N\ CAHIERS DE TOPOLOGIE ET O

| GEOMETRIE DIFFERENTIELLE VOLUME  LXVI-1 (2025) SFREIR

YV CATEGORIQUES O}

TOPICS IN THE CATEGORICAL
ALGEBRA OF CLOSURE SPACES

George JANELIDZE and Manuela SOBRAL

Résumé. Par espace de fermeture nous entendons une paire (A, C), dans
laquelle A est un ensemble et C est un ensemble de sous-ensembles de A
fermé sous les intersections arbitraires. Le but de cet article consiste a con-
sidérer plusieurs questions qui se posent naturellement dans le cadre de I’
algebre catégorique des espaces de fermeture. Cela inclut 1’extensivité (a
gauche) de leur catégorie, la description des morphismes de codescente ef-
fective, et la description des morphismes de co-revitement et co-monotones
par rapport a une certaine coréflexion des espaces de fermeture dans les en-
sembles. Cette coréflexion envoie chaque espace de fermeture sur son plus
petit sous-ensemble fermé.

Abstract. By a closure space we mean a pair (A, C), in which A is a
set and C a set of subsets of A closed under arbitrary intersections. The pur-
pose of this paper is to consider several questions that naturally arise in the
categorical algebra of closure spaces. This includes (left) extensivity of their
category, description of effective codescent morphisms, and description of
cocovering and comonotone morphisms with respect to a certain coreflection
of closure spaces into sets. That coreflection carries a closure space to its
smallest closed subset.

Keywords. closure space, left coextensive category, effective codescent

morphism, cocovering, comonotone morphism.
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1. Introduction

There is a number of types of mathematical structures introduced by various
authors as ‘generalized topological spaces’, and several of them were called
closure spaces, the paper [8] being one of many useful references; let us also
mention the book [7] and the paper [6] for two important links with category
theory, omitting many others. Here we briefly repeat from [10]:

e By a closure space we will mean a pair (A, €), in which A is a set and

C a set of subsets of A closed under arbitrary intersections; we will
write A = (A,C) = (A,C4) and

X=X"'= (| &
XCA’eCy

for a subset X' in A. And we say that X is closed in A when X' € Cy4,
or, equivalently, X = X.

e Amap f : A — A of closure spaces is said to be continuous if it
satisfies (any of) the following three equivalent conditions:

X ecCyu= fHX) € Cyu,
XCA= f1(X)C fYX),
X' CA = f(X)C f(X).

The category of closure spaces and their continuous maps will be de-
noted by CLS.

e A continuous map f : A” — A of closure spaces is said to be closed if
it satisfies (any of) the following three equivalent conditions:

X' eCy = f(X/) € Cyu,

) 2 f(X7),

X' CA = f(
X' CA = f(

X'
X'
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e The underlying set functor U : CLS — Sets is topological in the
sense of categorical topology, and so CLS is small complete and small
cocomplete, and U preserves all existing limits and colimits. In par-
ticular, a diagram in CLS of the form

A" A,

ol

A1—>B

is a pullback diagram in CLS if and only if its U-image is a pullback
diagram in Sets and C4 = {7, 1(X)) N1, 1(X3) | X1 € Cu, & X, €

Ca,}. Wealso have X = 7y H(m (X)) Ny H(ma (X)) forevery X C A.

The purpose of this paper is to consider several questions that naturally
arise in categorical algebra of closure spaces. They could be asked more
generally, replacing CLS with an abstract fopological category (as defined,
e.g., in the survey paper [2]; see also references therein), or even more gen-
erally — and doing that systematically could be an interesting future project.
Some of it would even be well known, as, for example, a part of Section 3, or
Theorem 4.1 (which can be seen as a special case of the dual of Proposition
9.7 of [13]). But here we only consider specifically the case of CLS.

How extensive (in the sense of [4]) is the category CLS? This question
is answered in Section 2.

Three adjunctions,

discrete - underlying set — codiscrete 4 smallest closed subset,

written as D 4 U 4 C' 4 Z, between CLS and the category of sets are
considered in Section 3. Unlike in the case of topological spaces, it seems
that no reasonable ‘locally connected’ counterpart of D has a left adjoint
admitting a nice Galois theory/theory of covering spaces, by which we mean
having a nice special case of constructions of [3]. The adjunctions D -
U and U - C are also not interesting from this viewpoint since (D and
C' are fully faithful while) U has both adjoints. It remains to consider the
adjunction C' 4 Z, which is done in Sections 5 and 6.

In Section 4 we prove that a morphism in CLS is an effective codescent
morphism (=an effective descent morphism in CLSP) if and only if it is a
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subspace inclusion (up to an isomorphism). A possible reference to descent
theory convenient for our purposes is any of the surveys [12] and [11], al-
though only very preliminary material from there is needed. More precisely,
all we will need to have in mind is the dual form of the following well-known
fact: A morphism in a category with pullbacks and coequalizers is an effec-
tive descent morphism whenever it is a pullback stable regular epimorphism
with the corresponding pullback functor preserving coequalizers. Note that
here the pullback stability already makes the corresponding pullback functor
fully faithful, and, in particular, conservative.

In Section 5 we examine dual forms of some notions considered in [3]
in the case of C' 4 Z. Specifically, we prove that the coreflection Z has
stable counits, and characterize cocoverings (which turn out to be the same
as trivial cocoverings) and comonotone morphisms. Then, in Section 6, we
make immediate conclusions concerning the resulting factorization systems:

e We have the one first constructed for a general reflection in [5], but not
the ‘(colight, comonotone)’-factorization system.

e On the other hand, there is the obvious (dense, closed subspace inclu-
sions)-factorization system, and as shown in Section 5, comonotone
morphisms are the same as closed subspace inclusions.

This paper is dedicated to Bill Lawvere, who was the first to see many
unusual adjunctions and their roles.

2. Coproducts and non-distributivity

Let (Ax)xea be a family of closure spaces. The coproduct ) ,_, A, is the
disjoint union of all Ay (A € A), in which a subset X is closed if and only if
X M A, isclosed in Ay for each A € A; writing this we use disjoint union as
ordinary union, which we can do here and below without loss of generality.
Note that each A, is closed in ), A, if and only if the empty set is closed
in each A,.

Theorem 2.1. For every family (fy : Ax — B\)xea of morphisms in CLS,
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and every | € A, the diagram

Au - ZAGA Ax
ful Lz/\eA Ix
Z%i___a'EjAeAlgk

whose horizontal arrows are coproduct injections, is a pullback diagram.

Proof. Our assertion is true at the level of sets, and all we need to prove is
that a subset of A, is closed if and only if it is of the form f,'(Y) N'Y” for
some closed subsets Y of B, and Y’ of ) ,_, Ax.

“If”: Just note that f, ' (Y)NY’" = f,(Y) N A, NY" and both f(Y)
and A, N Y’ are closed in A, whenever Y is closed in B,, and Y” is closed

in Z)\EA A)\.
“Only if””: For any subset X of A,, we have

X=4,n0XU Y A)=f'"(B)n(EXU > A,
AEA\{u} AeA\{u}

and if X is closed in Ay, then X U >y p,y Axisclosedin } o, Ay [

Theorem 2.2. The category CLS is infinitary left extensive, that is, for every
family (Ay)en of closure spaces, the functor

o: [J(CLS | A)) = (CLS | ) A))
AEA AEA
is fully faithful.

Proof. This is trivial for empty A. For non-empty A, just note that taking
pullbacks of the form

Ap Xy, om A A
‘4M z:AeA14A
determines the right adjoint of X, and Theorem 2.1 in fact says that the unit
of adjunction is an isomorphism. 0
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However, Theorem 2.2 can also easily be proved directly. Note also that
the term “infinitary left extensive” seems to be used here for the first time,
although the term “left (co)extensive” was used in [1].

Remark 2.3. Consider Proposition 2.6 and 2.8 in [4]. They say that, in an
extensive category, sums (=coproducts) are disjoint and the initial object is
strict, respectively. However, the poofs given in [4] show that the same is
true in any left extensive category. In particular, these properties hold in
CLS. However, in the case of CLS these properties are obvious anyway.

On the other hand, as the following simple example shows, the category
CLS is not distributive (cf. Proposition 2.2 in [6]), which implies that it is
not extensive (and not cartesian closed; and the same applies to the category
of finite closure spaces).

Example 2.4. Let A = {a,d'}, B = {b}, and C' = {c} be discrete topo-
logical spaces considered as closure spaces (we assume a # «’ and b # ¢
of course). Then we can say that both A x (B + C) and (A x B) + (A x
(') have the same underlying set {(a,b), (d’,b), (a,c),(a’,c)}, but the set
{(a,b),(a’,c)} isclosedin (A x B) + (A x C') andnotin A x (B + C).

3. The adjunctions with sets

There are adjunctions

%D

CLS Sets

|7

Né

where, for a set .S and a closure space A, we have:

3.1. D(S) is the discrete topological space (considered as a closure space)
with the underlying set .S.

3.2. U is the underlying set functor.
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3.3. C(95) is what we will call codiscrete S: ithas UC(S) = S and Cc(sy =
{5}

3.4. Z(A) = () is the smallest element of of €. When there is no danger
of confusion, we will write CZ(A) = Z(A) = 04.

Note that D has no left adjoint since it does not preserve, say, binary prod-
ucts, and Z has no right adjoint since it does not preserve, say, the coequal-
izer of

f
{a} ==1{b.c},

where Z({a}) =0, Z({b,c}) = {b,c}, f(a) = b, and g(a) = c.

4. Equalizers, pushouts, and codescent

The equalizer diagram of two parallel morphisms f, g : A — B in CLS can
be described as the inclusion map

K={acA| f(a)=g(a)} - Awith Cx ={XNK | X € Cyu},
and easily obtain

Theorem 4.1. For B, E € CLS with B C E, the following conditions on
the inclusion map (i : B — E) € CLS are equivalent:

(a) i is a regular monomorphism;
(b) 1 is a strong monomorphism;

(c) 1 is a subspace inclusion, that is, a subset of B is closed in it if and
only if it can be presented as the intersection of a closed subset of I
with B, or equivalently, if and only if

X"=X"nB

for every X C B.
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Consider a pushout diagram

B—'" . F

in CLS, in which 7 is as in Theorem 4.1. Assuming A N E = () we can
present it as
A+pE=AU(FE\ B) as sets,

Catpp={AUE |A €€y, E'C(E\B), a '(A)UE € Cg},

with ¢, being the inclusion map and ¢, defined by

ale), if e € B;
ta(e) :{ e, if e € (E\ B).

We will informally call this diagram the standard pushout of « and 1.
Lemma 4.2. Regular monomorphisms in CLS are pushout stable.

Proof. Consider the standard pushout above. We have to show that the in-
clusion map ¢t; : A — A +p F is a subspace inclusion. For an arbitrary
X € G4, we have a™1(X) € Cp, and so

aY(X)=Bnai(X)

by 4.1(c). We need to find A’ € C4 and E' C (E \ B) such that inside the
disjoint union A U (E \ B) we have

X=(AUE)NA and a1 (A)UE € Cpg,

and we claim that we can take A’ = X and £/ = a~! (X)Eﬂ (E\ B). Indeed,
the first equality will hold simply because A’ C A and £’ C (E \ B), while

A AVUE = o {(X)U (@ (X)) N(E\ B))

E

= (Bna (X)) U@ (X)) N(E\B)=a(X) €cp
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Theorem 4.3. A morphism in CLS is an effective codescent morphism if and
only if it is a regular monomorphism, or, equivalently, a strong monomor-
phism.

Proof. Thanks to (Theorem 4.1 and) Lemma 4.2, it suffices to prove that
if + : B — F satisfies the equivalent conditions of Theorem 4.1, then the
associated pushout functor

E+p(-): (B} CLS)— (E ] CLS)

preserves equalizers. But this follows from the fact that the equalizers are
preserved at the level of sets, and that any such pushout functor preserves
regular monomorphisms, by Lemma 4.2. [

Remark 4.4. The arguments used in the proof above can be copied for the
category of topological spaces and the category of topological spaces whose
sets of open sets are closed under arbitrary intersections (= Alexandrov-
discrete topological spaces, which are in fact nothing but preordered sets).
Therefore, in both of these categories, effective codescent morphisms are the
same as regular monomorphisms.

5. The coreflection / : CLS — Sets

We will use dual forms of several categorical notions from [5] and [3], such
as the one of coreflection with stable counits, dual to reflection with stable
units (introduced in [5]):

Theorem 5.1. The coreflection Z : CLS — Sets has stable counits, that is,
it preserves colimits of all diagrams A < B — A’ in which B = CZ(B),
or, equivalently, Cp = {B}.

Proof. Since Z (obviously) preserves coproducts, it suffices to prove that it
preserves coequalizers of all pairs f,g : B — A in which B = CZ(B). The
coequalizer of such a pair can be presented as the canonical map p : A —
A/R, where R is the smallest equivalence relation on A containing the set
S ={(f(b),g(b)) | b€ B} and C4/p is the set of all subsets of A/R whose
inverse images under p belong to € 4. We observe:

(i) Since B = C'Z(B) = 0p, the images of f and g are subsets of 0 4.
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(i) As follows from (i), 04 = p~'(p(04)).
(iii) As follows from (ii), p(0.4) belongs to C4/p.
(iv) Since p is surjective and continuous, (ii) and (iii) imply p(04) = 0.4/r.

This makes
B:;OA —>OA/R

a coequalizer diagram in the category of sets. But this diagram is the same
as

Z(f)
Z(B) == z(A) 2%L 7(A/R),
Z(9)
which completes the proof. [

As follows from Theorem 5.1, a simplified version of Galois theory [9],
recalled in [3], applies to the reflection Z°? : CLS°? — Sets®”. And the
resulting dualization makes a morphism o : B — A in CLS:

e atrivial cocovering, if the diagram

CZ(B) =2~

B
CZ(a)l ja

in which ¢ is the counit of the adjunction C' 4 Z, is a pushout;

e a cocovering, or a colight morphism, if there exists a subspace inclu-
sion i : B — E such that the morphism ¢y : £ — A +p E'is a trivial
cocovering.

e covertical (according to fibration-theoretic terminology), if Z(«) is an
isomorphism.

e comonotone, if it is a pushout stable covertical morphism.
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We are going now to characterize these types of morphisms, except coverti-
cal ones, whose definition already characterizes them.

For a closure space A, we will write int(A) for the set A \ 04 equipped
with its induced structure, and call it the interior of A, since it is the largest
subset of A whose complement is closed. Note that a morphism o : B — A
in CLS in general induces only a partial map int(«) : int(B) — int(A); it
is a morphism in CLS if and only if it is a map, that is, if and only if

a ! (0A> =0g.
Lemma 5.2. For any closure space A and a subset A’ of int(A), we have
A" € Ci(a) © 04U A" € Ca.

Proof. “=": A" € Ciyy(a) means that A" = (A\0,4) N A” for some A” € Cy4.
Then, since both 04 and A’ are subsets of A”, we have 04 U A’ C A”. On the
other hand, each a € A” must satisfy one on the following two conditions:

(1) a € 04;
(ii) a € A\ 04, but then a belongsto (A\ 04) N A" = A'.

Thatis, 04 U A" = A” € Cy4.
The implication “<” follows from the equality A’ = (04 U A") N (A \
04). O

Corollary 5.3. For any closure space A, the assignments
Xr—>0AUXandYr—>Yﬂ(A\OA)
determine bijections Ciyya) — C4 and C4 — Ciyy(a) inverse to each other.

Theorem 5.4. The following conditions on a morphism o : B — A in CLS
are equivalent:

(a) «is a trivial cocovering;
(b) int(«) is an isomorphism (in CLS);
(c) « induces bijections

B\0g — A\ 04 and C4 — Cp (where A"+ a1 (A")).
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Proof. The morphism e : CZ(B) — B is obviously a subspace inclusion.
Therefore, and according to the standard pushout construction in Section
4, assuming for simplicity that A and B are disjoint, we can reformulate
condition (a) as:

(') Themap & : 04U (B\0g) — A defined by

- x, if x € 0y;
a(r) = { a(x), if x GA(B \ 0p).

is bijective, and a subset A’ of A belongs to €4 if and only if it is of
the form
A = @(OA U B/) =04U Oé(B,)

with B C B\ 0p and 0 U B’ € Cp, or, equivalently, B’ € Ciny(p).
It is easy to see that the map & defined in (') is a bijection if and only if
int(«) : int(B) — int(A)

is a morphism in CLS that is a bijective map. This allows us to argue as
follows.

(a")=-(b): Suppose (a’) holds. To prove (b) is to prove that if B’ belongs
to Cing(p), then int(a)(B’) belongs to Cinga). We have

int(a)(B') = a(B') = (04 Ua(B")) N (A\ 04),

which belongs to Cing(4) since, by (a’), 04 U o(B’) belongs to C 4.
(b)=-(a’): Applying Corollary 5.3 and then (b), we obtain

A e Cu & HXEQM(A)A/ =0LUX & HB/eeint(B)A/ =04U Oé(B/),
which gives (a’).
(b)<(c) easily follows from Corollary 5.3. [

Remark 5.5. As also easily follows from Corollary 5.3, the inverse of the
bijection C4 — Cp in 5.4(c) is given by B’ — 04 U a(B').

Theorem 5.6. Every cocovering is a trivial cocovering.
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Proof. Suppose o : B — Aisacocovering, andlet: : B — E be a subspace
inclusion such that ., : £ — A+p F is a trivial cocovering. Then ¢, induces
abijection £\ O — A+p E\ 04, 5. Using our standard pushout of o and
i, we see that since the map ¢, : £ — AU (E \ B) maps B to A via « and
maps £\ B identically to itself, it induces maps

B\OE—>A\0A+3E and (E\B)\OE% (E\B)\OA+BE,
which then both must be bijections. Since
AN\ Oarpe = ANAN (Oarpp) = A\ Oy,

the first of these bijections is in fact the bijection B \ 05 — A\ 0,4 induced
by .

Now, thanks to Theorem 5.4(c)=-(a), it only remains to prove that the
canonical map €4 — Cp is a bijection. For, using the same ¢ : B — E,
consider the commutative diagram

Carpp —=Ci—={X CA|04C X}

e

Cg Cp——{Y CB|0pCY}

of canonical maps. The left-hand square shows that €4 — Cp is surjective,
while the right-hand square shows that it is injective. 0

Theorem 5.7. The following conditions on a morphism o : B — A in CLS
are equivalent:

(a) o is comonotone;
(b) « is injective and closed.

Proof. (a)=-(b): Choose any B, € Cg and consider the pushout

B b—b B/

e

AT)AI
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in which B’ = B as sets and C; = {Y € Cp | By C Y'}. This allows us to
put:
A= A assets, 11(a) = a, 12(b) = a(b),

foralla € Aand b € B, and
W={X€eCs| B C ofl(X)}.

According to this presentation of our pushout, 04/ is the smallest closed
subset of A containing «(0p/) = a(By). That is,

A
OA’ = O{(B()) .

Since, by (a), o 1s covertical, we conclude that the restriction of o on By
must be injective and «(By) is closed in A; in particular, taking By = B
gives injectivity of a.

(b)=-(a): Let us change our notation. We can assume, without loss of
generality, that « is a closed subspace inclusion and we will rename it as
i : B — E. On the other hand, by  : B — A we will denote now
an arbitrary morphism in CLS (with the same B). We have to show that
11 A — A+p F is covertical, and, in terms of the standard pushout of «
and ¢, this simply means that 04 is the smallest closed subset in A +5 F.
For, we recall that a subset of A+p F is closed if and only if it is of the form
A"UFE with A’ € €4, E' C (E\ B),and a™'(A4") U £’ € €. Since every
closed subset of B is closed in E, the smallest closed subset of A +5 E is
04U0D =04 ]

6. Two factorization systems on CLS

As follows from the results of [5], recalled in [3], and Theorem 5.1, the cate-
gory CLS admits the (trivial cocoverings, covertical morphisms)-factorization
system (E, M), for which:

e E is the class of all trivial cocoverings, defined as in Section 5;

e M is the class of all covertical morphisms, defined as in Section 5;
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e the (E, M)-factorization of a morphism « : B — A in CLS is con-
structed as o = [ty in the diagram

A

€A

B
» B +czB) CZ(A) <TCZ(A)

T Tczw

B CZ(B)

€B
in which the square part is a pushout and /3 is induced by « and € 4.

Note that the diagram above is shaped as diagram (4.2) in [5] and diagram
(3.5) in [3], except that the directions of all arrows are opposite since we
consider the dual situation.

Now, trying to follow [3], could we (co)localize E and (co)stabilize M to
obtain ‘(colight, comonotone)’-factorization system? Obviously not, since
every cocovering is trivial (Theorem 5.6) while not every covertical mor-
phism is comonotone (as immediately follows from Theorem 5.7). Never-
theless, we do have a factorization system (E’, M’) on CLS, in which M/
is the class of all comonotone morphisms: we just need to take E’ to be the
class of (obviously defined) dense morphisms. This can also be seen as a
consequence of Theorem 2.4 in [7].
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