps.Furthermorefor v € PX
andary lift 4 € PP, we have by definition.*(¢) = 7(7, ¢). Thenwe claim
that Pr : PP — PX is a subduction. Since7 is independenof the
lift 7, it descenddy LemmaA.1.4to a smoothmap. To seethat Px is a
subductionnoticethatary plotc : U — X lifts locally over contractible
openneighborhoods$o P, asnoticedpreviously. 0

The following discussionis restrictedto diffeological principal A-
bundleswith connectiorfor A anabelianLie group. In orderto definethe
holonomyof a connectiorwe have to regardloopsasclosedpaths.Sincea
pathhasby definition sitting instants,one hasto choosea smoothingfunc-
tion ¢; thenwe obtaina smoothmap

0p: LX — PXy:TH=Top.

-184 -



WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

Thethin homotoyy classof o,(7) is independenbf the choiceof ¢. Thus
we have a canonicasmoothmap

o: LX — PX.

Noticethato doesnotdescendo thethin loop spacel X, sincearotationof
theloop would changethe endpointof the associategath.

Definition 3.2.11.Let7 : S' — X bealoop, andlet ¢ € P, bean
elementin the fibre of P over the basepoint of 7. The holonomyof the
connectiorw aroundr is the uniquegroupelementol, (1) := a € A such
that

ToLzT) (Q)CL =g.

Sincethe structuregroup A is abelian,the holonomyis independenof
the choiceof ¢ (we recallthatfor non-abeliargroupsthe holonomyis only
well-definedup to a conjugation). Analogouslyto paralleltransportit can
be expressedn termsof the holonomyof the smoothprincipal A-bundle
7*P over S*, namelyHol,(7) = Hol,«,(S"). The following proposition
summarizesurtherimportantpropertiesof theholonomy

Proposition 3.2.12.Let P be a diffeolagical principal A-bundleandw a
connectioron P. TheholonomyHol, () arounda loop = dependnly on
thethin homotopyclassof 7, anddefinesa smoothmap

Hol, : LX — A.
Furthermoe,

(@) If (P,w;) and (P, ws) are isomorphicas principal A-bundleswith
connection,
Hol,, = Hol,,.

(b) If (P, w;) and (P,,ws) are principal A-bundleswith connections,

Hol,, sw, = Hol,, - Hol,,.
Proof. We first verify thatHol,, : LX — A is smooth.We have to shav

thatfor everyplotc : U — LX themapHol, oc : U — A is smooth.
This canbe checledlocally. Foru € U, letV C U bea contractibleopen
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neighborhoodf . Then,the basepoint projectionevgoc: V — X lifts
toasmoothmapg : V. — P. Now,

(Hol,, 0 ¢)|v(v) = 7%(o(c(v)), 4(v))

is a compositionof smoothmaps(seeProposition3.2.10(d)), and hence
smooth. Now we verify that Hol,,(7) dependonly on the thin homotopy
classof 7. For h € PLX athin homotoy betweenloops andr,, and
R :[0,1] x S' — X its adjoint,we seeby Lemma3.2.8thath"* P is flat.
Hence by Stokes’ Theorem,

1 = Holpveu(S* x {0})7" - Holpv-o (S x {1}).

Thus,Hol, (71) = Hol, (72). Thealgebraigropertiega)and(b) arestraight-
forwardto check. O

Our final obsenation concernghe “derivative” of holonomyin the ge-
neraldiffeologicalsetup generalizingawell-known formulain themanifold
setup.

Proposition 3.2.13.Let P bea principal A-bundlewith connectionv over
a diffeolagical spaceX . Then,

dlog(Hol,) :/ ev'K, € Q'(LX,a).
S1

In particular, Hol,, is locally constantf w is flat.

Proof. Weworkin aplotd: U — LX. Let~y : (—¢,¢) — U represent
tangentvectorin U, with u := v(0). Let Cy := [0,¢] x S* bethestandard
cylinder, with 7, denotingtheloop attimet. On C; . we pick the orientation
which makes 7. orientation-preservingConsiderthemap¢ : Cp. — X

definedoy é(t, ) := d(v(t), z), whered : U x S — X isthesmoothmap
associatedo d. Then, Stokes’ Theorem(appliedto the smoothprincipal
A-bundle¢* P over Cy ) yields

Hol,,(7;) = Hol,(79) - exp (/ ¢*Kw> .
Co,e
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Now we compute

d 7) 0 ( d
— VHoly, (70) \ 53
. AT

—_— *K(,g)’
de ¢

dlog(Hol,)4l, (
0JCo

d
Hol, () ) = <
) o (Tt)> P

wherethefirst stepis the definition of dlog, andthe secondstepis Stokes’
Theorem. The resultis preciselythe fibre integration of d* K, evaluated
at v andon the tangentvectorgiven by ~. Thus, for eachplot d we have
dlog(Hol,)q = fsl d* K, andthis shaws the claim. The statementbout
flatnesdollows from Lemma3.2.5. O

4. Regression

Throughoutthis section, X is a connectedliffeologicalspace,r is a base
point, and GG is a Lie group. In the first subsectionwe constructa dif-

feological principal G-bundle Z..(f) over X associatedo a fusion map
f + LX — G. In the secondsubsectionwe equip this bundle with a
connection.Thesetwo constructiononstitutethe bijectionsof Theorems
B andA, respecitrely.

4.1 Reconstructionof the Bundle

The reconstructiorof the bundle Z,.(f) is essentiallythe one of [Bar91],
recalledin a way emphasizinghe role of descentheory Let P, X denote
thesubspacef PX consistingof classe®f pathsin X startingatx. Then,
the restrictionof the subductionev : PX — X x X to P, X is still a
subductiorev; : P, X — X, whichis aconsequencef PropositionA.2.3.
Let f : LX — G beafusionmap. Let 7, := P.X x G denotethe
trivial principal G-bundleover P, X. We equipT, with a descenstructure
for the subductiorev,, andusethatdiffeologicalprincipal G-bundlesform
asheafover diffeologicalspace¢Theorem3.1.5). Thedescenstructures a

bundlemorphism
dy :priTy, — pryT; (4.1.1)

over P, X2, with pr; : P,X? — P, X theprojections.lt is definedby

d(71,72,9) == (71,72, fe(v2,711)9)-

-187 -



WALDORF - TRANSGRESSION TO LOOP SPACES AND ITS INVERSE

This is a smooth,G-equivariantmap, respectghe projectionsto the base,
and satisfiesthe descentcondition (3.1.2) dueto the fusion propertyof f.
Thus,we obtainadiffeologicalprincipal G-bundle

R (f) = (ev1)u(Ty, dy)
over X.

Lemma 4.1.1. The isomorphismclass of %, (f) doesnot dependon the
choiceof thebasepoint .

Proof. For anothetbasepointy chooseapathx € PX with ev(k) = (y, x),
which is possiblesince X, is by assumptionconnected.Proposition2.1.6
shavs thatthe map

Cp i P X — BX:vyr>7y%kK

is smooth. It sufficesto shav that the descentstructured; on the trivial
principal G-bundleT), over P, X pullsbackalongc, to thedescenstructure
ds onT,. Indeedthisis equialentto theidentity f;(voxk, y1%k) = fo(72, 71)
whichfollows from Lemma2.2.2. O

Next we look atthetwo particularcasesve have looked at at the endof
Section2.2. Thefirst caseis that G is replacedoy anabelianLie group A.
We recallthatthenthe productof fusionmapsis again afusionmap.

Lemmad4.1.2.Let f1, fo : LX — A befusionmaps.Thereis a canonical
isomorphism
%x(flfé) = %x(fl) ®%x(f2)-

Proof. Thetensormproduct?, ® T, inheritsadescenstructured;, ®dy,, and
sincediffeological bundlesform a sheafof monoidalgroupoids(Theorem
3.1.6),T, ® T, descend$o Z,.(f1) ® %.(f>). Considettheisomorphism

0: T, T, — T, : ((v,a1), (7,a2)) —= (7, a1a2)

of principal A-bundlesover P, X . It exchangeshedescenstructured;, @dy,
onT, ® T, with dy, s, onT,; hencey descendso theclaimedisomorphism.
O

The secondparticularcaseis when X is a smoothmanifold M. Then,
thereis anisomorphismDiffBun, (M) = Bun, (M) betweerthe groupoids
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of diffeological principal G-bundlesand ordinary smoothones(Theorem
3.1.7).Theexistenceof connection®n smoothprincipalbundlespermitsus
to shav thefollowing:

Lemma 4.1.3. Let M be a connected smooth manifold, and let
f: LM — G bea fusionmap. Then,the isomorphisnclassof Z,.(f)
depend®nly onthefusionhomotopyclassof f.

Proof. Let h be a fusion homotoy betweenfusion mapsf, and f;. Let
T denotethe trivial principal G-bundle over [0, 1] x P,M. We definea
descentstructureon 7" with respectto the subductionid x ev; : [0, 1] x
P.M — [0,1] x M by

dn(t, 71,72, 9) == (t, 71,72, h(t) (L(72,71))9)-

The cogycle conditionis satisfiedbecauséi(t) is afusionmapat ary time
t. We obtain a diffeological (and thus smooth)principal G-bundle @ :=
(id x evy).(T,dy) over M. lts restrictionto {0} x M is Z.(f,) andits
restrictionto {1} x M is Z.(f,). Thus,ary connectionon () definesan
isomorphism. O

Summarizingpn a smoothmanifold M we have awell-definedmap
X : hFus(LM,G) — hoBung(M).

If G is abelian,Z is a grouphomomorphisnby Lemma4.1.2. This group
homomorphisndefinesthe bijectionof TheoremB.

4.2 Reconstructionof the Connection

Our constructionof a connectionon Z,.(f) is different from the one of

[Bar91]. We equipthe trivial G-bundle T, over P,X with a connection.
This amountgo specifyinga 1-form A, € Q!'(P, X, g). Thenwe prove that
this connectiordescend$o a connectioron Z,.( f ).

In orderto definethe 1-form we useTheoremB.2, which identifies1-
formsonary diffeologicalspacewith certainsmoothmapsonits pathspace.
Lety: [0,1] — P, X beapath.Noticethats, := v(0) and; := (1) are
elementsn P, X. Furthemoticethat3(t) := ~(¢)(1) definesapaths € PX
(seeFigurel). We considerthegroupelement

Fo(7) :== fo(B1, B* Bo) € G.
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Bo

5

Figure 1: A pathin thespaceP, X of basedpaths.

Lemma 4.2.1.Thisdefinesa smoothmap F, : P(P,X) — G satisfying

Fx('}/ © 7) = Fx(7/> : Fx(’Y)

for everypair (v, ') of composablelementsn P (P, X).
Proof. Themap

P(P.X) — P.X xP.X x PX : v+ (0o, 51, ) (4.2.2)

we have implicitly usedabove is smooth. Smoothnes®f the composition
[1Z, V.3] andof f, showv thenthat F), is asmoothmap.FromLemmata2.2.2
and2.2.4we deduce

Fo(v%7) = fo(Ba, B%0xB0) = fe(B 5, B1)- fo( Bu, BxB0) = Fu(v')-Fr(7).

It remainsto shav that F, is well-definedon P(P,X). If h is athin homo-
topy betweery and~/, and (/3,, 51, 3) and(f3;, 52, ') denotetheir images
under(4.2.1),theng, = 5, andg, = ;. Furthermorethe pathss and
arethin homotopic:h; (s)(t) := evy(h(s)(t)) definesahomotopy betweens
andg’, for whichhy = evy o h¥ hasrankonesinceh" hasrankone(Lemma
2.1.3(d)). Thus,F,.(y) = F.(v). O

By TheoremB.2, F, definesa 1-form A, € Q!'(P,X,g). We wantto
shaw thatthe connectionw, on T, determinedby A, descendsalongev;.
For this purposewe have to shaw that
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Lemma 4.2.2. Thebundlemorphismd; : priT, — pr;T, preserveson-
nections.

Proof. Wheneer one hasa morphismP;, — P, betweentrivial princi-
pal G-bundlesover a diffeologicalspaceY’, given by multiplication with a
smoothmap f : Y — G, this morphismpreseresconnectionl-forms A,
andA, on P; and P, respectiely, if andonly if

This canbe checledexplicitly in the sameway asonedoesit in the smooth
manifold context. In our situation,we have Y := P, X, P, .= priT,,
f= f;l, andthel-formsare A; := pr; A, for i = 1,2. Thus,theequation
we haveto shav is

priA,; = Ady, (pr3A,;) — f0.
By TheoremB.2, thisis equialentto shaving that F, satisfies

fel(v(1),7/(1)) - Fa(v') = Faly) - fe(+(0),7(0))
for all (v,v') € P(P,X™). Indeedsincethen = /', we have
fe(Br, BY) - fo(B, B By) = fe(Br, B % 3)
= fo(B71 % B, Bg) = fe(Br, B Bo) - feBo, o)

following from Lemmata2.2.2and2.2.4. O
Sincediffeological principal bundleswith connectionform a sheafof
groupoids(Theorem3.2.2)we have now a principal G-bundle

%xv(f) = (evl)*(mezvdf)

over X with connectionwhoseunderlyingbundleis Z,.(f) from the previ-
oussection.

Lemma 4.2.3. Theisomorphismclassof ZY (f) doesnot dependon the
choiceof thebasepoint z.
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Proof. Themapc, from Lemma4.1.1satisfiesc; A, = A,, equialently,
c.F, = F,, which follows from LemmaZ2.2.2. Thus, ¢, descenddo the
claimedisomorphism. O

Summarizingwe have awell-definedmap
XY Fus(LX,G) — hoDiff Buny (X)

thatwe call regression It definesthe bijectionof TheoremA. For asmooth
manifold M, it fits by constructiorinto the commutatve diagram

Fus(LM,G) Al hoBuny (M)

|

hoBung (M),

hFus(LM, G)

Z

and thus contributesone part of the proof of TheoremC. The following
lemmashavs that#V is agrouphomomorphisnfor abelianLie groups.

Lemmad4.2.4.Let f, fo : LX — A befusionmaps.Then,the canonical
isomorphism
%x(flfQ) = ‘%m<f1> ® %m(f2>

fromLemma4.1.2respectshe connections.

Proof. We recallfrom the proof of Lemma4.1.2thatthe isomorphismhas
beenobtainedfrom anisomorphismy : T, ® T,, — T, over P,X. Since
the connectionv, on T, is the pullbackof a 1-form A, on P, X, it follows
that

Y w, = priw; + praw,

whatever the definition of A, was. Thus, ¢ preseresconnectionsandde-
scenddo a connection-preservingomorphism. O

Finally, we prove onepartof CorollaryA. Generallyamapon a diffeo-
logical spaceX is calledlocally constantif f(z) = f(y) wheneer (z,y) is
in theimageof theevaluationmapev : PX — X x X.

Proposition 4.2.5.Let f : £LX — G bea locally constantfusion map.
Then,theconnectioron ZY (f) is flat.
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Proof. It sufficesto shav thatthe1l-form A, onP, X isflat,i.e. dA, + [A. A

A;] = 0. Thisis, by TheoremB.2, equivalentto shaving that the smooth
mapF, : PP, X — (G takesthe samevalueon homotopicpaths.Suppose
h € PPP,X isahomotoyy betweerpathsy,y € PP, X. If (5, 51, 3) and
(55, 01, B) arethetriples of pathsassociatedo v and~’, we find 3, = (3

andg; = ], andh inducesa homotopy h betweens and 3’ (seethe proof

of Lemma4.2.1).Then,

h r £(B1,—*
01— ~px > px TR ey

isapathin LX from (5, 5x05y) to £(51, B'x3}). Sincef is locally constant,
it follows that £, () = F,(v'). O

5. Transgression

In this section, X is a diffeological spaceand A is an abelianLie group.
Let P be a principal A-bundle over X with connectionw. Accordingto
Proposition3.2.12,the holonomyof w is asmoothmapHol,, : £LX — A.
Furthermore Hol,, dependsonly on the isomorphismclassof (P,w) and
satisfies

Hol,, gw, = Hol,, - Hol,,

for (P, ws) and( P, w,) two diffeologicalprincipal A-bundleswith connec-
tion.

Lemma 5.1. Theholonomyof a connectionw is a fusionmap.

Proof. Thisis asimply calculation:for ¢ anelementn thefibre of P over
the commoninitial pointof threepaths(v;, 72, 73) € PXE,

qa = T%*yl(Q)'H(’lw(f(%;%))
= Taren (T (@) Holu (£(71,73))
= T%W(Q)H(’lw(g(Vh72))_1-H01w(£(71,73))
= q.Hol,(¢(72,73)) " -Hol,(¢(m,72))~"-Hol, (¢(71,73))
Herewe have usedthedefinitionof holonomy(Definition 3.2.11)via the pa-

ralleltransport-” of theconnectionw, its functoralityandits A-equiariance
(Proposition3.2.10). O
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Summarizingwe have awell-definedgrouphomomorphism
TV heDiffBuny (X) — Fus(LX, A)
thatwe call transgession We prove in the following sectionthatit is the
inverseof thegrouphomomorphisn#V constructedn Sectior4.2.

Lemma 5.2. Thefusionhomotopyclassof Hol,, is independenof thechoice
of theconnectioron P.

Proof. Fortwo connectionss, andw; on P, considetheprincipal G-bundle
idxp:[0,1] x P—[0,1] x X

andthel-form ) := tw; +(1—t)wp on|0, 1] x P, whichdefinesaconnection
on [0, 1] x P. Considerfurtherthe smoothmap

n:[0,1] x LX — L([0,1] x X),  n(t, 7)(s) := (¢(t), 7(s)),
whereyp is asmoothingfunction (seethe proof of Proposition2.1.6). Then,
H :=Holgon:[0,1] x LX — A

is asmoothmapandcorrespondso apathh € PD>(LX, A) with H = h",
connectingol,,, andHol,, . All thatremaings to checkthath(t) liesin the
subspacef fusion mapsfor all ¢t € [0, 1]. This follows from the fact that
Holg is afusionmap(Lemmab.1). O

Over a smoothmanifold M, every diffeological principal A-bundleis
anordinary smoothprincipalbundle(Theorem3.1.7). Dueto the existence
of connectionon suchbundles,we obtaina well-definedgrouphomomor
phism

T hoBuny (M) — hFus(LM, A).

By constructionthediagram

hoBunY (M) —Z— Fus(LM, A)

|

hoBun, (M) ——— hFus(LM, A),

is commutatve, which contritutesthe remainingpartto the proof of Theo-
remcC.
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6. Proof of Theorem A

We shaw that regression#" and transgressionZV are inversesto each
other startingwith the proof that 7V o %V is the identity on the space
Fus(LX, A) of fusionmaps.Let f : LX — A beafusionmap.We have
to computethe holonomyof thereconstructetbundle (P, w) := ZY (f). Let
aloopt € LX berepresentety aclosedpathy € PX,. underthemapcl
from Section2.2. Let 7;” : P, — P, denotethe paralleltransportalong~,
wherey = v(0) = (1) and P, denoteghefibre of P overy. We have to
computez € A suchthatr, (¢).a = ¢ for some(andhenceall) ¢ € P,.

Thepath~ lifts to PX,. To seethis, let usdenoteby ~, € PX thepath
Y(s) == v(tp(s)), for ¢ asmoothingfunction (seethe proof of Proposition
2.1.6).We chooseapathx € PX with ev(x) = (z,y). Then,

F:[0,1] — PX, i t— %k

is a pathandlifts v alongthe evaluationev,. We recallthat P is descended
from thetrivial principal A-bundleT, overP X,. In particular it comeswith
aprojectionpr : T, — P. Theparalleltransports.” in P andr; in T, fit
into acommutatve diagram

&

TCE|I€

Tx |70n

pr pr

P,

Y

P,

Y-

Ty

Theparalleltransporin thetrivial bundleT, along¥ is accordingto Defini-
tion 3.2.9givenby

7(7(0),9) := (7(1), gF=(7)).
We computefrom the definitionof F, andLemma2.2.4that
Fo(7) = fe(3(1), 7% 5(0)) = fely x K,y x k) = 1.
Thus,for ¢ := pr(%(0), 9) € P,, wehave 7°(¢) = pr(7(1),9) € P,. Now

we usethedefinitionof P, givenby thedescenstructured; from (4.1.1)and
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thedescentonstruction3.1.4).We computeusingLemma2.2.2

7,°(q) = pr(5(1), 9) = pr(3(0), fe(5(0), 7(1))g)
= q.fo(r, v % k) = q.folid,7) = g fo(y,id) " = ¢.f (7).
We concludethat Hol, () = f(7), which completesthe proof that
(7Y oZV)(f) = f.
Next is the proof that #ZV o .7V is the identity on the group
hoDiff Buny (X) of isomorphisntlassesf diffeologicalprincipal A-bundles
over X with connection.Let P besuchabundle,andlet f : LX — A be

theassociatedusion map,its holonomy Let ¢, € P beafixedpointin the
fibre over z. Noticethat

¢ : Ty — eviP: (v,9) — (7, 7y(q0).9)

definesabundlemorphismover P X : it is smoothby Proposition3.2.10(c)
and A-equvariant. Moreover, it exchangeghe descenstructured; on the
trivial bundleT, = PX, x A with thetrivial descenstructureonev; P:

pr;(p(df(fyl? V2, g)) = pr;gp(fyla Y2, ff(727 fyl)g>
= Ty (q0)-fe(72,71)9 = 7, (20)-9 = Prip(1, 72, 9)-

Hence,p descend$o anisomorphism

(evi)u(@) : Zu(f) — P.

It remainsto prove thatthis isomorphisnrespectghe connectionsThis
is the caseif andonly if theisomorphismy respectsonnectionsi.e. pulls
backthe connectioreviw on evi P to the connectionv, on 7., which was
definedby a 1-form A,. Considerthe composite

PX, —>PX, x A—>eviP——>Pp

in which thefirst mapsendsa path+ to the pair (v, 1). Explicitly, this com-
positeis themap
Jj:PXy — P:vy+—1(q).

Now, theisomorphismy is connection-preservini andonly if

Jw = A, (6.1)
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In orderto checkequation(6.1), let F, : PP — A bethe smoothmap
correspondingo the1-formw underthebijectionof TheorenmB.2. Werecall
that A, wasdefinedby a smoothmap F, : PP,X — A. We claim that
F.(y) = F,(joy)forallvy : [0,1] — PX,. Thisshavs(6.1)andcompletes
theproofof TheoremA.

To shaw theclaim, we recallfrom Sectiond.2that~ definesthreepaths,
namelys, := v(0) € PX,, 51 := (1) € PX,andjs € PX. Thepathjo~
is alift of thepaths alongthebundleprojectionp : P — X:

p((5 0 7)) = p(Ty(90)) = 7(H)(1) = B(t)

forallt € [0, 1]. Usingthefunctoralityof paralleltransporandthedefinition
of holonomywe find

75 (G(7(0)) Holu(Bx o x 71) = 757,51 (/(1(0))).  (6.2)
Ontheleft handside,
HOlw(ﬂ*ﬁo*ﬁfl) = HOlw(ﬁfl*ﬁ*ﬁo) = fo(B*Bo, B1) = ff(ﬁhﬁ*ﬁo)_l,

wherethefirst equalityholdsbecausehe two loopsin theagumentof Hol,
arerelatedby arotation,i.e. aparticularthin homotoyy. Thesecondequality
Is thedefinitionof f andthelastequalityis Lemma2.2.4.0Ontheright hand
sideof (6.2),we have

Thro5-1(1(7(0)) = 751 (90) = j (7v(1))
dueto thedefinitionof j. Thus,(6.2) becomes

75 (7(7(0))) = 3 (v(1))-fe(Br, B * Bo)-
A comparisomwith Definition3.2.9shavsthatF,,(joy) = fe( 51, fx0o). The
right handsideis preciselythe definitionof F,(v) andshaws that F,(y) =
Fu(jom).

A. Diffeology of Loop Spacesand Paths Spaces

In SectionA.1 we review standarddefinitionsandfactsaboutdiffeological
spaces.In SectionA.2 we introducea Grothendieckopologyon the cate-
gory of diffeologicalspacedasedn subductionsin SectionA.3 we review
differentialformsondiffeologicalspacesandrelatethemto smoothmapson
pathspaces.
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A.1 Diffeological Spaces

Diffeologicalspacesvereintroducedoy Souriau[Sou81],andaretodayun-

derstoodasoneflavor of the “convenientcalculus”. For a concisepresen-
tation we refer the readerto [BH, Lau08], for a comprehensi treatment
to [1Z], andto [Stall]for a comparisorwith otherforms of the corvenient
calculus.

Definition A.1.1. A diffeolagical spaceis a set X with a diffeolagy. A
diffeolagy on a set X is a setof mapsc : U — X called plots, whee
ead plot is definedon an opensubset/ C R* with varyingk € Ny, sud
thatthreeaxiomsare satisfied:

(D1) for anyplotc : U — X, anyopensubsetl’ ¢ R!, andanysmooth
functionf : V — U themapco f isalsoa plot.

(D2) everyconstantmapc: U — X isaplot.

(D3) if f: U — X is amapdefinedon U ¢ R* and {U; };c; is anopen
coverof U for which all restrictionsf|, are plotsof X, thenf is also
aplot.

Moreover amap f : X — Y betweendiffeolagical spacesX andY is
called smoothif for everyplotc : U — X of X themapfoc: U — Y
isaplotofY.

Diffeologicalspacegorm a categyory Diff , andtheisomorphismsn Diff
are calleddiffeomorphismsThe following theoremexplainswhy it is con-
venientto usediffeologicalspaces.

TheoremA.1.2 ([BH, TheorenQ]). Thecategory Diff is a quasitopos.

In practice,this meansthat mary constructionsare available which are
in generabbstructedr simply not possiblefor smoothmanifoldsor Frechet
manifolds.The next exampledescribesomeof theseconstructions.

Example A.1.3.

(a) For diffeologicalspacesX andY’, theset D>(X,Y") of smoothmaps
f : X — Y carriesa canonicaldiffeology calledthe functionaldiffeo-
logy[1Z, 1.57].
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A mapc: U — D>(X,Y)isaplotif andonly if thecomposite

exid

Ux X —22 o Do(X V) x X — >y

is smooth.

Everysubsetr” of adiffeologicalspaceX carriesacanonicadiffeology
calledthe subsediffeolagy [1Z, 1.33].

A mapc: U — Y isaplotof Y if andonly if its compositionwith the
inclusion: : Y~— X isaplotof X.

The direct product X x Y of diffeological spacesX andY carriesa
canonicaldiffeology calledthe productdiffeology [IZ, 1.55].

A mapc: U — X xYisaplotof X x Y if andonly if its composition
with theprojectionsto X andto Y areplotsof X andY’, respectrely.

For ary pair of diffeologicalmapsf : X — Z andg : Y — Z, the
fibre productX x ;Y is—asasubsebf X x Y —adiffeologicalspace.

(e) For X adiffeologicalspaceY aset,andp : X — Y amap,Y carries

acanonicaldiffeology calledthe pushforwad diffeolagy [1Z, 1.43].

A mapc : U — Y isaplotif andonly if everypointz € U hasanopen
neighborhood/ C U suchthateitherc|y is constantor thereexists a
ploté: V — X of X with ¢|y =poé.

The pushforvard diffeology of ExampleA.1.3 (e) arisesfrequentlyin

this article, namelywhen ~ is an equvalencerelation on a diffeological
spaceX, andY := X/ ~ is thesetof equivalenceclassesThen,Y carries
the pushforvard diffeology inducedby the projectionpr : X — Y. One
caneasilyshav

LemmaA.1.4([IZ, 1.51]). Let X; and X, bediffeological spaceslet Y be
asetandletp : X; — Y beamap.Thenamapf : Y — X, is smooth
with respecto thepushforwad diffeolagyonY if andonlyif fopissmooth.

In the remainderof this sectionwe shall relate diffeological spacego

Frechetmanifolds. Let Frech denotethe categyory of Fréchetmanifolds.
Then,thereis afunctor

Frech — Diff (A.1.2)
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definedas follows. On objects,it declareson a Frechetmanifold X the
smoothdiffeolagy. Its plotsareall smoothmapsc : U — X, definedon
opensubsetsd/ C R*, for all & € Ny. On morphismsit is the identity:
ary smoothmap f : X — Y betweenFréchetmanifoldsis diffeological.
Indeed ,its compositionf o c with any plotc : U — X of X is smooth,and
thusaplot of Y. Thefollowing theorempermitsthe unambiguousisageof
theword “smooth”.

Theorem A.1.5 ([Los94, Theorem3.1.1]) Thefunctor (A.1.1)is full and
faithful, i.e. a mapbetweenFrédcet manifolds X and Y is smoothin the
manifoldsenseaf andonlyif it is smoothin thediffeolagical sense

Remark A.1.6.

1. Sincesmoothmanifoldsform a full subcatgory of Frech, Theorem
A.1.5remainstrue uponsubstituting‘smooth” for “Fréchet”.

2. If M is asmoothmanifold with boundary it still carriesthe smooth
diffeology However, sinceour plotsaredefinedon opensubsetsary
map f : M — X thatis smoothin the interior of M is already
smoothon M. Forthisarticlethisis negligible: theonly manifoldwith
boundarythatappeardereis theintenal M := [0, 1] asthe domain
of paths.But pathsareby definitionconstannhearthe boundary

Finally we shallshawv thatthefunctor (A.1.1) identifiesthe Fréchetma-
nifold C*>(S!, M) with the diffeological spaceD>(S!, M) (seeExample
A.1.3(a)), sothattheloop spaceL M of a smoothmanifold hasan unam-
biguousmeaning.More generallywe have thefollowing statement.

LemmaA.1l.7.Let M beasmoothmanifoldandlet K bea compacismooth
manifold. Thefunctionaldiffeology on D> (K, M) and the smoothdiffeo-
logy on C*°(K, M) coincidein the sensethat every plot of oneis a plot of
theother

Proof. Letc: U — C*°(K, M) beamap.It isaplotof C>°(K, M) if and
only if it is smooth.It is aplot of D>°(K, M) if andonly if

Ux K—29 0 0o(), M) x K ——= )f (A.1.2)

is smooth. Supposéfirst that ¢ is smooth. Sincethe evaluationmap is
smooth,also(A.1.2) is smooth.Hence every plot of C*° (K, M) is aplot of
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D>(K,M). Corversely assumehat (A.1.2) is smooth. We wantto shov

thatc is smooth.Werecallthatthe Fréchetmanifoldstructureon C>° (K, M)

istheoneof thesetl'( K, M x K') of smoothsectionsn thetrivial A/-bundle
over K. We alsorecallthatif o : E — F'is a smoothmorphismof fibre
bundlesover K, theinducedmap ¢, : I'(K,E) — I'(K, F) is smooth
[Ham82,Example4.4.5]. Since(A.1.2) is smooth,also

cxid

Ux K—29 2 0o(K, M) x K—" M x K

Is a smoothmorphismof (trivial) fibre bundlesover K. It henceinducesa
smoothmap¢ : C*°(K,U) — C>®(K,M). Leti : U — C*(K,U) be
the inclusionof constantmaps,which is smooth. Hence,the composition
¢oi: U — C*(K,M)isasmoothmapandcoincideswith c. Thus,every
plotof D>(K, M) isaplotof C>(K, M). O

A.2 Subductions

Presheges can be defined over ary cateory, while the formulation of
the gluing axiom, i.e. the definition of a sheaf,requiresthe choiceof a
Grothendieckopology In this sectionwe introducea Grothendieckopol-
ogy onthecateyory Diff of diffeologicalspaces.

Definition A.2.1 ([IZ, 1.48]). A smoothmap= : Y — X is called
subductionf thefollowing conditionis satisfied.For everyplotc : U — X
andeveryz € U therte existsan openneighborhood/ C U of z anda plot
¢:V — Ysuhthatmoé = c|y.

Onecanshow that every subductionis surjectve, andthat an injective
subductionis a diffeomorphism[Igl85, Propositionl1.2.15]. One canalso
shav thata smoothmap= : Y — X is a subductionif andonly if the
diffeology of X is the pushforvard diffeology inducedby = [IZ, 1.46]. In
particular all projectionspr : X — X/ ~ to space®f equivalenceclasses
aresubductionsFurtherexamplesof subductionsreprojectionsto a factor
in a productor fibre product[lZ, 1.56], and— asmentionedin Section2.1
—the endpointevaluationev : PX — X x X for X connectedlZ, V.6].
Subductionover smoothmanifoldscan be characterizedn the following
way.
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Lemma A.2.2. Let M bea smoothmanifold,let Y bea diffeolagical space
andletr : Y — M beasmoothmap.Then,r is a subductiorif andonlyif
everypointp € M hasanopenneighborhoodV c M thatadmitsa smooth
sections : W — Y.

Thenext propositionis the mainpoint of this subsection.
Proposition A.2.3. Subductiongorm a Grothendie& topolagy on the cate-
gory Diff .
Proof. Theidentity idy of a diffeologicalspaceX is clearlya subduction.
The compositionof subductiongs a subductior{lgl85, Propositionl.2.15].

Finally, the pullbackof a subductionalongary diffeologicalmapis a sub-
duction[lgl85, Propositionl.4.8]. U

A.3 Differential Forms

Differentialforms on diffeologicalspacesaredefinedplot-wise” usingthe
notionof ordinarydifferentialforms on smoothmanifolds.

Definition A.3.1 ([1Z, VI. 28]). Let X bea diffeolagical space A k-form
on X is a family {¢.} of k-forms . € QF(U) parameterizedby plots
c¢:U— X,sudthaty. = f*p., for everycommutativeliagram

U,

' v,
\ / (A.3.1)

X

with ¢; and¢, plotsand f smooth.

The setof k-forms on a diffeologicalspaceX is denoted?2*(X); simi-
larly onedefinesk-formswith valuesin avectorspacé/, denoted* (X, V).
All familiar featuresof differentialformsgeneralizérom smoothmanifolds
to diffeologicalspacesequippingthe family Q*(X') with the structureof a
differentialgradedcommutatve algebra(dgca). Furtherif f : X — Y is
asmoothmapbetweerdiffeologicalspacesthereis a pullback

fORY) — QF(X)  with  (f*¢)e = Qfoc
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for aplot c of X, formingamorphismbetweerdgcas. In otherwords,forms
over diffeological spacesorm a presheaf2* of dgcas over diffeological
spacesOnecanshaw [IZ, VI.38] thatthis presheafs evenasheaf.

For a smoothmanifold M, it is easyto checkthatthe k-forms of Defi-
nition A.3.1 arethe sameasordinary (smooth)k-forms on manifolds. The
following lemmageneralizes familiar fact from smoothmanifoldsto dif-
feologicalspacegseeLemma2.1.2and[SW11,Lemma4.2])

LemmaA.3.2.Letf : X — Y beasmoothrankk map. Thenthepullbadk
f*p vanishedor all p € QF1(Y).

Proof. Lety € Q' (Y) andletc : U — X beaplot. We shov that
vr.c = 0. Since f hasrankk, every pointu € U hasanopenneighborhood
U, C U withaplotd : V — Y andarankk mapg : U, — V satisfying
dog= focl|y,, seeDefinition2.1.1.1t followsthaty o, = g*pa = 0.

0]

Differential forms canbe transgressetb the loop space,and we have
usedthatin Proposition3.2.13. Let ¢ be a k-form on a diffeologicalspace
X. Consideraplotd : U — LX of theloopspacej.e. amapsuchthatthe
adjointmapd : U x S' — X is smooth.Considerthe (k — 1)-form

g = /S Jo € OFL(1),

whered*y is ak-formonU x S* —andthusanordinarydifferentialk-form
—and fSl denotes'integrationalongthe fibre”. Letd; : U; — LX and
do, : Uy — LX bothbeplots,andlet f : U; — U, beasmoothmapsuch
thatd, o f = d;, thenwe have d, o f = d;, wheref := f x id. It follows
that f*iq, = 14,. Hence := {14} isa (k — 1)-form on the diffeological
spacel. X . Thesameprocedurevorksfor thethin loop spacel X insteadof
LX. In bothcasesye usethe symbolicalnotation

)= ev .
S1

B. Differential Forms and Smooth Functors

In this sectionwe discussacloserelationbetweenl -formsonadiffeological
spaceX andsmoothmapson the pathspaceP X. For smoothmanifolds,
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this relation hasbeenstudiedbeforein [SW09, SW11]. Let G be a Lie
group. On the one hand,considerthe the following groupoid Fun(X, G).
Its objectsaresmoothmapsF : PX — G satisfying

Flyaxm) = F(y2) - F(m)

wheneer pathsy,, v, are composable.A morphismg : F; — Fyis a
smoothmapg : X — G suchthat

g(v(1)) - Fi(y) = Fa(v) - 9(7(0)).

Compositionis multiplication,i.e. ¢, o g := ¢1¢1, andthe identity mor-
phismsaregivenby the constanmapg = 1. Ontheotherhand,let Z%(G)
bethefollowing groupoid.Theobjectsarel-formsA € Q'(X, g), with g the
Lie algebraof G. A morphismg : A; — A, isasmoothmapg : X — G
suchthat
Ay =Ad,(A4)) — g7,

wheref € Q'(G, g) is theright-invariantMaurerCartanform on G. Com-
positionandidentitiesareasin Fun(X, G).

Both groupoidsarenaturalin X, i.e. if f : X — Y isasmoothmap,
thereareevidentpullbackfunctors

f*:Fun(Y,G) — Fun(X,G) and f*: Z}(G) — Z3(G). (B.1)

Thesepullbackfunctorscomposestrictly underthe compositionof smooth
maps. In otherwords, Fun(—, G) and Z'(G) arepresheaesof groupoids
over the catggory of diffeological spaces.We remarkthat both presheges
arein generahotsheaes.

For a smoothmanifold M, the groupoidsFun (M, G) and Z},(G) have
beenintroducedn [SW09]. We recall

PropositionB.1 ([SWO09,Propositio.7]). For asmoothmanifold)/ there
Is anisomorphisnof cateyories

oo

Fun(M, G) Z4,(G).

%OO
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This isomorphismcan be characterizedn termsof parallel transport.
Supposev € Q(P, g) is a connectionon a smoothprincipal G-bundle P
over M,y € PM isapathandy € PP isalift of 4. Then,

2 (3(0)) = 7)) (7).

where 7* denotesthe parallel transportof w along v, and > (w)
PP — (G correspondso thel-formw underPropositionB.1.

We needtwo propertiesof theisomorphismof PropositionB.1. Firstly,
it commuteswith the pullbackfunctors(B.1), i.e. it is anisomorphismof
preshegesover Diff [SW11,Propositionl.7]. Secondlylet uscall a1-form
A € QY X, g) flat, if the2-form

Ky:=dA+[ANA]

vanishesandlet us call anobject 7' in Fun(X, G) flat, if F'(y) = F(v')
wheneer v and~’ are homotopic(Definition 2.1.4). Then,the flat objects
in Z1,(G) correspondoreciselyto the flat objectsin Fun(M, G) [SW09,
LemmaB.1 (c)].

We prove the following generalizatiorof PropositionB.1 from smooth
manifoldsto diffeologicalspaces.

TheoremB.2. Let X bea diffeolagical space Then,thereis aisomorphism
of categories

Fun(X,G) Z3 (@)

thatrestrictsovereveryplotc : U — X to theisomorphisnof Proposition
B.1,i.e
oD =D%0c" and " oP=P>*oc".

Proof. Thefunctor® : Fun(X,G) — Z%(G) is easyto define. If an
objectF in Fun(X, G) is given,onehasfor eachplotc : U — X al-form

A. = D%(c"F) € QYU, g). Thesel-formsclearly defineanobject{A.}

in Z}(G). Moreover, ary morphismin Fun(X, G) is automaticallya mor-

phismin Z}(G). Thisdefineshefunctor®, andit restrictsby construction
over eachplot to the functor ©>°. To finish the proof, it thus remainsto

constructhefunctorp suchthatis strictly inverseto ©.
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AssumeA = {A.} is anobjectin Z}(G). A mapF : PX — G is
definedasfollows. Any path~y : [0, 1] — X extendscanonicallyto a plot
v : R — X. Namely onesimply putsy(¢) := ~(0) for all ¢ < 0 and
~(t) := ~(1) for all t > 1. Thereis auniquethin homotoyy classr € PR of
pathsin R with ev(7) = (0, 1). Then,we put

F(7) = P=(A5)(7).

We have to checkthat this definition yields an objectin Fun(X,G). This
checkconsistf the following threeparts.

1.) Compatibilitywith the path composition For the following calcula-
tionswe usethe notationFy := P>(A5). If 11,7 € PX arecomposable
paths,considerthetwo smoothmaps

1 1 1
11 : R— R:tHit and LyR—>R:tl—>§—|—§t.

Dueto the uniquenessf the pathr, onehast = Py (1) x Pry(7) in PR.
Then,

F(7y2 *’Yl) = Fm(ﬂ = I 7 (Pua(7) x Pua(7))
o (Pia(7)) - Foe (Pua(7)) = 3 (7) - 1 Forie (7)
Y Fa(r) - F(7) = F(3) - F(),

where(x) comesfrom thecommutatve diagram

R 2 R
X

for k = 1,2, whichimplies equalities;; A~ = As; betweenl-forms. It
will becon/enlentto prove alsothat F'(id,) = 1 for ary =z € X. Indeed,

F(idx) ldl( ) SBOO( ldac)( ): 1

sinceA; = id,* A = 0 becauséd, hasrankzero(Lemmata2.1.3(b) and
A.3.2).
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2.) Smoothnesdetc: U — PX beaplot,i.e.themap

0,1] x U —=10,1] x PX —% > X

is smooth. We extendthis mapto aplotc : R x U — X. Considerthe
inclusions,, : R — R x U definedby ¢, (t) := (t,u), andthe associated
smoothmap

F':U— PRXU):u+r—Pu,(1).

It follows that
U-—L-PRx U)o (B.2)

Is smooth. We claim that (B.2) coincideswith F' o ¢; this shawvs that F' is
smooth.Indeed,
Fe(l'(w)) = Fa(Puu(1)) = 1, Fe(r) = F (1) = F(c(w).

3.) Thin homotopyinvariance We have to shav that F'(v,) = F(vs)
wheneer thereis a thin homotoy » € PPX betweeny; and~,. The
adjointmaph" : [0,1]> — X canbeextendedto aplot A : R? — X
[SW11,Section2.3]. Onechecksthat

() F)(3) = Fpo () = (A g )(7)
= P (T A (r) = B (A)(3).

Sinceh” hasrankone,the 1-form A~ = (hV)*A is flat by LemmaA.3.2,
andsois (h¥)*F. Then,theclaim follows from LemmaB.3 below.

By now we have defineda functorpd : 25 (G) — Fun(X,G). It re-
mainsto shaw thatit is inverseto thefunctor®. SupposeA is anobjectin
ZY(G),andF := PB(A). Overaplotc : U — X, we have to checkthat
D>(c*F) = A.. Thisis equivalentto ¢*F' = B>~(A.). Indeed,we find for
v e PU

(€ F)(7) = F(Pe(7)) = B=(A5)(7) 2 F=(F A)(7)
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where(x) comesfrom thecommutatve diagram

R i U.
X

andthe lastequalitycomesfrom the factthat (P7)(7) = v aselementsn
PX. Corversely supposean object F' in Fun(X,G) is givenand A :=
D(F). We have to checkthat3(A) = F. Indeedfor v € PX,

PA) () = P2 (A5)(1) = BT (D= (Y F))(7)
= (V" F)(1) = F(P3(1)) = F(7).

This completeghe proof. O

We remarkthat the conditionthat the functors® and‘p restrictto the
functors®> and3> over eachplot, impliesthattheisomorphisnof Theo-
rem B.2 commuteswith the pullback functors(B.1) and respectdlatness.
Thesupplementarfemmausedin the proof above andin Section3.2is

Lemma B.3. Let X be a diffeolagical space Supposd” : PX — G isa
smoothmapsatisfying

F(yov)=F()oF(y) and F(id,) =

for all composablgathsy’, ~, andall pointsz € X. Supposdurther that
h € PPX is a homotopybetweerpathsy; and~,, sud that (h¥)*F is flat,
whee " : [0,1]> — X istheadjointof h. Then,F(y;) = F(72).

Proof. Recallthat~,,~, : [0,1] — X arelocally constantin neighbor
hoodsU,, U, of {0, 1}, respectiely. LetU := [0,1] \ (U, N Uz). Choosea
smoothingfunction ¢ suchthat(t) = ¢ for all t € U. As aconsequence,
v; = ;o pfori = 1,2. We canregard ¢ asa pathin R, andusethe smooth
maps:” : R — R? : t+— (s,t) and:? : R — R? : ¢t — (¢, s) to con-
structpathsin R? like shavn in Figure2. Noticethat F'(y;) = F, (Pl ())
fori = 1,2, wherewe have denotedF}, := (h"Y)*F. For (z,y) := ev(y1) =
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(0,0) ——(0,1)

PLSW)[ LPL%/J)

1,0) —— (1,1
(7)PL?((,0)(’)

Figure 2: Pathsaroundthe boundaryof the unit
square.

ev(72), we calculate
F(m) = F(id,) - F(m) = F(P(h" 015)(0) » P(hY 0 15)(¢))
= Fy(Pii(¢) * Pig(p))

SincethepathsPY(p) x Pl () and P (o) x Pu () areobviously homo-
topicin IR?, thelatterresultis equalto

Fu(Pui(p) * Piglp)) = F(P(RY 0 1) (0) % P(h" 0 15) ()
= F(y) - F(id;) = F(7)

Bothlinestogethershav theclaim. O
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