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Abstract. We introduce the notion of a positive opetope and positive opetopic
cardinals as certain finite combinatorial structures. The positive opetopic
cardinals to positive-to-one polygraphs are like simple w-graphs to free w-
categories over w-graphs, c.f. [15]. In particular, they allow us to give an ex-
plicit combinatorial description of positive-to-one polygraphs. Using this de-
scription we show, among other things, that positive-to-one polygraphs form
a presheaf category with the exponent category being the category of positive
opetopes. We also show that the category wCat of w-categories is monadic
over the category pPoly of positive-to-one polygraphs with the ‘free func-
tor’ being the inclusion pPoly — wCat.
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Foreword by Pierre-Louis Curien

The present paper was submitted to the Cahiers by Marek Zawadowski in
April 2023. Marek sadly passed away in early March 2024 without hav-
ing the chance to revise the paper after he had received my anonymous re-
port. After discussions between the editors-in-chief (Andrée C. Ehresmann,
Marino Gran and René Guitart), the handling editor (Clemens Berger) and
myself, it was decided to publish the paper in a form very close to the orig-
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inal manuscript submitted (available as arXiv:0708.2658). I chose to im-
plement in the text the most obvious corrections and harmonizations only.
Some notes, marked “(PLC)”, are also included in the hope of offering some
additional guidance through the article. They are written by me, and I am
the only one to be blamed if they contain mistakes!

With this publication, we wish to pay a tribute to Marek, our dear friend
and outstanding colleague. I’ll miss his warm personality, his deep insights,
his humour, his kindness, his elegance, his culture, and so will all his numer-
ous colleagues and friends, with a special mention of his last PhD student
Wojciech Dulinski, who helped me a lot while preparing this published ver-
sion.
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1. Introduction

In this paper we present a combinatorial description of the category of the
positive-to-one polygraphs pPoly. We show that this category is a presheaf
category and we describe its exponent category in a combinatorial way as
the category of positive opetopes pOpe, see Section 3. However the proof
of that requires some extended studies of the larger category of all posi-
tive opetopic cardinals. Intuitively, the (isomorphism classes of) positive
opetopic cardinals correspond to the shapes of arbitrary cells in positive-to-
one polygraphs. The notion of a positive opetopic cardinal is the main notion
introduced in this paper. We describe in a combinatorial way the embedding
functor e : pPoly — wCat of the category of positive-to-one polygraphs
into the category of w-categories as the left Kan extension along a suitable
functor j, and its right adjoint as the restriction along j. We end by adapt-
ing an argument due to Victor Harnik [9] to show that the right adjoint to
e is monadic. This approach does not cover the problem of the cells with
empty domains which is important for both Makkai’s multitopic categories
and Baez-Dolan’s opetopic categories. | However, it keeps something from
the simplicity of Joyal’s #-categories, i.e., the category pOpeCard,, of pos-
itive opetopic cardinals with o-omega functors as morphisms is not much
more complicated than the category of simple w-categories, the dual of the

Y(PLC) The positive restriction is lifted in [19], where Marek proves that many-to-one
polygraphs form a presheaf category with the exponent category being the category of all
opetopes.
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category of disks, c.f. [11], [15], [S]. In this sense this paper may be consid-
ered as a step towards a comparison of globular and opetopic approaches.

This paper is an extended and improved version of [18]. The terminol-
ogy, notation, and proofs are changed and adjusted in many cases.

Positive opetopic cardinals

Positive opetopic cardinals represent all possible shapes of cells in positive-
to-one polygraphs. A positive opetopic cardinal S of dimension 2 can be
pictured as a figure

S S5
x x
8,/ | a2\‘ 7
s s s
6 g 4 1
L9 \% x \x
Ja . 2/ ag N\
87 T - S3 3, s > 50
0

and a positive opetopic cardinal 7" of dimension 3 can be pictured as a figure

) )
Ys /Ly \Y4 é Ys / \y4
t3 Ua ty ts b, h
yG/ 1 by Yo b \yl y6/ \yl
ta Yo = to ta Yo ~to

They have faces of various dimensions that fit together so that it makes sense
to compose them in a unique way. By S,, we denote the set of faces of
dimension n in S. Each face a has a face v(a) as its codomain and a non-
empty set of faces §(a) as its domain. In .S above we have for a;

v(ay) = x4 and 6(ay) = {zs5,x6, 29}

and in 7" we have for (3

v(B) =by and §(5) = {b1,bo, b3}
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These are all the data we need. Moreover, these (necessarily finite) data
satisfy four conditions (see Section 3 for details). Below we explain them in
an intuitive way.

Globularity. This 1s the main condition. It relates the sets that are obtained
by double application of v and ¢. They are

7y(a) = ~d(a) — 0d(a) 07(a) = 66(a) —vd(a).

Let us look how it works for a; and /3. In case of the face a; we have

75(@1) - {837 S4, 86} 55(0'1) - {847 56, 57}

yy(ar) = s3 oy(ar) = {s7}.
So we have indeed
06(ar) — y0(ar) = {sa, sg, 57} — {3, 54, 56} = {57} = 07(as)
Yo(ar) — 06(ar) = {83, 54, 86} — {84, 86, 87} = {s3} = {yy(a1)}-

Similarly for the face S we have

WW(B) = Yo 57(5) = {y17y47y57y6}

75(5) = {yo,yz,y:a} 55(5) = {ylay27y3ay4>y57y6}-

and hence

YO(B) — 06(8) = {vo, y2, ys} — {v1, v2, ¥3, Y, 5. Ys } = {wo} = {17(6)}

55(5)—75(5)2 {yl, Y2,Y3, Y4, Ys, ya}—{yo, Y2, y3} = {yl, Y4, Y5, y6}= 57(5)-

Using ¢’s and 7’s we can define two binary relations <* and <~ on faces
of the same dimension which are the transitive closures of the relations <™
and <17, respectively, defined as follows: a <1* b holds iff there is a face o
such that a € §(«) and y(«) = b, and @ <1~ b holds iff v(a) € §(b). We call
<™t the upper order and <~ the lower order. For example, referring to the
picture for I" above, we have

by <1 by <™ by ys <t ys <t o < .
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The following three conditions refer to these relations.

Strictness. In each dimension, the relation < is a strict order. The relation
<* on 0-dimensional faces is required to be a linear order.

Disjointness. This condition says that no two faces can be comparable with
respect to both orders <™ and <™.

Pencil linearity. This final condition says that the sets of cells with common
codomain (y-pencil) and the sets of cells that have the same distinguished
cell in the domain (d-pencil) are linearly ordered by <.

The morphisms of positive opetopic cardinals are functions that preserve
dimensions and operations v and 6. The size of a positive opetopic car-
dinal S is defined as an infinite sequence of natural numbers size(S) =
{size(S)k}kew = {Sk — 0(Ski1)}rew (almost all equal 0). We order the
sequences lexicographically with higher dimensions being more important.
The induction on the size of positive opetopic cardinals provides a conve-
nient way of reasoning about them. The dimension of a positive opetopic car-
dinal S is the index of the largest non-zero number in the sequence size(.S).
If for all & < dim(S) (resp. for all k& < dim(S)), size(S)r = 1, then S is
principal (resp. normal). > The normal positive opetopic cardinals play the
role of the pasting diagrams of [10] and the principal positive opetopic car-
dinals play the role of the (positive) multitopes? On positive opetopic cardi-
nals we define domain and codomain operations, as well as special pushouts
which play the role of composition. With these operations (isomorphisms
classes of) the positive opetopic cardinals form the terminal positive-to-one
polygraph, and at the same time a monoidal globular category in the sense
of Batanin.

Categories and functors

We shall work with the following categories and functors:

2(PLC) As an illustration, in reference to the opetopic cardinals S, T drawn above, T is
principal, the left 2-dimensional part of the picture of 1" (with by, bo, b3 as top dimensional
faces) is normal and not principal, and the opetopic cardinal .S is not normal.

3(PLC) Optimistically, Marek had added: “the precise connection between these ap-
proaches will be described elsewhere”.
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pOpe S
i k
pOpe"Card —‘]> pOpebardw
(=)
pP"oly c wéat

where pOpe is the category of principal positive opetopic cardinals,
pOpeCard is the category of positive opetopic cardinals, S is the category
of simple categories c.f. [15], (—)* is the embedding functor of positive
opetopic cardinals into positive-to-one polygraphs, e is the inclusion func-
tor, pPOpeCard,, is the full image of the composition functor (—)*; e, with
the non-full embedding j, and where also i and k are inclusions. Having
these functors, we can form the following diagram

pPoly € - wClat
=] =) =) =)
v Lan; '
sPb((pOpeCard)®, Set) sPb((pOpeCard,,)?, Set)
A -~ j* A
i* Ran; k* Rany

If)p\e sPb(S°P, Set)
in which all the vertical arrows come in pairs and are adjoint equiva-
lences of categories, and in which the categories sPb((pOpeCard), Set),
sPb(S°P, Set) and sPb((pOpeCard, ), Set) are the full categories of
presheaves that preserve special pullbacks. The functors

—

(=) : pPoly — sPb((pOpeCard)”, Set)

and

—

(=) : wCat — sPb((pOpeCard,,)?, Set)
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are defined similarly, using the bottom vertical functors from the previous
diagram: for a polygraph () and an w-category C, Q and C' are presheaves
so that for a positive opetopic cardinal .S we have

~

Q(S) = pPoly(5",Q) C(8) = wCat(s",0) *

The adjoint functors (—) that produce w-categories are slightly more com-
plicated. They are defined in Sections 13 and 15. The other functors are
standard. The functors i*, j*, k* are the functors (i; —), (j; —), (k; —), re-
spectively. Ran; and Rany are the right Kan extensions along i, k, respec-
tively and Lan; is the left Kan extension along j.

—_— —_—

Since we have e; (—) = (—); Lan;, and since the functors (—) are equiv-
alences of categories, the functor Lan; 1s like e but moved into a more man-
ageable context. In fact, we have a very neat description of this functor.’

The content

Since the paper is quite long, I describe below the content of each section
to help the reading. Sections 2 and 3 introduce the notion of a positive hy-
pergraph and positive opetopic cardinal. Section 4 is concerned with es-
tablishing what kind of inclusions hold between iterated applications of ~’s
and ¢’s. Section 5 contains many statements concerning positive opetopic
cardinals. All of them are there because they are needed afterwards. But
it is not recommended to read the whole section at once. One of the main
tools is the so called Path Lemma 5.7. Section 6 describes the embedding
(—)* : pOpeCard — wClat, i.e., its main goal is to define an w-category
S* for any positive opetopic cardinal S. Section 7 describes useful proper-
ties of normal positive opetopic cardinals. ¢ In Section 8 we study a way

4(PLC) Slowly, C(j(9)) = C(e(S*)) = wCat(e(S*),C) = wCat(5*,C).

3(PLC) The left vertical column in the last diagram exhibits pPoly as a presheaf cate-
gory with pOpe as exponent category. The right top vertical equivalence is proved by a 3-
out-of-2 argument, relying on a direct equivalence between wC'at and sPb(S°P, Set) proved
in [15], and on the right bottom equivalence (Proposition 15.1 — this is where Harnik’s result
14.3 is invoked). Once the right top equivalence is known, one may concentrate on the top
rectangle allowing us to look at e as Lan;.

%(PLC) As a hint for the importance of normal positive opetopic cardinals, we refer to
the observation in the proof of Proposition 11.1. Normal positive opetopic cardinals appear
also in the definition of principal pushouts (see Proposition 14.1 and Corollary 14.2).
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in which we can decompose positive opetopic cardinals if they are at all
decomposable. Any positive opetopic cardinal is either principal or decom-
posable. This provides a way of proving the properties of positive opetopic
cardinals by induction on the size. Using this in Section 9 we show that the
w-category S* and in fact the whole functor (—)* end up in pPoly. Section
10 describes the inner-outer factorization and its refinements, i.e., a further
factorization of inner maps into inner epi and inner monos. These factoriza-
tions will play an important role in describing the strongly cartesian monad
(c.f. [6]) 1., on opetopic sets for w-categories and its decomposition into two
simpler monads (7, = T, o 1.), together with a distributive law combining
them.

The next short section 11 describes the terminal positive-to-one poly-
graph as an w-category in terms of positive opetopic cardinals. Section 12
gives an explicit description of all the cells in a given positive-to-one poly-
graph with the help of positive opetopic cardinals. Section 13 establishes the
equivalence of categories between pPoly and the category of presheaves
over pOpe. In Section 14, the principal pullbacks are introduced and an
adaptation of Harnik’s argument to the opetopic context is presented. The
original argument was expressed in a different setting and was supposed
to show the monadicity of the category of all w-categories and w-functors
wC'at. However, this original proof contains a gap [9]. Section 15 describes
a full nerve functor

—

(=) :wCat — pO@rdw

and identifies its essential image as the special pullbacks preserving functors.
Section 16 describes the inclusion functor e as the left Kan extension

Lan; : sPb((pOpeCard)?, Set) — sPb((pOpeCard,,)?, Set)

with formulas involving just coproducts (and no other colimits). This gives
as a corollary the fact that e : pPoly — wC'at preserves connected limits.
Then we show that the right adjoint to Lan;

j* : sPb((pOpeCard,,)?”, Set) — sPb((pOpeCard)?, Set)

(and hence the right adjoint to e : pPoly — wCat) is monadic. It is still
an open question, c.f. [16], whether the category wC'at is monadic over
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all polygraphs. In the appendix we recall the definition of the category of
positive-to-one polygraphs. In Section 17, we describe in detail the strongly
cartesian monad 7, on opetopic sets and its decomposition into two other
strongly cartesian monads. We finish the introduction stating an open prob-
lem.

Problem. What are the full subcategories of the category of polygraphs
X — Poly that are coreflective as subcategories of X — Poly — wCat
with coreflector wC'at — X being monadic?

This paper shows that positive-to-one polygraphs form one such cate-
gory.

Acknowledgments

I am very grateful to Victor Harnik and Mihaly Makkai for the conversations
concerning matters of this paper.

2. Positive hypergraphs

We write w for the set of natural numbers. For a family { X}, }1c., of sets, we
write, for all k, X5 = Uz‘zk X;and X< = Uigk: X;.

A positive hypergraph S is a family {Sk}re,, of finite sets of faces, a
family of functions {7 : Ski1 — Sk}rew, and a family of total relations
{0k : Sks1 — Sklo<k<n. Moreover, oy : S; — Sp is a function and only
finitely many among sets { S } xc. are non-empty. As it is always clear from
the context, we shall never use the indices of the functions  and 6. We shall
write 0(a) = {b| (a,b) € 0}.

A morphism of positive hypergraphs f : S — T is a family of functions
fr : S — Ty, for k € w, such that the diagrams

Sk+1 firs Tyt Sk+1 Jirs Tt
Y \ 7 ) \ \ )
S T S T

S R
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commute, for k£ € w. The commutation of the left hand square is the commu-
tation of the diagram of sets of functions but in case of the right hand square
we mean more than commutation of a diagram of relations, i.e., we demand
that for any a € S>1, f, : 6(a) — d(f(a)) be a bijection, where f, is the
restriction of f to 6(a). The category of positive hypergraphs is denoted by

pHg.

Some notions and notation. Let S be a positive hypergraph.

l.

When convenient and not leading to confusions, if a € S, i.e., a is k-
dimensional face in S, we sometime treat y(a) as an element of Sj_;
and sometimes as a subset {y(a)} of Sx_; (following the coercion
from functions to relations).

The dimension of S is max{k € w : Sy # 0}, and it is denoted by
dim(S).

. The sets of faces of different dimensions are assumed to be disjoint

(i.e., Sy NS; = 0, for k # 1). S is also used to mean the set of all faces
of S, i.e., UZ:O Sk the notation A C S means that A is a set of some
faces of S; A, = AN Sy, for k € w.

For a € S>1, the set O(a) = 6(a) U~(a) is the boundary of A, i.e., the
set of codimension 1 faces in a.

. The set S< is closed under 0 and «y so it is a sub-hypergraph of S,

called k-truncation of S.

The image of A C S under ¢ and ~ will be denoted by
5(A)=|Jd(a), ¥(A)={y(a) : a € A},
a€cA

respectively. In particular, 66(a) = U, ¢ 0(2), 70(a) = {7(z) : z €
d(a)}.

. t(a) = dd(a) Nyd(a) is the set of internal faces of the face a € S>s.

. On each set S, we introduce two binary relations <°»~ and <+,

called lower and upper order, respectively. We usually omit £ and
even S in the superscript.
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10.

1.

12.
13.

(a) <%~ is the empty relation. For k& > 0, <+~ is the transitive
closure of the relation </°*~ on S}, such that a <**~ biff y(a) €
d(b). We write a <1~ b iff either a <~ bor b <~ a, and we write
a <~ biff either a = bor a <~ b. 7 Of course these notations
apply to <™, etc. as well.

(b) <% is the transitive closure of the relation <°** on Sy, such
that a <°»T b iff there is @ € Sy, such that a € J(«) and
v(a) = b. We write a >t b iff either a <T bor b <™ a, and we
write a <™ biff eithera =bora <™ b.

(c) a B4 b if both conditions a ¥+ b and a 4~ b hold.

Let a,b € Sy. A lower path ay, . . ., a,, from a to b in S is a sequence
of faces aq, . .., a, € Sk such that a = ag, b = a,, and for y(a;_1) €
(5(ai),i: 1,...,777,.

Let x,y € Si. An upper path x,aq, ..., a,,,y from x to y in S is a
sequence of faces aq, . .., a, € Sky1 such that z € d(ag), y = v(anm)
and y(a;_1) € 0(a;),fori=1,...,m.

The iterations of v and ¢ will be denoted in two different ways. By
~* and 6* we mean k applications of ~ and §, respectively. By ~v*)
and 6*) we mean the application as many times v and &, respectively,

to get faces of dimension k. For example, if a € Ss, then §%(a) =
606(a) C Sy and 6@ (a) = 66(a) C Ss.

Forl <k, a,b € S, we define a <; biff v (a) <=~V (b).

A face a is unary iff 6(a) is a singleton.

Lemma 2.1. If S is a hypergraph and k € w, then <+~ is a strict partial
order iff <% is a strict partial order.

7(PLC) In the original submission, the symbol | was used in place of . In January
2024, following referees’ recommendations, Marek decided to replace this symbol by the
more evocative one here — a change he had the time to implement himself in [20].
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3. Positive opetopic cardinals

To simplify the notation, we treat both ¢ and ~y as functions acting on faces as
well as on sets of faces, which means that sometimes we confuse elements
with singletons. Clearly, both ¢ and -, when considered as functions on sets
of faces, are monotone.

A positive hypergraph S is a positive opetopic cardinal if it is non-empty,
i.e., Sy # (), and if the following conditions hold:

1. Globularity: for a € S>o:
1v(a) = 76(a) — 35(a) 51(a) = 66(a) — 16(a).

2. Strictness: for k € w, the relation <°#% is a strict order; <%0t ig
linear. ®

3. Disjointness: for k > 0,

[><]Sk37_ m D<]Sk7+: @

4. Pencil linearity: for any k > 0 and = € S;_1, the sets
{a €Sy lx=~()} and {a € Sp|z€ila)}
are linearly ordered by <+,
Remarks.

1. The reason why we call the first condition ‘globularity’ is that it will
imply the usual globularity condition in the w-categories generated by
positive opetopic cardinals.

2. Note that if we were to assume that each positive opetopic cardinal has
a single cell of dimension —1, then linearity of <“°* would become a
special case of pencil linearity.

8(PLC) In particular <t°*>% is irreflexive, i.e., for every face a of S, y(a) and §(a) are
disjoint.
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3.

The fact that, for z € Sj_1, the set {a € Sy | * = y(a)} is linearly
ordered will sometimes be referred to as y-linearity of <°**, and the
fact that the set {a € Sy | = € §(a)} is linearly ordered is sometimes
referred to as d-linearity of <+,

The size of positive opetopic cardinal S is the sequence of natural
numbers size(S) = {|S, — §(Sns1)|}new, with almost all being equal
0. We have an order < on such sequences, so that {2, }new < {¥n new
iff there is £ € w such that z;, < y; and for all [ > k, x; = y;. This
order 1s well founded and many facts about positive opetopic cardinals
will be proved by induction on the size.

. The category of positive opetopic cardinals is the full subcategory of

positive hypergraphs pHg whose objects are the positive opetopic car-
dinals and is denoted by pOpeCard.

Let S be a positive opetopic cardinal. .S is k-principal iff size(5); = 1,
for | < k. S is a positive opetope ift S is dim(S)-principal. S is
normal iff S is (dim(S) — 1)-principal. By pOpe we denote the full
subcategory of pOpeCard whose objects are positive opetopes.

4. Atlas for v and ¢

Lemma 4.1. Let S be a positive opetopic cardinal, a € S,, n > 1. Then

1.

2.

3.

the sets 07y(a), t(a), and ~y7y(a) are disjoint;

Ko

d0(a) = 6v(a) U t(a);

v(a) = yy(a) U t(a).

Proof. These are immediate consequences of globularity. O

Lemma 4.2. Let S be a positive opetopic cardinal, a € S, n > 2. Then we

have
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1. 0vvy(a) C 6vd(a) C dyy(a) Uwy(a) = ddv(a) = 66d(a);

2. yyy(a) € yvd(a) € yyy(a) Uy(a) = vdv(a) = vdé(a).

Proof. From globularity we have yy(a) C v (a). Thus by monotonicity
of § and v we get

17(a) Cyd(a) and  dyy(@) Cy6(a) and  yyd(a) C 7d6(a).

Similarly, as we have d(«) C d6(«) by globularity, it follows by mono-
tonicity of ¢ and ~:

voy(a) € v9d(a) and  Jdy(a) C §dd(a) and Iy(a) C 556 ().
The equalities
0yy(a) Uy(a) = 66y(a) and  yyy(a) Ury(a) = vyov(a)
follow from Lemma 4.1. Thus it remains to show that:
1. 0y(a) 2 000(a),
2. voy(a) 2 vdd(a).

Both inclusions can be proved similarly. We shall show the first only. Sup-
pose that there is u € ddd(a) — d0y(a). Let x € d(a) be <™ -minimal
element in d(a) such that there is s € §(z) with u € (s). If s € dv(a),
then v € §dvy(a), contrary to the supposition. Thus s & dy(a). Since
dy(a) = dd(a) — vé(a) it follows that s € yd(a). Hence there is 2’ € §(a)
with y(2’) = s. In particular, ' <~ z. Moreover

u € 6(s) = dy(a') C ().

Then there is s’ € d(2') so that u € 0(s’). This contradicts the <~ -
minimality of z. O

Corollary 4.3. Let S be a positive opetopic cardinal, a € S,, n > 2, k < n.
Then, with £ and £" being two fixed strings of v’s and &’s of length 1, we
have
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1. +*(a) C & a);

0&¥ 1 (a) C 6"(a);

0% (a) N+*(a) = 0;

" (a) € v*(a) U d*(a);

0252 (a) = 6% 2 (a), (e.g. 6" (a) = 0*v**(a));
708572 (a) = 106" *(a), (e.g. 70"~ (a) = 707" (a));
€525+ (a) = £5-25%(a), for k > 2;

o N S A WD

6% (a) = 57 1(a) U ty*~2(a), for k > 1.

5. Combinatorial properties of positive opetopic cardinals

Local properties

Proposition 5.1. Let S be a positive opetopic cardinal, k > 0 and o € S},
ai,as € d(a), a; # as. Then we have

1. ay D@L a2,

2. 6(ar) Nd(az) =0 and vy(ar) # v(asz).

Proof. Ad 1. Suppose on the contrary that there are a;,as € d(a) such
that a; <* ay. So we have an upper path

al)ﬁlw' '76T7a2

and hence a lower path

617"'757”7@'

In particular, 51 <~ a. As a; € §(51) N I(«) by J-linearity, we have 51 <™
«. But then (o, 81) €<t N <™= (), i.e., S does not satisfy the disjointness.
This shows 1.

Ad 2. This is an immediate consequence of 1. If aq, as € §(a) and either
v(a1) = ~(az) or d(ar;) N d(az) # O, then by pencil linearity we get that
a; > as, contradicting 1. O
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We next introduce more notation. Let .S be a positive opetopic cardinal,
necw.

1. For a face a € S, 2, we shall denote by p(«) € d(«) the only face in
d(a), such that y(p()) = yy(a).

2. X C S,41,a,b€ S, and a,aq, ..., ax bbe an upper path in S. We
say that it is a path in X (or X-path) if {ay,...,a,} C X.

Lemma 5.2. Let S be a positive opetopic cardinal, n € w, a € S, o,
a,b € Syi1, y € 00(c). Then

1. there is a unique upper §(«)-path from y to yy(a),

2. there is a unique x € dy(a) and an upper 6(«)-path from x to y such
that ~(x) = (y);

3. ift € 0(y), there are a unique x € () sucht € 6(x) and an upper
d(«)-path from x to y;

4. Ifa <t b, then y(a) <* ~(b).

Proof. Ad 1. The uniqueness follows from Proposition 5.1.2. To show
the existence, let us suppose on the contrary that there is no §(«)-path from
y to vy (a). We shall construct an infinite upper 0 («)-path from y

Yy,ay,0ag,. ..

As y € 00(a), there is a; € J(«) such that y € d(ay). So now suppose
that we have already constructed aq, .. ., ax. By assumption y(ag) # yv(«)
so, by globularity, v(ax) € 6d(«). Hence there is axy1 € d(a) such that
v(ax) € O0(agy1). This ends the construction of the path. This however
contradicts strictness and, in fact, there is a §(«)-path from y to vy ().

Ad 2. Suppose that there is no z € §y(«) as claimed. We shall construct
an infinite descending lower ¢ («)-path

...<I_CL1<]_CLO

such that v(ag) = vy, yy(a,) = v(y) = t, forn € w.
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By assumption y € dv(«) = d0(a) —yd(x). Soy € v6(«). Hence there
is ag € d(«) such that v(ag) = y. Now, suppose that the lower §(«a)-path

ap <1 a1 << ...< ag

has been already constructed. By globularity, we can pick z € d(ax) such
that v(z) = t. By assumption z ¢ 0v(a) = dd(a) — yd(a). So z €
vd (). Hence there is ai1 € 6(«) such that y(axs1) = z € d(ay). Clearly,
vy (ax+1) = t. This ends the construction of the path. But by strictness such
a path has to be finite, so there is x as needed.

Ad 3. This case is similar. We prove it for completeness. Suppose that
there is no x € §v(«) as above. We shall construct an infinite descending
lower §(«)-path

<8 ar < oag

such that v(ag) =y, t € dy(a,), forn € w.
By assumption y & () = d0(a) —yd(x). Soy € v6(«). Hence there
is ag € §(«) such that y(ag) = y. Now, suppose that the lower §(«a)-path

ap <1 a1 << ...< ag

has been already constructed. By globularity, we can pick z € §(ay), such
that ¢ € 0(z). By assumption z ¢ dy(a) = dd(a) — yd(a). So z € vé().
Hence there is ax,1 € 0(a) such that y(ag11) = 2z € d(ag). Clearly, t €
07(axy1). This ends the construction of the path. But by strictness such a
path has to be finite, so there is x as needed. The uniqueness again follows
from Proposition 5.1.2.

Ad 4. The essential case is when a <<t b. This follows from 1. Then use
the induction on the length of the upper path from a to b. O

Lemma 5.3. Let S be a positive opetopic cardinal, n > 1, o € S, 1, and
a,b € S, such that a <* b. Then

1. () = vy(a);
2. 1(a) Cu(b);

3. w(a) Uy(a) C o(b) U~vy(b),
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4. 1(a)Udvy(a) C (b)) Udvy(b),
5. 00(a) C 00(b).

Proof. Ad 1. First we show td(a) C ty(«). Fix a € §(a) and t € v(a).
Thus there are x,y € §(a) such that v(x) = t € 6(y). By Lemma 5.2 2,3
there are 2/, 1y’ € dy(a) such that ' <™ x, y/ <t yand y(2') =t € §(v/).
Thus t € vy(«) and the first inclusion is proved.

Now we prove the converse inclusion t§(«) 2 ty(«). Fix t € vy(«). In
particular, there are x,y € dy(a), so that y(x) = ¢t € d(y). Suppose that
t ¢ 10(a). We shall build an infinite 6(«)-path

a;r <\ as...

such that vvy(a;) =t fori € w.
Since dy(a) C §6(w), there is a; € d(«) such that x € 6(ay). Since
t & 16(w), it follows that vy(a;) = t. Suppose now that we have already
constructed the path
ar < as < ...< ag

with the stated properties. We have vy(ax) = t <™ v(y) <T yy7y(«). So,
by strictness, y(ay) # vvy(a) and y(ax) € dd(«). Then there is ax; € d(a)
such that y(ag) € 6(agy1). Again, ast ¢ 10(«a), it follows that yy(agy1) = t.
This ends the construction of the path. Since, by strictness, such a path
cannot exist, we get the other inclusion.

Ad 2. Since the inclusion is transitive, it is enough to consider the case
a <1t b, i.e., there is an o € S, 11 such that a € 6(«) and b = (). Then by
1. we have
t(a) C ué(a) = vy(a) = o(b).

Ad 3. Again it is enough to consider the case a <1* b, i.e., that there is
a € Spy1 such that a € §(a) and v(«) = b. By 2. we need to show that
vy(a) € t(b) U~v(b). Using Lemma 4.2.2 we have

Yy(a) € yyo(a) C vy(a) Uyyy(a) = t(b) Uyy(b).
Ad 4. This is similar to 3 and uses Lemma 4.2.1.
Ad 5. This follows from 3. and 4 and Lemma 4.1. O
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Global properties

Lemma 5.4. Let S be a positive opetopic cardinal, n € w, a,b € S,, a < b.
Then, there is an upper (Sp+1 — 7(Sn+2))-path from a to b.

Proof. Let a,aq,...,ax, b be an upper path is S. By Lemma 5.2 we
can replace each face «; in this path which is not in S — v(.S) by a sequence
of faces which are <*-smaller. Just take I' € S, 2, such that v(I") = «;
and take instead of «; a path in §(I") from ~y(a;_;) (if @ = 0 then from a)
to 7(a;). Repeated application of this procedure will eventually yield the
required path. 0O

Lemma 5.5. Let S be a positive opetopic cardinal, n > 0, a € S, a €
Spi1, such that either v(a) € i(a) or 0(a) Ni(a) # 0. Then a < ().
Moreover, if a« € S — v(S), then there is a unique o' € §(«) such that
a <t d.

Proof. 1If a € J(«), there is nothing to prove. So we assume a ¢
d(a). We begin with the second part of the statement, i.e., we assume a €
Sni1 — V(Sna2). Let v(a) € it(a). Thus there are b,c¢ € §(«) such that
v(a) = v(b) € §(c). In particular, a <~ c. By ~-linearity either b <™ a
or a <t b. Suppose that b < a. Then we have an (S — ~(.5))-upper path
b, Bo, -y Br,a. Asb € an fyand a, By € S — v(S), we have o = 3. But
then ¢ € §(a) = 0(Hp) and hence ¢ <™ v(5Fy) <T a. Sowe geta <~ ¢
and ¢ < a, contradicting the disjointness of b1t and >x~. Thus we can put
a’ = b and we have a <™ a'. The uniqueness of a’ follows from the fact that
(a) = ().

The case 0(a) Ne() # 0 is similar and we put it for completeness. There
are b, c € 0(a) such that y(b) € d(a) N d(c). In particular, b <~ a. By J-
linearity either ¢ <™ a or a <™ ¢. Suppose that ¢ <™ a. Then we have an
(S —~(5))-upper path ¢, 5y, ..., Br,a. Asc € aNPyand a, Gy € S —7(9),
we have a = [y. But then b € §(«) = §(5y) and hence b <™ ~(Fy) <T a.
So we get b <~ a and b <™ a, contradicting the disjointness of >a™ and <.
Thus we can put @’ = ¢ and we have a <™ a’. The uniqueness of a’ follows
from the fact that v(b) € 6(a’) and @’ € §(«) and Proposition 5.1.

The first part of the statement follows from the above, Lemma 5.2.4 and
the following claim.
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Claim. If a« € S,,.1 and x € ((a), then there is an o/ € S, such that
o <t a,z € () and o & y(S,12).

Proof of the claim. Suppose the contrary. To get a contradiction, we shall
build an infinite descending v(S,,;2)-path

<<t ag=a

such that = € (), fori € w.

We put oy = «. Suppose that we have already constructed ay, . . ., ax €
v(Sn+2). Hence there is 5 € S, such that v(3) = ay. Since, by Lemma
5.3.1,0(8) = vy(B) = t(ay), there is agy1 € 6(0) such that z € v(ayy1).
This ends the construction of the infinite path and the proof of the claim and
the lemma. 0O

Corollary 5.6. Let S be a positive opetopic cardinal. If a € S — §(S), then
v(a) € S —u(S) and §(a) C S — (9).

Proof. Leta € S, and a € S, ;5. If either v(a) € () or d(a)Ne(a) # 0,
then by Lemma 5.5 a <™ (). Thus a € 6(S). O

A lower path by, . . ., b, is @ maximal path if 6(by) C 6(S) — v(S) and
Y(bm) € ¥(S) — §(S), i.e., if it can’t be extended either way.

Lemma 5.7 (Path Lemma). Letk > 0, B = (ay, . . . , ax) be a maximal lower
S,.-path in a positive opetopic cardinal S, b € S,,, 0 < s < k, a;, < b. Then
there are 0 < [ < s < p < k such that

1. a; <t bfori=1,..., p;

2. (ay) = 2(b);

3. eitherl = 0 and 6(ag) C §(b) orl > 0and y(a;_1) € 0(b);
4. y(a;) € u(S), forl <i < p.

Proof. Let 0 <[ < p < kbe such that a; <™ b, for | < i < p and either
[l =0o0ra_; £% band either p = k or ay;; £ b. We shall show that [
and p have the properties stated in the lemma. From the very definition the
property 1 holds.
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We shall next show 2. Take an upper (S — v(S5))-path from a, to b:

p, Bo, - - -, B, b. Iy (ap) = 77(Bs), fori = 0,... v, thenvy(a,) = yy(6r) =
v(b) and we are done. So suppose the contrary and let

io = man{i : y(ap) # ¥v(8i)}-

Then there are a,c € 6(5;,) such that y(a,) = v(a) € d(c) (NB. a = a,
if igo = 0 and a = 7(f;,—1), otherwise). In particular, v(a,) € ¢(B;,). As
v(a,) € 6(S), wehave p < k. Thus v(a,) € d(ay+1)Ne(F;,), and by Lemma
5.5 ap+1 <* ¢ <™ b. But this contradicts the choice of p. So the property 2.
holds.

Now we shall show 3. Take an upper (S — v(S))-path from q; to b:
a, Bo, - .., B, b. We have two cases: [ = 0and [ > 0.

If | = 0, then there is no face a € S such that y(a) € 6(a;). As §(a;)
00(Po), we must have §(a;) C dv(f5;), fori = 0,...,r. Hence §(a;)
07v(B-) = d(b) and 3. holds in this case.

Now suppose that [ > 0. If v(a;_1) € 6v(8;), fori = 0,...,r, then
v(a;—1) € dy(B,) = d(b) and 3. holds again. So suppose the contrary and
let

C
C

in = mindi: y(a-1) € 0v(5:)}-

Then there are a,c € 6(5;,) such that v(a;_1) = v(a) € §(c) NB: ¢ = o
if i1 = 0 and ¢ = (6;,_1) otherwise). In particular, v(a;_1) € ¢(f;,), and
by Lemma 5.5 we have a;_; <™ a <™ b contrary to the choice of [. Thus 3.
holds in this case as well.

Finally, we shall show 4. Let [ < j < p and a;,5o,...,05,,b be an
upper (S — §(S5))-path from a; to b. As a; <~ a, and a, <* b, we have
v(a;j) # ~v(b). So we can put

ip = min{i : y(a;) # vy (5i)}-

But then y(a;) € v6(8;,) — vv(Bi,) = ¢(Bi,). Therefore v(a;) € ¢(S) and
4. holds. O

Lemma 5.8. Let S be a positive opetopic cardinal, n € w, x,y € Sy,
x <ty Ifx,y & 1(S,y2), then there is an upper S, 11 — 6(Sp2)-path from
x toy.
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Proof. Assume x,y € (S —¢(5)) and © <* y. Let
x7b07"'7bk7y

be an upper path from z to y with the longest possible initial segment
bo,...,bp in S — 0(S5). As x & 1(Sp42), such a non-empty path exists.
We need to show that &k = [. Let a be the <™-largest element of the set
{be€ S :~() € db)}. Then by <" aand a & §(S). Since y & 1(9),
by Lemma 5.7.4 there is p such that { + 1 < p < k such that v(b,) = y(a).
Thus we have an upper path from z toy, x, by, . .., by, @, bpy1, ..., by, y witha
longer initial segment in .S — §(S). But this is a contradiction with the choice
of the path x, by, . . . , g, y, and it means that in fact [ = £, as required. O

Order

Lemma 5.9. Let S be a positive opetopic cardinal, n € w, a,b € S,,. Then
we have

1. ifa <* b, then for any x € §(a) there is y € 6(b) such that y <™ z;

2. ifa <T band v(a) = v(b), then for any y € () there is x € §(a)
such that y <% x;

if v(a) = ~(b), then either a = b or a <t b;
if v(a) <t ~(b) then either a <T bora <~ b;
ifa <t bthen v(a) < ~(b);

if a <= bthen~y(a) <t v(b);

N S AW

if v(a) >~ (b) then a 4~ band a it b.

Proof. Ad 1. Leta <* band = € d(a). We have two cases: either
x € y(S)orx &(S).

In the first case there is @’ € S—~(S5) such thaty(a') = z. Letay, . . ., ax
be a maximal path containing a’, a, say a;,_1; = a’ and a;, = a, where 0 <
s < k. Asa;, <* b, by Lemma 5.7 there is [ < sand y € §(a;) N I(b).
Clearly, y <™ .
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In the second case consider an upper path from a to b: a, 8, ..., 3., 0.
We have x € §(a) C §6(By). Asx & ~(S) sox & (), and hence
x € 00(8y) — v0(By) = d7(Bo). Thus we can define

" =max{i:x € 0v(5)}

If we had " < r, then again we would have x € §6(511) — YO(Br41) =
07v(Br+1), contrary to the choice of r'. So 7’ = r and x € dv(8,) = (D).
Thus we can put y = x.

Ad 2. Fix a <™ b such that y(a) = ~(b) and y € 6(b). We need to
find x € 0(a) with y <™ z. Take a maximal (S — v(S))-path aq, ..., ax
passing through y, i.e., there is 0 < j < k such that y € d(a;) and if
y € v(9), then moreover j > 0 and y(a;—1) = y. Since a; € (S) by
d-linearity we have a; <* b. Thus by Lemma 5.7 there is j < p < k such
that v(a,) = v(b) = v(a). Since a, & v(S) by y-linearity we have a, <* a.
If a,, = a, then we can take as the face x either y if p = 0 or y(a,_1) if p > 0.
So assume now a, <* a. Again by Lemma 5.7 there is 0 < [ < p such that
either [ = 0 and 6(ap) € d(a) orl > 0 and y(a;—1) € d(a). As q; is the
first face in the path ao, .. ., aj such that a; <™ a and q; is the first face in
the path ay, . .., ax such that a; <™ b and moreover a <* b, it follows that
j <. Thus in this case we can take as the face x either y if [ = 0 or y(a;_1)
it > 0.

Ad 3. This is an immediate consequence of y-linearity.

Ad 4. Suppose y(a) < ~(b). So there is an upper path
pp

7(01)7 Cly- -y CkafY(b)

with k& > 0. We put ¢ = a. We have v(c) = 7(b) so by y-linearity ¢, <t b
or ¢, = b. In the latter case a <~ b. In the former case, we have two
possibilities: either b <™ ¢ or ¢, <™ b.

If b < ¢, then by Lemma 5.7 for any maximal path that contains b and
the face ¢, we get that ¢, _; <™ 0. Thus we have a <™ b.

If ¢, <% b, then by Lemma 5.7 for any maximal path that extends
co,C1,---,C, and face b we get that either there is 0 < 7 < k£ such that
v(¢;) € 0(b) and then a <~ borelse a = ¢y <™ b.

Ad 5. This is repeated from Lemma 5.2.
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Ad 6. Suppose a <~ b. Then there is a lower path
a = ag,ay,...,a; =b
with £ > 0. Then we have an upper path

V(G)::'7(a0)7a17"'7ak77(ak)::'V(b)

Hence v(a) <™ ~(b).
Ad 7. Easily follows from 5 and 6. O

Proposition 5.10. Let S be a positive opetopic cardinal, a,b € S, a # b.
Let {a;}o<i<n, {bi}o<i<n be the two sequences of codomains of a and b,
respectively, so that

a; =7"(a) bi =7\ (b)

(i.e., dim(a;) = 1), fori = 0,...,n. Then there are two numbers 0 < | <
k < n such that

1. a; =0b;, fori1 </,
2. a; <t by, forl <i <k,
3. a; < b, fork+1=1<n,
4. a; 4 b, fork+2 <1 <n,
or the roles of a and b are interchanged.

Proof. We can present the above conditions more visually as:
aozbo,...,al_lzbl_l al<+bl,...ak<+bk

A1 < bkp1 Gpp2 DR bkya, ..o, G DR Dy

We will verify these conditions from the bottom up. Note that by strictness
<%0+ s a linear order. So either ay = by or ag <t by. In the latter case
[ = 0. As a # b, then there is ¢« < n such that a; # b;. Let [ be minimal such,
i.e.,l =min{i: a; # b;}. By Lemma 5.9 3., a; <t b;. So assume a; <™ b.
We put k = max{i < n:a; <™ b;}. If K = n, we are done. If k& < n, then
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by Lemma 5.9 4., we have a;.1 <™ bi,1. Thenif £+ 1 < n, by Lemma 5.9
5.6.7., a;4b; for k + 2 < ¢ < n. This ends the proof. O

Having Proposition 5.10 we can define a relation <, (or simply <;) on
k-faces of any positive opetopic cardinal S, [ < k, as follows: for a,b € S,
a <; biff vy (a) <= 4D (b).

Corollary 5.11. Let S be a positive opetopic cardinal, a,b € S,, a # b.
Then either a <" b or there is a unique 0 < | < k such that a >, b, but not
both.

The above corollary allows us to define an order < (also denoted <) on
all cells of S as follows: for a,b € S,

a<b iff a<tb or 3 a<; b.

Corollary 5.12. For any positive opetopic cardinal S, and n € w, the rela-
tion < restricted to S,, is a linear order:

Proof. We need to verify that <® is transitive.

Let a, b, c € S,,. There are some cases to consider.

If a <t b <™ ¢, thenclearly a <™ c.

If a <* b <] ¢, then, by Lemma 5.2.4., we have v (a) <t 40 (b) <~
v (c), and by transitivity of <~ we have vV (a) <~ v(c). Hence a <; c.

Now assume ¢ <; b <* ¢ and consider a lower path in \S; containing
v (a) and v (b). By Lemma 5.9.5 v (b) <+ 4)(c), and hence by Lemma
5.7, either 7V (a) <t v (c) or vy (a) <= v (c). In the latter case, by
transitivity of <; we have a <; ¢, and we are done. In the former case, by
Proposition 5.10, either a <™ ¢ and we are done, or there is k > [ such that
v *#)(a) <= v*)(c), i.e. a <y c, as required.

The last case a <, b <; c has three subcases.

If £ = [, then clearly a <; c.

If k > I, then v (a) <+ 4D (b) <= v (c) and, by the previous argu-
ment, 7 (a) <= vV (c),ie., a </ c

Finally, assume k < [. Then y*)(a) <= ~®)(b) <* 4®*)(¢). By Path
Lemma, either v*)(a) <= v*)(c) or v*)(a) <* ~®*)(c). In the former case
we are done. In the latter case, by Proposition 5.10, either a <™ ¢ or there is
k', such that k < k' < n and v*)(a) < ~*)(c), as required. O
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Lemma 5.13. Let S be a positive opetopic cardinal, a € S,,. Then the set
{be S, :a<"b}
is linearly ordered by <™.

Proof. Suppose a <* b, /. If we were to have b <; ' for some [ < n
then, by Corollary 5.12 we would have a <;” b’ which is a contradiction. O

Corollary 5.14. Any morphism of positive opetopic cardinals is one-to-one.
Moreover, any automorphism of positive opetopic cardinals is an identity.

Proof. By Corollary 5.12, the (strict, linear in each dimension) order <*
is defined internally using relations <~ and <™ that are preserved by any
morphism. Hence <° must be preserved by any morphism, as well. From
this observation the corollary follows. O

Lemma 5.15. Let S be a positive opetopic cardinal, a,b € S,,. Then
1. if t(a) N e(b) # 0, then a <t by
2. if0 # v(a) C u(b) # t(a), then a <* b;
3. ifar<a™ b, then t(a) N u(b) = 0.

Proof. 2. is an easy consequence of 1. and Lemma 5.3. 3. is an easy
consequence of 1. and Disjointness. We shall show 1.

Assume u € t(a) N ¢(b). Thus there are x,y € d(a) and 2/, y" € §(b)
such that y(z) = ~(2') = u € d(y) N d(y). If @ = 2/, then by pencil
linearity a < b, as required. So assume that = # z/. Again by pencil
linearity x > 2/, say «/ <t x. Thus there is an upper (7" — ~(T'))-path
' ay, ... apx. As, fori = 1,... k, vy(a;) = uand yy(b) & ¢(b) 2 u,
we have that v(a;) # 7(b) and a; # b. Once again by pencil linearity
a; It b and by Path Lemma a; < b, fori = 1,..., k with y(a) # v(b). As
v(ax) = = € 0(a), again by Path Lemma a <™ b, as well. O

Proposition 5.16. Let S be a positive opetopic cardinal, a,b € Sy, a €
Sk+1, S0 that o is a <*-minimal element in Sy1, and a € (), b = ().
Then b is a <" -successor of a.
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Proof. Assume that « is a <-minimal element in S} ;. Suppose that
there is ¢ € Sy such that @ <™ ¢ <* b. Thus we have an upper path

a’7617"'76i7076i+17"'76l>b'

Hence 51 <~ ;. Moreover, a € §(1) N d(«) and v(5;) = b = y(«). Thus
both 3; and 5, are <*-comparable with .. Since « is < -minimal, we have
a <t B, ;. By Lemma 5.13, 5; >1™ (3. But then we have (0, §;) ext
N >~ # (), contradicting disjointness. O

Proposition 5.17. Let T’ be a positive opetopic cardinal and X C T a sub-
hypergraph of T. Then X is a positive opetopic cardinal iff the relation <+
is the restriction of <" to X.

Proof. Assume that X is a subhypergraph of a positive opetopic cardinal
T'. Then X satisfies axioms of globularity, disjointness, and strictness of the
relations <*#* for k > 0.

Clearly, if <*»* = <TF N(X})?, then the relation <X is linear,
the relations <X#*, for k > 0, satisfy pencil linearity, i.e., X is a positive
opetopic cardinal.

Now we assume that the subhypergraph X of positive opetopic cardinal
T’ is a positive opetopic cardinal. We shall show that for £ € w, a,b € X,
we have a <X»* biff a <™+ b. Since X is a subhypergraph, a <X+
b implies @ <T=* b. Thus it is enough to show that if a <”** b then
a ><xX+T b, We shall prove this by induction on k. For k = 0, it is obvious,
since <X07* is linear. So assume that for faces =,y € Xj, with [ < k,
we already know that x <Xt y iff + <™F y. Fix a,b € T}, such that
a <TwF b, Then by Lemma 5.9.2 y(a) <T#-t" ~+(b) and hence by inductive
hypothesis v(a) <%+ ~(b). Thus we have an upper (X — ~v(X))-path
a = a.,y(a),a_1...,a1,7v(b), withr > 1. Since X is a positive opetopic
cardinal and v(a;) = (b), by pencil linearity we have a; < b. By Path
Lemma 5.7, either a <~ bora <X b. Since the first option is impossible,
we have a <X b, as required. O

Lemma 5.18. Let T be a positive opetopic cardinal, a,b,a € T. If a € §(«)
and a <* b <t vy(«a), then b € (T).

Proof. Assume that a,b,« € T are as in the assumption of the lemma.
Thus we have an upper path a, a, . . ., a,., b. As a € §(a) Nd(ap), by pencil
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linearity we have o >t a. If & <™ ag <™ ay., then v(a) <* ~v(av.) = b,
contradicting our assumption. Thus g <™ «. Then by Path Lemma 5.7,
since b = y(a,.) <* (), we have a,, <™ awand b € +(T), as required. O

Some equations

Proposition 5.19. Let S be a positive opetopic cardinal 0 < k € w. Then
L 1(Sks1) = t(Skr1 — 6(Sk+2)) and t(Sy41) = t(Sks1 — ¥(Sk+2));
2. 6(Sk) = 6(Sk — ¥(Sk+1))s
3. (Sk) = ¥(Sk = ¥(Sk41));
4. 0(Sk) = 6(Sk — t(Skt2))s
0(Sk) = 0(Sk = 0(Sk+1)) U t(Skta)-

Proof. In all the above equations the inclusion O is obvious. So in each
case we need to check the inclusion C only.

Ad 1. Both equalities follow from Lemma 5.3.

To prove the first equality, let s € ¢(Sg.1), i.e., there is a € Siy1 such
that s € «(a). By strictness, there is b € Sjy; such that a <™ band b &
d(Sks1). By Lemma 5.3, we have

s € t(a) Cv(b) C t(Skr1 — 6(Skr2))

as required.
To prove the second equality, suppose on the contrary that there is z €
t(Spi1) such that x & 1(S,11 —7(S,)). Let a € S,;1 be a <™-minimal face
such that = € «(a). Since x & ¢(S,+1 — ¥(Sn)), there is a € S, such that
a = (). By Lemma 5.3 we have

t(a) = 1y(a) = 10(a).

Therefore, there is @’ € §(«) such that = € ¢(a’). Clearly a’ <% a, and hence
a is not < -minimal, contrary to the supposition. This ends the proof of the
first equality above.
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Ad 2. Letx € §(Sg). Let a € Sy be the <*-minimal element in S},
such that = € d(a). We shall show that a € Sy — v(Sk+1). Suppose on the
contrary that there is an o € Sy, 1 such that a = y(«). Then by globularity

z € d(a) = dy(a) = dd(a) —vo(a).

So there is b € §(«) such that = € §(b). As b <™ a, this contradicts the
minimality of a.

Ad 3. This is similar to the previous one but simpler.

Ad 4. Since ¢(Sk42) € v(Sk+1) 4. follows from 2.

Ad 5. Letz € §(Sk). Let a € S be the <™-largest element in Sy, such
that x € §(a). If a & 0(Sky1), then x € §(Sp — 6(Sk11)), as required.
So assume that a € §(Sk,1), i.e., there is @ € Si,1 such that a € 0(«).
Thus x € §d(cr). As a <t ~(a), by choice of a we have = & dvy(a) (=
d0(a) — vd(a)). So x € vd(«r) and hence x € 1(a) C 1(Sk 1), as required.
0

6. The w-categories generated by the positive opetopic car-
dinals

The main objective of this section is to construct an embedding
(—)" : pOpeCard — wCat

of the category of opetopic cardinals into the category of w-categories. This
embedding is not full. In Section 9, we shall show that the image of (—)*
factorizes through pPoly — wCat as a full functor.

Let T" be a positive opetopic cardinal. By 7" we denote the set of all
positive opetopic cardinals contained in 7" of dimension at most n. If one
wants to make these sets disjoint, one can think that an element of 77 is a
pair (n, .S), where S is a positive opetopic cardinal contained in 7". We define
below an w-category, denoted 7™, whose set of n-cells 1s 7). We introduce
operations

d® c® . T — Ty

of the k-th domain and the k-th codomain (of an m-dimensional cell), where
0 < k < n. For S in (T™),,, the faces of the k-th domain d*)(S) are:
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1. (d®(8)), =0, forl > k,
2. (d®(8))r = Sk — (Ski1),
3. (d®(9)), =S, for0 <1 < k.
and faces of the k-th codomain c*)(9) are:

l.

3.

(c™(
2. (c®)(S
(c™(

4. (

Note that the definitions of d*)(S) and c*)(S), for S € T* do not de-

pend on the ambient opetopic cardinal 7', nor even on dim/(S). Therefore we
can write d*¥)(39) and ¢®)(S) without specifying 7. If n € w and S € T, ,
we write d(.9) for d™(S), and c(S) for c(™(S).

Lemma 6.1. Let S and T be positive opetopic cardinals and k € w. Then

1. ifk < dim(S), then both A (S), c¥)(S) are positive opetopic cardi-
nals of dimension k; if k > dim/(S), then d®(S) = § = c®(S);

2. ddF(S) = dM(S) | et (S) = c®(S);
3. ifSeTyand k > 2, then dd(S) = dc(S), cd(S) = cc(S);

4. for any a € Sy, the least sub-hypergraph of S containing the face o
is again a positive opetopic cardinal of dimension k; it is denoted by
[a]. Moreover, if k > 0, then

where [0(a)] is the least sub-hypergraph of S containing the set of
faces §(a). °

9(PLC) As usual, parentheses are sometimes omitted: dd(.S) (or even dd.S) stands for
d(d(S5)), c|a] stands for c([a]), etc.
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Proof. Ad 1. It is obvious that d*)(S) is a sub-hypergraph S. By
Corollary 5.6 ¢*)(S) is a sub-hypergraph S as well. Any sub-hypergraph
T of a positive opetopic cardinal S satisfies the conditions of globularity,
strictness (possibly without <70* being linear), and disjointness.

By Lemma 5.4, for a,b € d®S; we have a <5+ b iff ¢ <d®Su+
b. Moreover, by Lemma 5.8, for a,b € c*)(S), we have a <%+ b iff
a <)t b Hence by Proposition 5.17 both d®(S) and ¢ (S) are
positive opetopic cardinals.

Ad 2. Fix a positive opetopic cardinal S and k£ € w such that dim/(S) >
k. Then the faces of c**+1)(S), cc**+1(S), and c'¥)(.9) are as in the table

dim ck+H(9) cc+1)(9) c®)(S)
k+1 5%+4 —-5(5%+2) ) )
(Sk — ¢(Sk+2))
k S — (S Se — 0(S,
k L( k+2) —5(Sk:+1 B 5(Sk+2)) k ( k+1)
kE—1 Sk—1 Sk—1 — t(Sk+1 — 0(Sk+2)) | Sk—1 — t(Sk+1)
[ Sl S[ Sl

where | < k — 1. Moreover, the faces of d**1(S), dd*+1(S), and
d®)(S) are as in the table

dim | d#HD(S) ddk+)(S) A (S)
k+1] Ski1 — 7(Ski2) ) 0
k Sk Sk — Y(Sk+1 — V(Sk+2)) | Sk — ¥(Sk+1)
[ Sl Sl Sl

where [ < k. Thus the equalities in question all follow from Lemma 5.19.

Ad 3. Let dim(S) = n > 1. Note that both (dd(5)),_2 and (dc(S)),—2
are the sets of all <*-minimal elements in S,,_o, i.e., they are equal and the
equation dd(.S) = dc(S) holds.

To see that cd(S) = cc(S) holds, note first that both (cd(.S)),_» and
(cc(S))n_o are the sets of all <™-maximal elements in .S,,_,. Moreover

(€d(5))n—s5 = Sn-sg = t(Sn—1 = 7(5n))

(cc(9))n_3 = Sn_3— t(Sh_1 — 6(Sn)).
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Now the equality cd(S) = cc(S) follows from the following equalities

(Sn—1 —7(Sn)) = t(Sn-1) = t(Sn—1 — (Sn)),

that themselves follow from Lemma 5.19.1.

Ad 4. Fix a € S;. We need to show that [a] is a positive opetopic
cardinal. The globularity, strictness (except for linearity of <®lo¥) and
disjointness are clear.

The linearity of <[®lo:* If £ < 2, itis obvious. Put a = v**2)(«). Using
Corollary 4.3, we have

[k = 6 (@) Uny(a) =

= 55(Y* () Uy (¥ (@) = 66(a) Uy (a).

Thus it is enough to check the linearity of <[®o+ for o of dimension k = 2.
But in this case, as we mentioned, the linearity of <*lo+ is obvious.

The ~-linearity of [«]. The proof proceeds by induction on k = dim(«).
For k£ < 2, the ~-linearity is obvious. So assume that £ > 2 and that for
[ < k and a € S; y-linearity holds in [a].

First we shall show that c[a] = [y(«)]. We have

clafp1 = (v(@) Ud(@)) = d(e) = v(a) = [7(@)]k

clai-s = (17(@) U35(a)) — t(a) = v7(a) Udy(a) = [1(a)]k 2.
and for [ < k — 2

clali = 1) UV (a) = 19(a) UsVy(a) = [v(a)].

Note that the definition of c¢(H ) makes sense for any positive hypergraph H
and in the above argument we haven’t used the fact (which we don’t know
yet) that [o] is a positive opetopic cardinal.

Thus, for [ < k — 2, [a]; = [y(«)];- By induction hypothesis, [y(«)] is a
positive opetopic cardinal, and hence [«]; is y-linear for [ < k — 2. Clearly
[a]; is ~y-linear for [ = k — 1, k. Thus it remains to show the ~y-linearity of
(k — 2)-cells in [«].

Fix t € [ax_3, and let

'y ={z € [a]p—2 : y(z) =t}
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We need to show that I'; is linearly ordered by <*. We can assume t €
Y([a]n—2) = v00(a) = vd7y(«r) (otherwise I'; = () is clearly linearly ordered
by <T). By Proposition 5.1 there is a unique x; € é-y(«) such that y(x;) = t.
From Lemma 5.2.2 we get easily the following claim.

Claim 1. For every x € T, there is a unique upper 6 («)-path from z; to

Now fix x, 2" € I';. By Claim 1, we have the unique upper J(«)-path

/ / /
Tpy A0y .- AL, Ty Ty, Qgy ey Qpry T

Suppose | < I'. By Proposition 5.1, for i < [, we have a; = a;. Hence either
[=1andx =2"orl <! and

/
LyQry1y---,01,T

is a §(«v)-upper path. Hence either x = 2’ or z >t 2’ and [y satisfy the
~-linearity, as required.

The proof of the §-linearity of [a] is very similar to the one above. For the
same reasons the only non-trivial thing to check is the condition for (k — 2)-
faces. We pick ¢ € dd(«) and consider the set

Ay ={z € afp_2:t €d(x)}.

Then we have a unique y; € §y(«) such that ¢t € §(y;). From Lemma 5.2.3
we get the following claim.

Claim 2. For every y € A, there is a unique upper 0 («)-path from y; to

The d-linearity of the (k — 2)-faces in [« can be proved from Claim 2 in
the same way as the y-linearity was proved from Claim 1.
It remains to verify the equalities

We already checked the first one on the way. To see that the second equality
also holds we calculate

dlofi-1 = (v(a) Ud(a)) —y(a) = 6(a) = [6(a)]r-1
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dla]i 2 = (77() U5(a)) = 73(a) U d6(a) = [5(a)]x-2,
and for [ < k — 2

dla]; = v (a) UsW(a)) =1"5(a) UG (a) = [5(a)].

So the second equality holds as well. O

Remarks.

1. Inspired by the above Lemma 6.1.4 we call S a weak positive opetopic
cardinal if S satisfies globularity, strictness, and disjointness as a
positive hypergraph and if moreover for any face o in S the sub-
hypergraph [a] is an opetope. (i.e., pencil linearity is required to hold
only ‘locally’). The category of weak positive opetopic cardinals is the
full subcategory of the category of positive hypergraphs pHg whose
objects are the weak positive opetopic cardinals and is denoted by
wpOpeCard. For each k € w, the k-truncation of a weak positive
opetopic cardinal S'is again a weak positive opetopic cardinal S<;. In
particular, any k-truncation of a positive opetopic cardinal S is a weak
positive opetopic cardinal S<j, but it does not necessarily satisfy the
linearity condition.

2. From Lemma 6.1.1 we know that for any positive opetopic cardinal
S the hypergraphs c(*)(S) and d¥)(.S) are positive opetopic cardinals
contained in S. We shall denote these embeddings by

(k) (k)

c d

S 52— d®(9).

c®)(S)

Lemma 6.2. Let X and Y be positive opetopic cardinals.

1. Ifc®(X) = XNY C d®(Y). Ifwe have moreover c¥)(X) = XNY,
then the diagram

YUX X

¥

Y c®(X)
dy
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of inclusions in pOpeCard is a pushout. (Here, N and U are level-
wise set intersection and union, respectively.)

2. If c®(X) and d®(Y) are isomorphic, then the pushout X @Y in
pOpeCard of X and Y over c¥)(X) exists.

3. If there exists a positive opetopic cardinal T such that X,Y € S* and
ifc®(X) =d®(Y), thenc®(X) =X NY. !0

Proof. Ad 1. Assume ¢®)(X) = X NY C d®Y. The fact that Y U X
is a pushout in pHg is obvious. Thus the only thing we need to verify is that
Y U X is a positive opetopic cardinal.

First we write in detail the condition ¢®(X) = X NY C d®Y:

1. X;NnY, =0, forl >k,

2. Xip = 0(Xp1) €Y — 7(Yagr),
3. Xpo1 — U(Xkt1) C Vi,

4. X, CY,, forl <k —1.

Now we describe the orders <7 inY U X:

<Xt Nt forl > k

<§l,+ (X —6(Xp11)) <YZ;L forl =k

<t T (X1 oK) < bt o forl=4k—1
<Yt forl <=k — 1.

< (YUX)I )+

We shall comment on these formulas. For [ > k, the formulas say that the
order <t in (Y U X)), is the disjoint sum of the orders in X; and Y;. This is
obvious.

19(PLC) Point 3. was not present in the original submission. It explains why the objects
of the w-category S* defined at the end of this section can be taken to be opetopic cardinals,
while the objects of the terminal polygraph described in Section 11 have to be opetopic
cardinals up-to-iso. As a hint, point 3. is an easy consequence of the following properties,
that hold for all opetopic cardinals S: (i) for every = € S;,\d*) S, there exists y € (d*).S),,
such that y <™ x; (ii) for every of 2 € S, \ c(¥) S, there exists y € (c¢*)S);, such that z <+
y; (iii) for every distinct cells x1, x5 of (d(k)S )k» we have that 21 and x5 are incomparable
for <5t (iv) S, € dF)S; (v) for every x € S~ and every y € (c(k)x)k, there exists a
cell z € (d®z); such that z <T ; (vi) if S € T* for some T, and if ,y € S are such
that x <7 g, then z <51 y.
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For [ < k —1, the order < in (X NY); is just the order <¥>". The only
case that requires an explanation is [ = k — 2. So suppose that a,b € Y;_o
and a <(YYX)k—2% pSo we have an upper path

A, Q1, ...,y b

such that o; € (Y U X)) 1 = ¢(Xpy1) U Yy 1. By Lemma 5.4, we can
assume that if o; € X1, then o; & v(Xg). But then o; € ¢(Xy41). So in
fact o; € Y1, as required.

The most involved are the formulas for <(X™)u+ for | = k and | =
k — 1. In both cases the comparison in Y U X involves orders both from X
and Y. In the former case, for a,b € (Y U X)), we have

a <Y9OXRt b iff

either a,b € Y3, and a <Y+ b
ora,b€ X;and a <*»* b
ora € 0(Xgy1), b € Yy, and Jyex,—s5(x,, )0 <** @’ and o’ <V b,

The orders <*#T and <Y»* are glued together along X, —(X}1) which is
the set of <*#*-maximal elements in X, and at the same time it is contained
in the set of <¥**-minimal elements Y; — v(Y;,1). This is obvious when
we realize that 6( Xy, 1) Ny (Yiy1) = 0.

In the latter case, for z,y € (Y U X),_1, we have

r <VOXe-1t  iff

either 7,y € X;,_; and x <X+17F y

orz,y € Yp_yand x <Ykt y

orz € 1(Xiy1), y € Yy and Jyex, ,—u(x001)T <Xet gl and o' <Yet oy
orr € Yk, Y€ L(Xk_|_1) and Elw 1€Xp_1—1( X)L <Yk, ' and 1’ SXka‘f— y.

The order <**1:T is ‘plugged into’ the order <¥*-1* along the set X} —

L(Xk_|_1).
To show that these formulas hold true, we argue by cases. Assume that
z,y € (Y UX);_; and that x <(VYX)k-1.% 4/ i e there is an upper path

T,q1,...,0m,Y

witha; € (YU X),, fori=1,....m
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First suppose =,y € Xy and {a;}; € Xi. Let a;y, ajyr1,...,a;, be a

maximal subsequence of consecutive elements of the path a4, ..., a,, such
that {a;}i,<i<i; € Y. Thus it is an upper path in Y}, from z to y = 7(ay,),
where
_ X if io =1
T = :
v(a;,—1) otherwise.

Note that it follows from the maximality of the path a;,,...,a;, that z,y €
Xp—1 — t(Xpq1). As we have T <¥+-1F ¢ from Corollary 5.11, we have
T "~ g, for all | < k — 1. Clearly st~ Cp<¥>~. Thus Z 54X~ ¢, for all
| < k —1, as well. But then again by Corollary 5.11 we have that Z p<**-1:F
y. If we were to have jj <X+ 7, then, as Z,§ € Xj_1 — t(Xpp1), we
would have § <¥»-1:T z. But this would contradict the strictness of <¥s-1F,
So we must have ¥ <Xk-1F 4. In this way we can replace the upper path
ai, ..., ayin (Y U X), from x to y by an upper path from x to 3 in Xj.
Next, suppose =,y € Y1 and {a;}; € Y. Let a;,, a;,11,-..,a; be a

maximal subsequence of consecutive elements of the path a4, ..., a,, such
that {a;};,<i<i;, C Xk. Thus it is an upper path in X} from z to g = y(a, ),
where
_ T if Z'O =1
T = :
v(a;,—1) otherwise.

Note that 7,7 € X;_1 — t(Xg+1) C Yi_1 follows from the maximality of
the sequence a;,, ..., a;,. Thus by Lemma 5.8 there is an upper path from
Ttoyin X1 — d(Xg) C Yi_1. In this way we can replace the upper path
ai, ..., an,in (Y U X), from x to y by an upper path from x to y in Y.

Thus we have justified the first two cases of the above formula. The
following two cases are easy consequences of these two. This ends the de-
scription of the orders in Y U X.

From these descriptions follows immediately that < "+ is strict, for
all [. It remains to show the pencil linearity. Both ~- and d-linearity of [-cells,
for! < k —1orl > k, are obvious.

To see the -linearity of k-cells, suppose that we have a € X and b € Y},
such that v(a) = (b). Let a € X}, be the <X+ T-maximal k-cells such that
v(a) = y(a). Thena € c®(X), € d®(Y);. Soa € Y; is a <¥»*+-minimal
k-cell such that v(a) = ~(b). Thus

(YUX)

a SXk7+ & SYk}7+ b.
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Thus the v-linearity of k-cells holds. The proof of ¢-linearity of k-cells is
similar.

Finally, we need to establish the 7- and d-linearity of (k — 1)-cells in
Y UX.

In order to prove the ~y-linearity, let x € ¢(X};,1) and y € Y;_1 such that
v(x) = v(y). We need to show that x (YU X)k-1+ 4

Let g € Xg41 suchthatx € t(ap), a € §(p) such that z = y(a) and let
Qp, . . .,y be a lower path in X}, such that v(«;) € Y}. Since = € (ayp),
then = € v6(cy) and, by Lemma 4.2

v(z) € yyd(ao) S vy(ao) Uyyy(ao)-

As () <T v(ay), by Lemma 5.3.3, we have y(z) € ty(ay) U~yyvy(ay).
Thus we have two cases:

1. v(x) € 1y(ay),

2. y(x) = yyy(au).

Case 1: y(z) € vy(oy). By Lemma 5.2.2, there is a unique z € dy(qy)
such that y(z) = v(z) and z <™ z. As y(qy) € Yy, s0 2 € Yy q. If
y <Yi-ut 2 then indeed y <Y X)r—1+ 2 as required. By y-linearity in
Y}._1, it is enough to show that it is impossible to have z <Ys-1:1 .

Suppose on the contrary that there is an upper path z, by, ...,b,,yin Y.
Since () is <T-minimal in Y (as oy € X) and z € §v(cy) N d(bo), by
d-linearity in Y, we have v(«y) <™ by. By Lemma 5.3.2, we have

(@) € iy(ar) € 1fbo) € e(br).

But vy(b,) = y so vy(b.) = v(y) = v(x). In particular, vy(x) & ¢(b,) and we
get a contradiction.

Case 2: y(x) = vyv(y). By Lemma 5.2.2 there is z € dy(«;) such that
v(x) = v(2)(= yy7y()), so that we have

» <Xkt X1t 'Y'Y(Oél>-

As v(qy) € Y} and is <'T-minimal in Y}, by Proposition 5.16, there is no
face ¢y € Y},_1 so that

» < Ye-1,t y/ <Yi-1,F 77(0%)-
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Soif y € Y,y and v(y) = 7(x), then either

Y Skal,‘F > <Xk:717+ r or <ka1,+ ’Y’V(CYZ) SXk:fla‘f' Y.

In either case z pa(YYX)k-1+ o as required. This ends the proof of ~-

linearity of (k — 1)-faces in (Y U X).

Finally, we prove the J-linearity of (k — 1)-faces in Y U X. Let z €
t(Xpy1)andy € Yy 1,t € Yy o suchthatt € §(z) Nd(y). We need to show
that z pa(YYXs-14

Let ap € X1 such that z € (o), a € d(ap) such that x = y(a), and
let a, . .., a; be a lower path in X such that v(«oy) € Yi. Asz € v(ay),
using Lemma 4.2 we have

t€d(x) Covi(ag) C dyy(ap) U ty(ag).
As y(ap) <T v(aq), by Lemma 5.3.4, we have two cases:
1. t € 1y(y),

2.t € dyy(a).

Case 1: t € 1y(oy). By Lemma 5.2.3, there is a unique z € dy(«;) such
that t € 6(z) and 2z <t z. Asy(oy) € Yy, 80 2 € Vi y. If y <Vt 2,
then indeed y <(Y“X)s-1.F 2 as required. By d-linearity in Y3, it is enough
to show that it is impossible to have z <Y+-1T y.

Suppose on the contrary that there is an upper path in Y

Z,bo,...,br,y.

Since (o) is <T-minimal in Y, and z € dv(y) N d(by), by o-linearity of
k-faces in Y we have (a;) <™ by. By Lemma 5.3.2, we have

t€wy(ay) Cu(bg) ... Culby).

But v(b,) = y,sot € d(y) C dv(b.). In particular, ¢t ¢ +(b,) and we get a
contradiction.

Case 2: t € 0vyy(oy). By Lemma 5.2.3 there is z € §yy(«;) such that
t € §(z) and we have

» <Xkt X1t 77(040-
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As v(qq) € Yy, and it is <*-minimal face in Y}, by Lemma 5.16, there is no
face ¢y € Y},_1 such that

g <ty Tty ().
Soify € Y;_; and ¢t € §(y), then either

Y SYk—1,+ > <Xk—1,+ r or = <Xk—1,+ 'Y'Y(al> Sxk—17+ Y.

In either case z baY Y X)k-1% 4 ag required. This ends the proof of §-linearity

of (k — 1)-faces in (Y U X)) and the whole proof that Y U X is a positive
opetopic cardinal.

Ad 2. We note that we can rename the cells of Y\ (d*)Y") to ensure
disjointness with X and rename the cells of (d*)Y") to turn the codomain-
domain isomorphism into an equality, and then apply point 1. O

Let X and Y be positive opetopic cardinals such that ¢ (X) = d®) (Y).
Then the pushout just described

Y ¢ X X

Y «—— (X
FORLEY

is a special pushout in pOpeCard (or a special pullback in pOpeCard®).

Now we shall describe an w-category 7™ generated by the positive
opetopic cardinal 7'. The set of m-cellsof 7" 1s T}, 1.e., the set of all the pos-
itive opetopic cardinals contained in 7" of dimension at most m, for m € w.
The k-th domain and k-th codomain operations in 1™ are the operations

d® c® .1 T
defined above, with m > k. The identity operations
i Ty — T,
are inclusions, and the composition map
My bt 1y X7 T — T,

m?
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where £ < m, is the sum, i.e., if X, Y are positive opetopic cardinals con-
tained in T of dimension at most m such that ¢*)(X) = d®(Y), then

My, em(X,Y) =X @, Y = XUY.

Corollary 6.3. Let T' be a weak positive opetopic cardinal. Then T™ is an
w-category. In fact, we have a functor

(—)" : wpOpeCard — wClat.

Proof. The fact that the operations on 7™ are well defined follows from
Lemmas 6.1 and 6.2. The satisfaction of the laws of w-categories is a simple
matter of rearrangements of unions.

If f:S — T is a morphism of positive opetopic cardinals, X € S*,
then the image f(X) € T* is isomorphic to X. Then again using Lemmas
6.1 and 6.2, the association X — f(X) is easily seen to be an w-functor. O

7. Normal positive opetopic cardinals

Let S be a normal positive opetopic cardinal of dimension &, i.e., S'is (k—1)-
principal. By p; we denote the unique element of the set S; — §(S;41), for
| < k. Moreover, as we shall show below, p;_;, € 7(Si) and hence the set
{x € Sy : v(z) = py_,} is not empty. We denote by p; the <*-largest
element of this set. We shall omit the superscript S if it does not lead to a
confusion.

Lemma 7.1. Let S be a (k — 1)-principal opetope of dimension at least k,
k > 0. Then

1. Sl = 5(l)(5k) U ’V(Z)(Sk) = 5(1)(Sk) U {pl}, fOl’l < k.
(5(5[44) = (5(0(5]{),](01"[ < k.
Pr is the <~ -largest element in Sy, — 6(Sk11).

Y(p1) = pi-1, for 0 < 1 < k.
d(p1) = 0(S1) —v(S1), for 0 <1 < k.

A N
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6. Sl = 5(l)(pk_1) U ’y(l)(pk_l),forl < k—2.

Proof. Ad 1. If H is a hypergraph of dimension greater than [ and
v(H;41) € 6(H;y 1), then there is an infinite lower path in H;, 1, i.e., <0T
is not strict. Thus, if .S is a positive opetopic cardinal of dimension greater
than [, we have 0(S;11) & S;. A positive opetopic cardinal is normal iff this
difference

Sy — 0(Si41)

is a singleton, for [ < k. Thus, by the above, we must have

St = 0(S1+1) Uy(Sit)- (D

We shall show the first equation of the statement 1. by downward induction
on [. Suppose that we have i, = 6O (S,) UAW(Sy) (for I = k — 2, it is
true by the above). Then

Sl = 5(1)(Sk) U ’Y(l) (Sk) =

= 56UV (S) U (S0)) Uy (84D (Sk) U AT (Sy)) =
= 561D (S) Uy (S) U4 (Sy) Uy (Sy) =
=8V (Sk) U7V (Sk) UrdV(Sk) U (Se) =
= 6D (5,) Uy (S,

where the last equation follows from Corollary 4.3.
The second equation of 1. is obvious, forl = k—1. So assume [ < k—1.
We have

P} =8 —(S41) =
= S — 66UV (Sk) UATI(Sh)) =
= 5, — (0D (Sp) UGy HI(Sy)) =
Sp— 0D (Sy).

Thus
Sl = (5(1)(Sk) U {pl}

as required.
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Ad 2. Let! < k. Then using 1. we have
50 (S4) € 6(Sie1) 26U (Se) U {pi)-

Hence
6W(Sp) = 6(Si1q).

Ad 3. First we shall show that pr € Sy — 0(Sky1). Suppose on the
contrary that there is a € S such that py € §(«). Then v(px) € vo(a) =
yy(a) Ue(a). If v(pr) = vy(«), then pr, <* ~y(a), contradicting the choice
of pr. If v(pr) = t(«), then there is a € §(a) such that v(px) € d(a).
But this means that p;_1 = vy(px) € 0(Sk), contradicting the choice of
Pr_1 € Sk_1 — 0(Sk). This shows that p;, € Sy — 6(Sk11).

We need to prove that any maximal lower (S —d(Sy.11))-path ends at py.
By strictness, it is enough to show that if x € S;, —d(Syy1) and x # py, then
there is 2’ € Sy, — d(Sk41) such that y(z) € §(2). So fix & € Sy — §(Sk11).
If we were to have v(z) € «(5), for some 8 € Si.i, then by Lemma 5.5
we would have z < ~(f3), and in particular x € §(Sy41), contrary to the
assumption. Therefore v(z) € Sp_1 — t(Sk+1). As z,pr € Sk — 0(Sk41),
by ~-linearity we have y(z) # v(px) = px—_1. Hence by 1. the set

Ay ={y e Sk:y(z)edly)}

is not empty. Let 2’ be the < -largest element of this set. It remains to show
that ' & 6(Sk.1). Suppose on the contrary that there is o € Sj; such
that 2’ € §(a). As y(x) & 1(Sks1) and y(z) € 6(2'), so v(z) &€ t(a) and
v(z) # vvy(a). Thus y(z) € éy(a). But this means that ' < ~(«) and
v(c) € A(z). This contradicts the choice of z’. This ends the proof of 3.
Ad 4. v(pr) = pr_1 by definition. Fix 0 < | < k. As S; = §(S;41) U
{p:}, pi is <'-greatest element in S;. Assume y(p;) # p;_1. Thus v(p;) <™
pi_1. Letz € S;. Then 2 < p; and, by Lemma 5.9, v(z) < ~v(p;) <™ pi_1.
Thus p;_1 € v(S;). So (S;) € §(S;). But this is impossible in a positive
opetopic cardinal, as we noticed in the proof of 1. This ends the proof of 4.
Ad 5. Fix [ < k. First we shall show that

6(p) N (Sy) = 0. ()

Let z € v(S)), i.e., there is a € S; such that y(a) = z. By 1. a <T p;.
By Lemma 5.7, there are = € §(p;) and y € 0(a) such that x <* y. Hence
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x < 7(a) = z. By Proposition 5.1, since = € §(p;), it follows that z &
d(p;). This shows (2).
By Lemma 5.19, we have

0(S1) = 6(S; — 0(Si41)) U e(Sis1). 3)
Since d(p;) = §(S; — d(Si41)) and ¢(Si41) € v(S;), we have by (2)
0(S; — 0(Si41)) Ne(Si1) = 0. 4)
Next we shall show
L(Si+1) = y(S1) N(S)). (5)

The inclusion C is obvious. Let = € v(5;) N§(S;). Hence there are a, b € S,
such that y(a) = = € d(b). We can assume that a is <™-maximal with this
property. As a <~ b, neither a nor b is equal to the <*-greatest element
p; € S;. Therefore there is « € S;;; such that a € §(«). If we were to
have x = v(a) = yy(«), then y(a)) would be a <*-greater element than a
with y(vy(a)) = . So y(a) # yy(a). Clearly, x € y)(a). By globularity,
x € §6(«) as well. Thus = € t(«), and (5) is shown.
Using (2), (3), (4), and (5) we have

6(pi) = (51— 6(S1+1)) =
=6(51) — t(Si1) =
= 0(S1) — (v(S1) No(Sy)) =
= 0(S1) —v(51)

as required.
Ad 6. By 1. and 2. it is enough to show

5(l)(51<;—1) =60 (pkz—l)a

for [ < k — 2. The inclusion D is obvious. Pick x € S;_;. We have an upper
path x,aq,...,a,, px_1. By Corollary 4.3, as v(a;) € d(a;+1), we have

0 (a;) = 6V(a;) € 8V (0(aisn)) = 6Y(airn)

fori = 0,...,r — 1. Then, by transitivity of C and again Corollary 4.3, we
get
00 (z) € 6U(ar) € 6W(a,) € 6V (v(ar)) = 6 (pr-n)-

This ends the proof of the inclusion C and the proof of 6. O
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Lemma 7.2. Let S be a positive opetopic cardinal of dimension at least k.
Then

1. Sis (k —1)-principal iff d®)(S) is normal iff c*=V(S) is principal;
2. if S is normal, so is d(S);
3. if S is normal, c(.S) is principal.

Proof. The whole lemma is an easy consequence of Lemma 5.19. We
shall show 1., leaving 2. and 3. for the reader. First note that all three
conditions in 1. imply that |S; — §(S;41| = 1, for [ < k — 2. In addition,
these conditions say:

1. Sis (k — 1)-principal iff |S; — 6(Si+1)| = 1, forl =k — 2,k — 1.
2. d® S is normal iff

(a) |Sk_1 — 5(Sk — "}/(S]{;+1))| = 1, and

(b) |Sk—2 —0(Sk—1)| = L.
3. c*=1)(S) is principal iff

(a) |(Sk_1 — L(Sk_|_1)) — 5<Sk — (5(Sk+1))| = 1, and

(b) |Sk—2 = 6(Sk—1 — t(Sky1))| = 1.

So the equivalence of these conditions follows directly from Lemma 5.19.
U

Let N be a normal positive opetopic cardinal of dimension n. We define a
(n+1)-hypergraph N* that contains two additional faces: p2'’; of dimension
n+1, and p)* of dimension n. We shall drop superscripts if it does not lead
to confusions. We also put

0(Pnt+1) = N Y(Pnt1) = Pn

0(pn) = 0(Nn) =v(Nn)  ¥(Pn) = Prn-1(=7(Nn) = 6(Nn)).
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As N is normal, v(N,,) — 6([V,,) has one element, so vy(p,,) is well defined.
This determines N*® uniquely. ! N*® is called a simple extension of N.

Example. For a normal positive opetopic cardinal N like this

) fl T1
f2 Jo
T3 Lo
the hypergraph N*® looks like this
b
2 L1

2 I py° Jo
I3 ~ - T
Py’
Proposition 7.3. Let N be a normal positive opetopic cardinal of dimension
n. Then

1. N°* is a positive opetope of dimension n + 1.
We have d(N°®) = N, c(N°®) = (dN)".
If N is a principal, then N = (dN)®.

Ao owDd

If T is a positive opetopic cardinal contained in N°®, then either T’ =
N*orT =c(N®*)orT C N.

Proof. Ad 1. We shall check globularity of the new added cells. The
other conditions are simple.
For p,,. 1, we have:

YY(Prt1) = v(Pn) =

= Y(Nn) = 6(Np) = ¥0(Pns1) — 66(Pny1)

"(PLC) The uniqueness is meant here with respect to the properties of being principal
and having NV as domain. Principality is characterized by the addition of the unique top cell
Pn+1- Having N as domain is taken care of by the equality d(p,,+1) = N,. Then all the
rest 1s imposed. The cell p,,+1 must have a (fresh) codomain p,,, which is itself the top cell
of (dN)®, as specified by the rest of the definition of /V°.
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and
0Y(Prt1) = 6(pn) =

= 6(Nn) = Y(Nn) = 00(Pns1) — 70 (Pr+1)-

So globularity holds for p,, ;.
For p,,, using Lemmas 7.1, 5.19 and normality of NV, we have:

Ww(pn) = /7(pn—1 = Pn—2 =

)
=Y(Np-1) = 0(Ny1) =
= Y(Np—1 = 7(Nn)) = 6(Np—1 — 7(No)) =
=7(0(Np) = ¥(Nn)) = 0(6(Np) —v(Ny)) =

and similarly

So globularity holds for p,,, as well.

Ad 2. The first isomorphism is obvious.
The faces of (N*®), c(IN°®), dN, and (dN)* are as in the tables

dim (N*) c(N*)
n+1 {Pfl\: 0
n | N,U{p, } {pn }
n — 1 Nn—l Nn—l - (’Y(Nn) M 5(Nn))
n—2 N, Np_o
and
dim dN (dN)*
n+1 0 0
n 0 {szdN).}
n—1| Ny —7(N,) | (Nt —2(N) U V)
n— 2 Nn_z Nn—2

- 226 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

We define the isomorphism f : ¢(N°®) — (dN)* as follows

. dN)®
f(Pgﬂ) P§L+1)

foa(e) = { P i =],
" T otherwise.

and f; = 1y, for [ < n — 1. Clearly, all f;’s are bijective. The preservation
of the domains and codomains is left for the reader.

3. 1s left as an exercise.

Ad4. Ifp,1 € Tyy1,thenT = N*. If p,, €T, thenT C N.

Suppose that p,, 41 & 15,41 but p,, € T,,. Since N®* = [p,,41], by Lemma
6.1 it is enough to show that 7" = [p,,]. Clearly [p,,] C T. As [p,]; = N,, for
[ <n—1,wehave [p,]; =T}, forl <n — 1, as well.

Fixx € N,,. Asx € 5(pn+1) and v(Pn41) = Pn, We have z <V°F p,..
So by Corollary 511z géll Pn, for any [ < n. Thus we cannot have
x D<ll Pn, for any [ < n either. As T is a positive opetopic cardinal, again
by Corollary 5.11, x &€ T'. Since x was an arbitrary element of IV,,, we have

It remains to show that 7,, 1 = [pn],—1. Suppose that z € N, ; —
(0(pn) U~ (py)). Then 2 <N ~4(p,) and hence = 54 "~ ~(py), for [ < n.
So x and 7(p,,) cannot be <;‘F’_—comparable, for | < n. Since, as we have
shown, N,,NT,, = (, it follows that z and y(p,,) cannot be <”*"-comparable.
Soby Lemma 5.11, z & T,,_1,1i.e.,, T, -1 = 6(pn) UY(Pn) = [Pn)n_1. O

8. Decomposition of positive opetopic cardinals

Let T" be a positive opetopic cardinal, X C T"a subhypergraph of T', k € w,
a € (T, — (Ty12)). We define two subhypergraphs of 7', X+* and X1, as
follows:

{a € X;:7®(a) <t a} forl > k
X={ {beX,:b<taor be (X))} forl=k
X for | < k.
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{a € X;:v¥(a) £F a} forl > k

o _ {beXy:b£LTaorbd §(Xp1)} forl=k
L) X — (X)) forl =k —1
X; forl < k—1.

Intuitively, if X is a positive opetopic cardinal contained in 7', X** is the
least positive opetopic cardinal contained in X that contains faces ‘smaller
or equal’ a and can be k-pre-composed with the ‘rest’ to get X. X is this
‘rest’ or in other words it is the largest positive opetopic cardinal contained
in X that can be k-post-composed with X+* to get X (or the largest positive
opetopic cardinal contained in X that does not contain faces ‘smaller’ than
a). Note that a does not need to be a face in X, in general.

Examples. If X is a hypergraph a € T, then X*? is a hypergraph, as well.
However, this is not the case with X 1%, if a € t(T'), as we can see below:

X: a Xta. a
/N N

Here X = T'. The faces in the domain of the 2-dimensional face are not in
X1 ie., X is not closed under 6.

To see some real decompositions, let fix a positive opetopic cardinal T’
as follows:

—_— b
.U’. ¢ ¢
/u\‘y‘/“au\‘
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and
Tta
/ I N\ M \
° -1 - - e
Moreover, with
X1
Sl N\ . % \\
° - - -

we have XlTb = X7 and
Xy

VAN N\

) Yy——x °

ie., X' =d®(X,). For

we have XJ” = X, and XJ* = {y}.

Lemma 8.1. Let T’ be a positive opetopic cardinal, X C T' a subhypergraph
of T, a € (T —u(T)), a € Xy. Then

1. X' and X are positive opetopic cardinals;
2. M (Xte) = k) (XTe) = Xbe n X,

3. d®(Xt) = dW(X), ¢ (XT) = B (X);
4. X = X @, Xt = XTey Xte,
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Proof. Ad 1. The verification that X+* and X are closed under ~ and §
is routine. For any k, if z, y € X*, then z <™ y iff 2 <" y. Similarly,
for any k, if x,y € X,Ia, then z <t y iff z <tX'" y. Thus by Lemma
5.17 X** and X are positive opetopic cardinals.

Ad 2. Let us spell out ¢ (X**) and d®) (X T):
c®) (Xt

1. c®(X4), =0, for | > k;

2. c(k)(Xia)k =
({b € Xi: 0 <7 a}U(Xp—7(Xps1))) —0({r € Xppp1 1 v(a) <T a});

3. C(k)(XJ’a)k_l = Xk—l — L(Xlij—l);

4, c®(Xt), = X forl < k — 1.
d®)(XTe);

1. d® (X)), =, for | > k;

2. d®(XT), =
{b € X,:b 7f+ aorb Q/ 5(Xk+1)}—’7(Xk+1—{Oé c Xk:—l—l : ’)/(Oé) §+
aj);

3. dW(XT9), = Xy — o(X20);
4. d®(X1), = X, forl < k — 1.

Thus to show that ¢ (X**) = d®(X1), we need to verify that
c®(X1e), = d®(XT),. As both sets are contained in X}, we can compare
their complements. We have

X — C(k)(Xia)k = {b c (5(Xk+1) b <t CL}

Uy (Xps1 —{or € Xy 1 79(0) £7 a})

and

X —d® (X ={bey(Xp) : b £ al Us({a € Xprrv(a) < a}).
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But it easy to see that
{bed(Xpy1):b<ta}=0{ae€ Xp1v(a) <" a})
and

V(Xip1 —{a € Xppr 1 9(a) £7 a}) = {b € y(Xp41) : b £7 a}.

The second equality uses the fact that a ¢ «(T). Thus c®)(Xte), =
d®)(XT1e),, as required.

Ad 3. To see that c®(XT) = c¢®(X), it is enough to note that
U Xip1) = (X550 U u(X]%,). The equation d®(X+2) = d®(X) is even
simpler.

Ad 4. Obvious. O

Corollary 8.2. Let T be a positive opetopic cardinal, k € w, a € (T}, —
t(Tys2)). Then the square

T THa
k
)
TTa » C(k) (Ti«a)
d®,

is a special pushout in pOpeCard.

Proof. Follows immediately from Lemmas 6.2 and 8.1. O

We need more notions and notations. Let X, T" be positive opetopic
cardinals X C T, a € (T — «(T)). The decomposition X = X+ U X1 is
said to be proper iff size(X1?), size(X1*) < size(X). If the decomposition
X = X% U X1 is proper then a is said to be a saddle face of X. Sd(X) is
the set of saddle faces of X, Sd(X); = Sd(X) N X.

Lemma 8.3. Let X, S, T be positive opetopic cardinals, X C T, | € w.
Then

1. ifa € (T, —u(T)), then a € Sd(X) iff there are o, B € X1 such that
Y(a) <T aandy(8) £7 a;
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2. ifc®(8) = d®(T), then

size(S), + size(T), ifl >k

size(S @, T) = { size(T); ifl <k

3. size(S) > 1iff k < dim(S5);
4. ifa € Sd(9)y, then size(S)k41 > 2;
5. S is principal iff Sd(S) is empty.

Proof. We shall show 5. The rest is easy.

If there is @ € Sd(S)g, then by 2., 3. and Lemma 8.1 we have that
size(S)pi1 = size(S¥)p11 + size(S™)gy1 > 141 > 1. So in that case S
is not principal.

For the converse, assume that S is not principal. Fix k£ € w such that
size(S)gr1 > 1. Thus there are a,b € Si.1, such that a # b. Suppose
v(a) € t(a), for some o € Syyo. Then by Lemma 5.5 we get a <™ 7v(a),
contrary to the assumption on a. Hence a € S — ¢(.5) and for similar reasons
be S —u(S). Wehave a 4% b and, by pencil linearity, v(a) # v(b). Then
either y(a) £ ~(b) and then ~(b) € Sd(S)g, or y(b) £ ~(a) and then
v(a) € Sd(9)g. In either case Sd(S) is not empty, as required. O

Lemma 8.4. Let T, X be positive opetopic cardinals, X C T, and a,r €
X — (X)), k =dim(z) < dim(a) = m.

1. We have the following equations of positive opetopic cardinals:
Ximia — Xiaim XUUT@ _ XTGUU XTxia — XLaT:C XT:ETCL _ XTaT:E
i.e., ‘the decompositions of different dimensions commute’.

2. Ifv € Sd(X), then x € Sd(X**) N Sd(XT).

3. Moreover, we have the following equations concerning domains and
codomains

cF) (Xiwia) — C(k)(XixTa) — d® (XTmia) — 4 (XTwTa)

M (xtrey = dim(xtetey - elm)(xTeley = gim) (xtete),
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4. Finally, we have the following equations concerning compositions
X\LxTa B Ximia — Xix XT:cTa B XTJKLQ — XT:E
XTxJ,a @k XJ,xLa — Xia XTmTa @k X¢wTa — XTa.

Proof. Simple check. O

Lemma 8.5. Let T, X be positive opetopic cardinals, X C T, and a,b €
X — (X)), dim(a) = dim(b) = m.

1. We have the following equations of positive opetopic cardinals:

Xiaib _ Xibia XTaTb — )(TbTa7

i.e., ‘the decompositions in the same dimension and the same direc-
tions commute’.

2. Assume a < b. Then we have the following further equations of
positive opetopic cardinals:

Xia _ Xiai,b XTb — XTaTb XLbTa _ XTaLb.
Moreover, if a,b € Sd(X), then a € Sd(X*) and b € Sd(X1?).

3. Assume a <; b, for some | < m. Then X1 X1 gre positive
opetopic cardinals, and

XTaib B Xia _ XTbJﬂ B Xi,b.

Moreover, if a,b € Sd(X), then either there is k such that ] —1 < k <
m and v*)(a) € Sd(X) ora € SA(X™) and b € Sd(X™).

Proof. Simple check. O

Lemma 8.6. Let T, X be positive opetopic cardinals, X C T, dim(X) = n,
l<n—1a¢€ SdX). Then

1. a € Sd(c(X))NSd(d(X));
2. d(X') = (dX)b;
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3.
4.

5.

d(XT) = (dX)M;
c(X¥) = (c(X))*
c(XT) = (c(X))™.

Proof. The proof is again by a long and simple check. We shall check
part of 5. We should consider separately cases: [ =n — 2, =n — 3, and
[ < n — 3, but we shall check the case [ = n — 3 only. The other cases can
be also shown by similar, but easier, checks.

(e(X))T is:

1. (c(X))]* =0, forl > n;

2. (e(X)))Ly ={r € Xpy i7" (2) £7 a, x ¢ 6(X,)};

3. (e(X))ts ={r € Xpn:y(x) €1 a, = & (X))

4 (c(XNy={reX,s: x4 aorz & §(Xno—o(Xn)}:
5. (c(X)hy = Xna —({z € Xpp s 0 € (X)), 7(2) <T a});
6. X=X, forl <n—4.

and c(X ) is:

l.
2.

)
c( XM, = {z € X1 : Y (2) £F a4} — 6({z € X,
Y (z) £7 a});
C%ﬁa)n—z = {2 €Xn2 1 7(2) £7 a} —({z € Xy 1 77V(2) £7

»

( Ta)n—3 ={re X, 3:xLtaorx €i(X, 2)};
C(XTa)n_4 =X, _4 — L(XiCLQ);
(X)), = X;, forl < n — 4.
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We need to verify the equality (c(X))* = ¢(X'), forl =n—1,...,n—4.

In dimension n — 1, it is enough to show thatif z € X,,_; and 2z € X,
so that v("=3)(2) £+ a and x € §(2), then "3 (2) £+ a

So assume that we have z € X,,_;, 7" 3)(z) £F a, z € X,, such that
r € 6(z). Hence x <t v(z). By Lemma 5.9.5, 773 (z) <t ~(=3)(2).
Therefore v("=3)(2) £+ a (otherwise we would have v("=3)(z) £ a), as
required.

In dimension n — 2, it is enough to show thatif x € X,,_oand z € X,
so that v £* a and x € 1(2), then v~ (2) £+ a.

So assume that x € X, o, z € X,, so that © $+ aand x € L( ) Hence
r <* vy(2). By Lemma 5.9.5, v(z) <* v("=3)(2). Therefore 7"~ (z) £+
a, as required.

The equality in dimension n — 3 follows immediately from Lemma
5.19.4.

To show that in dimension n — 4, the above equation also holds, we shall
show that

(X32o) C el{r € Xpmp i o E (X)), y(2) < a}).

Note that, by Lemma 5.3.1,if t € X,, yandz € X,, 2,y € X,,_1,t € ()
and y(r) <™ aand x = y(y), then there is =’ € §(y) (i.e., ¥’ <* x and hence
v(x') <T @) such that t € 1(x').

Thus, as <™ is well founded, it follows from the above observation that,
forany t € X, _4and z € X, 5 such that ¢ € «(x) and y(z) <% a, there
is 2" <* z such that t € «(2”) and 2" & v(X). Then we clearly have that

" & 1(X) and y(2") <* a, as required. O

The following lemma describes how one can express decompositions of
a special pushout in terms of decompositions of its components.

Lemma 8.7. Let T','11, 15 be positive opetopic cardinals, and suppose that
dim(Ty), dim(Ty) > k, ¢®)(Ty) = d¥(Ty) and T = Ty @, Ti. Then
c® (1)), Ny(T1) # 0. For any a € c® (1), N y(Ty), we have a € Sd(T);
and

o cither T) =T and Ty = T

« ora € SA(Ty), TV = TV and T = Ty @, T)°
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Proof. By assumption, (T})z41 # 0 and (T3)pe1 # 0. So c®(T1) N
v(Th) # 0. Fix a € ¢®(Ty) N~y(Ty) # 0. Then TyY, # 0. As T}, N
(T2)g+1 = 0, we must have a € Sd(T).

Assume Ty # TV Then TV G Ty. Hence (T1) — (T%*) # (). But this
means that a € Sd(T});,. The verification that the equalities 7+ = T7* and
Tt = T, @y Tf “ hold in this case is left as an exercise. O

9. Positive opetopic cardinals as positive-to-one polygraphs

For the definition of positive-to-one polygraphs and related notation see Ap-
pendix. In this section we show that the image of the embedding defined in
Section 6

(—)" : pOpeCard — wCat

is in fact contained in the category of polygraphs.

Proposition 9.1. Let S be a weak positive opetopic cardinal. Then S* is
a positive-to-one polygraph whose k-indeterminates correspond to faces in

Sk-

Proof. The proof is by induction on the dimension n of the weak positive
opetopic cardinal .S. For n = 0, 1, the proposition is obvious.

So assume that for any weak positive opetopic cardinal 1" of dimension
n, 1™ 1s a positive-to-one polygraph of dimension n, generated by faces in
T'. Suppose that S is a weak positive opetopic cardinal of dimension n + 1.
We shall show that S* is a polygraph generated by faces in .S. Since S<,
is a weak positive opetopic cardinal, by inductive assumption, S%, is the
polygraph generated by faces in S<,,. So we need to verify that, for any w-
functor f : X, — C'to any w-category C' and any function |f| : S,11 —
Cpa1 such that for a € Sna1

de(|fl(a)) = f(d([a])),  cc(lfl(a)) = fle(lal)),

there is a unique w-functor F' : S* — (' such that

Foa(la]) = |fl(a),  Fan = f

as in the diagram
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S<n

-

We define I}, as follows. For X € S;_;:

Foi1(X) = ¢ |fl(a) if dim(X) =n+ 1, X is principal and X = [q],
Fn_|_1(XTa) O FTH_l(XJ’a) if dzm(X) =n-+ 1, a € Sd(X)l,

where o, refers to the composition in the w-category C. Clearly F}, = f, for
k < n. The above morphism, if well defined, clearly preserves identities.
Uniqueness is also clear by construction. We need to verify three conditions,
for X € S,y and dim(X) =n + 1:

I Fis well defined, i.e., F,;1(X) = F,1(X") o; F,,41(X**) does not
depend on the choice of the saddle face a € Sd(X);

Il F preserves the domains and codomains, that is to say, F,(d(X)) =
A(Fo1(X)) and Fo(e(X)) = c(Fuy1 (X)):

III F preserves compositions, i.e., F,11(X) = F,11(Xs) o Fryp1(Xy)
whenever X = X, @y X; and dim/(X7), dim(Xsy) > k.

We have an embedding [—]| : S<, — S%,_. So let us assume that for
positive opetopic cardinals of S of size less than size(X ) the above assump-
tion holds. If size(X),+1 = 0 or X is principal, all three conditions are
obvious. So assume that X is not principal and dim(X) = n + 1. To save
on notation we write F' for F), .

Ad 1. First we will consider two saddle faces a,z € Sd(X) of different
dimension k = dim(z) < dim(a) = m. Using Lemma 8.4 we have

F(X™) o, F(X**) = ind. hyp. I

-237 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

= (F(X1%) o F(X1%%)) o, (F(X1%) o F(X)
= (F(X117) o, F(X11%)) o (F(X 1) o, F(X*4)
= (F(X™1%) o, (X)) o (F(X¥1) o, F(X*40)

= and. hyp. 111
= F(XT) o, F(X¥).

Now we will consider two saddle faces a, b € Sd(X) of the same dimension
dim(a) = dim(b) = m. We shall use Lemma 8.5. Assume a <, b, for
some [ < m. If y*)(a) € Sd(X), for some k < m, then this case reduces to
the previous one for two pairs a,v* (a) € Sd(X) and b, v¥)(a) € Sd(X).
Otherwise a € Sd(X1) and a € Sd(X™) and we have

F(X1) o, F(XYa
= (F(XT1%) o F(XT40)) o, F(X¥
= F(XT) op (F(XT4) o), (XY

— F(XTbTa) oy, F(Xw @, X

= F(XT19) op F(X™ @, X

= F(XT1%) o) (F(XT™) o), F(XY)
= (F(XT1%) op F(XT)) o) F(X) =
= F(X™) o, F(X¥).

= nd. hyp. [
= nd. hyp. 111

)
) =
)
) =
) ind. hyp. 111
) =
)
1

Finally, we consider the case a <% b. We have

F(X1) o) F(X*
= (F(X™*) o), (X)) o) F(X

)= ind. hyp. I
)

= (F(X™) o, F(X*1)) o, F(X)
)
X

= F(X™) o (F(XHT) o) F(XH04a) ind. hyp. I

= F(X") op F(X).
This shows that F'(X) is well defined.

Ad II. We shall show that the domains are preserved. The proof that the
codomains are preserved is similar.

The fact that if Sd(X) = (), then F' preserves domains and codomains
follows immediately from the assumption on f and | f|. So assume Sd(X) #
() and let a € Sd(X), dim(a) = k. We use Lemma 8.6. We have to consider
two cases k < n, and k = n.
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If £ < n, then

F,(d(X)) = F,(d(X™ @, X'
= F(d((X™) @y, d(X*)

)
(X))
= F(d(X)" @ d(X)**) = ind. hyp. 111
= F(d(X)™) o), Fy(d(X)*) =
= F,(d(X™)) op F,(d(X*)) = ind. hyp. 11
= d(Fps1 (X)) o (Fn+1(X¢°“‘)) =
= d( n+1(XT ) ok n+1(Xw>) = nd. hyp. I
= d(Fy+1(X)).
If £ = n, then
Fo(d(X)) = Fu(d(X™ @, X)) =
= F,(d(X*)) = ind. hyp. I1
= d(Fua (X)) =
_'d(F%+1LX¢a))On}§HJ()(Mw):: ind. hyp. 1
=d ]q%+1()())

Ad III. Suppose that X = X, @, X7 and dim(X) < n + 1. We shall
show that F' preserves this composition. If dim(X;) = k, then X = X,
X, = d®(X,). We have

Fo(X) = Fa(Xo) =

n+1
= F11(X3) o 1grk(d<)k>(X2)) -

—_— ’I’L+1(X2> Ok. 1;;:;—;)1()1) prnd

= Foy1(Xa2) op Froy1(Xy).

The case dim(Xs) = k is similar. So now assume dim/(X), dim(Xs) > k.
We shall use Lemma 8.7. Fix a € c®(X1), Ny(X},). Soa € Sd(X);. If
X; = X% and X, = X', then we have

F(X)=F(X™) o, F(X') = F(X;) o) F(X7).
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If a € Sd(Xy)g, then

F(X)=F(X™) o, F(X*) = ind. hyp. I1
= (F(X2) o F(X{")) o F(X*) =
= F(X5) op (F(XT%) op F(X?")) = ind. hyp. IT

F(X3) op F(X1).

So in any case the composition is preserved. This ends the proof of the
lemma. O

Let wpOpeCard,, be the full subcategory of wpOpeCard whose ob-
jects have dimension at most n > 0. For n € w, we have a functor

(—)*" : wpOpeCard, — Set | D,_,
such that, for S in wpOpeCard,,

SHM = (S, 8%, 0], [1])

and, for f : S — T in wpOpeCard,, we have

fﬁ’n — (fm (f<n)*)

By construction, we have
(=) o (=) = (=)™,

: wpOpeCard,, — pPoly,, is the n-dimensional version

*,M

where (—)
of (—)*.
Corollary 9.2. For every n € w, the functor (—)*" is full and faithful, and

it preserves special pushouts (i.e., it maps special pushouts to pushouts).

Proof. Fullness and faithfulness of (—)*" is left for the reader. We shall
show that for every n € w, (—)*" preserves special pushouts. For n = 0,
there is nothing to prove. For n = 1, this is obvious. So assume thatn > 1
and that (—)*" preserves special pushouts. Let
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S——S+rT
R T

be a special pushout in wpOpeCard,,_,. Clearly its n-truncation is a
pushout in wpOpeCard,. Hence by inductive hypothesis it is preserved
by (—)*". In dimension n + 1, the functor (—)*"*! is an inclusion. Hence,
in dimension n + 1, this square is a pushout (of monos) in Set. So the whole
square

Sﬁ,n+1 (S +5 T)li,n—l—l
le,n—f-l Tﬁ,n+1

is a pushout in Set | D, 1, i.e., (—)*"*! preserves special pushouts. O

Corollary 9.3. The functor
(—)" : wpOpeCard — pPoly

is full and faithful and preserves special pushouts. In particular, it is conser-
vative.

Proof. This follows from the previous corollary and the fact that the func-
tor (—) : Set | D,_; — pPoly,, is an equivalence of categories. '*0]

Corollary 9.4. The functor
(=) : wpOpeCard — wClat

is faithful, conservative and preserves special pushouts.

12(PLC) In reference to the description given in the appendix, mn is full and essentially
surjective by construction. Here is a hint on how faithfulness can be established. The
morphisms of the free category are equivalence classes of formal composites in various
dimensions of generators of dimension < n. One can associate to such a formal expression
s the multiset top(s) of the generating m-morphisms occurring in it, and one can show
that this is an invariant: if two expressions s and ¢ can be proved equal by the laws of w-
categories, then top(s) = top(t). For a generator a we have top(a) = {a}, hence if two
generators a, b where equated, we would have {a} = top(a) = top(b) = {b}, proving
faithfulness.
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Proof. The faithfulness and preservation of special pushout follows from
the previous corollary and the fact that the functor F}, : pPoly,, — nCat
(see Appendix) is faithful and a left adjoint. Conservativity follows from the
previous corollary and the fact that any isomorphic w-functor between poly-
graphs preserves and reflects indeterminates, i.e., is a map of polygraphs.
13

Let P be a positive-to-one polygraph, a a k-cell in P. A description of
the cell a is a pair '*

<Toy1y T — P>

where 7T, is a positive opetopic cardinal and 7, is a polygraph map such that

7.(Ty) = a.

In the remainder of this section we shall define some specific positive
opetopic cardinals that will be used later. First we define the globes o, for
n € w. We put

0 ifl >n
a = {2n} ifl=n
(20+1,20} if0<li<n

. n n
d,c:of — a4

d(x) = {20 — 1} c(x) =20 —2

forz € o, and 1 <[ < n. For example, o can be pictured as follows:

3(PLC) For a proof of this, see [1, Proposition 16.6.3].
4(PLC) The existence and uniqueness of descriptions is proved below (Proposition 12.2).
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i.e., 8 is the unique cell of dimension 4 in o that has 7 as its domain and 6
as its codomain, 7 and 6 have 5 as its domain and 4 as its codomain, and so
on. Note that, for any £ < n, we have

d® o = of = c®qm.

Let n1 < ng,n9 and nz < ny, ny. We define the positive opetopic cardi-
nals ™0"1:"2 and 0" "2 73 g9 the following colimits in pOpeCard:
K1 K1

/{3
n n no,nN1,N2,13,M
Oéo,—>04 Ozo,—>040’ 1,12,13,7t4 n4

no,n1,n2 a

ni) K9 Cg%) K9 d((xn?))

d(n1> i o d(m) n3)

—~

Proposition 9.5. The above colimits are preserved by the functor
(—)" : pOpeCard — pPoly.
Moreover, for any w-category C, we have bijective correspondences
wCat((a™)*,C) =C,

wCat((a"""2)* O = {(x,y) € Cpy X Cp, : c("l)(x) = d(”l)(y)}
wCat((arontn2nenay ) —
{(z,y,2) € Cpy X Coy X Cyy, ™ (w) = d™(y) and ™) (y) = d")(z2)}

which are natural in C.

Proof. As both positive opetopic cardinals "2 and q0-"1:"2n3.m4
are obtained via special pushout (in the second case applied twice), these
colimits are preserved by (—)*. O

Let T" be a positive opetopic cardinal. We have a functor
»T . pOpe | T — pOpeCard

such that
Y(f:B—-T)=B
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and a cocone
ol .37 — T
such that
T . NT(p. _

Lemma 9.6. The cocone o’ T — T is a colimiting cocone in

pOpeCard. Such colimiting cocones are called special colimits. Any func-
tor from pOpeCard® which preserves special limits preserves special pull-
backs as well.

Proof. To see that o1 : ' — T is a colimiting cocone we proceed
by induction on the size of T". If 1" is a positive opetope, then the category
pOpe | T has terminal object id; which is sent by X7 to 7. Thus in this
case T is the colimit of 7. If T is not a positive opetope, then, by Lemma

8.3.5, it can be presented as a special pushout 7" = T5 By, T}
R1

T, ® 1Y Ty
Ko ‘ ‘ Cg]fl)
Ty~ d®T,
2 d(k) 2

with both 7} and 75 of dimension I?rger than £ and size smaller than the
size of T, for some k € w. By inductive assumption, the limits of X1, X7,
and 2972 are T, Ty and 972, respectively. Each object f : B — T of
pOpe | T factorises (as a morphism) via either x; or sy. 1> If it factorises
by both, it factorises by d*)T,. From this description it is easy to see that
indeed in this case 7T is also the colimit of the functor 7. Moreover, if the
limit of 37 is preserved, then this special pushout is also preserved. O

Remarks and notation.  The full image of the functor (—)*
pOpeCard — wCat will be denoted by pOpeCard,,. The objects of
pOpeCard,, are w-categories isomorphic to those of form S* for S be-
ing positive opetopic cardinal and the morphism in pOpeCard,, are all
w-functors. In fact, when convenient, we shall think about positive opetopic
cardinals S as if they where w-categories and talk about w-functors between
them. As the above embedding (—)* is conservative (Corollary 9.4), this will
not lead to any confusions.

I5(PLC) Here we use the fact that B is principal!
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10. The inner-outer factorization in pOpeCard,,

Let f : S* — T* be a morphism in pOpeCard,,. We say that f is outer'®
if there is a map of positive opetopic cardinals g : S — T such that g* = f.
We say that f is inner iff fg;,(5)(S) = T. From Corollary 9.3 we have

Lemma 10.1. An w-functor f : S* — T is outer iff it is a polygraph map.
O

Proposition 10.2. Let f : S* — T™ be an inner map, dim(S) = dim(T) >

0. The maps A(f) : d(S) — d(T) and c(f) : c(S) — c(T), being the
restrictions of f, are well deﬁned inner and the squares

@ry — T ()

commute.

Proof. So suppose that f : S* — T* is an inner map. So f(S) = T.
Since f is an w-functor, we have

f(d(9)) =d(f(5)) =d(T) and f(c(5)) = c(f(5)) = c(T).
This shows the proposition. O

Proposition 10.3. The inner and outer morphisms form a factorization sys-
tem in pOpeCard,,. So any wfunctor f: 58 — T can be factored

essentially uniquely by inner map f followed by outer map f

16The names ‘inner’ and ‘outer’ are introduced in analogy with the morphisms with the
same name and role in the category of disks in [11]. It is also customary nowadays to replace
the terminology ‘inner’ and ‘outer’ face operator with the terminology ‘active’ and ‘inert’
monomorphism.
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Proof. The factorization is almost tautological. 17 O

The inner maps between positive opetopic cardinals can be further fac-
torized into inner epi and inner mono.

Let P and () be positive opetopic cardinals, f : P* — (* an w-functor
between w-categories generated by them. The kernel of [ is the set ker(f)
of faces of P sent by f to identities on cells of )* of lower dimension. We
say that a set [ of faces of P is an ideal in P iff, for any b € P-:

1. if y(b) € I, then b € I;
2. if0(b) C I, then b € I;
3. ifbe I, then [6(b) \ I| = |v(b)| = 1.
The proof of the following lemma is left to the reader.

Lemma 104. Let f : P* — Q* be an w-functor between w-categories
generated by positive opetopic cardinals. Then ker(f) is an ideal. O

We shall prove the converse of the above lemma, i.e., that any ideal is a
kernel of an w-functor, in fact an inner epi.

Recall that a face u € P-q is unary if §(u) contains one element. Let
U(P) be the set of unary faces in P, I C P an ideal in P, and I # (). The
face u € P is called safe for P ifft u € U(P) — v(P) — 6(U(P), i.e., u is a
unary face in P that is not a codomain of any other face in P and it is not in
the domain of a unary face in P.

The following lemma says that we can always divide any opetopic cardi-
nal by its set of safe faces.

Lemma 10.5. Let P be an opetopic cardinal, and u a safe face for P. Then
we can divide P by u, i.e., we have a quotient w-functor q, : P* — (Py,)*
whose kernel is {u}. q, is an inner epi.

17(PLC) The essential uniqueness is an easy consequence of Lemma 10.9 below, which
implies in particular that outer maps are mono. So,if g : S* — U*and h : U* — T give
another factorisation, without loss of generality we wan assume h to be the inclusion, which

forces g to be a corestriction of f, U = f(S) and g =f.
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Proof. The opetope P, is obtained by gluing together ¢(u) and (u) (to
a face {0(u),v(u)}) and dropping u. The map g, is defined as follows (we
describe it on faces of P only)

qula) = { (87w} ifa =), 102, v

otherwise.

i.e., qu(0(u)) = qu(v(w) = qu(u) = {d(u),v(u)}, i.e., the equivalence class
containing §(u) and y(u). ¢,(a) = a, for other faces a in P.

Then «y and ¢ on P/, are so defined to make the quotient map ¢, : P* —
(Py.,)* preserve both of them.

The only cell sent by ¢, to a(n identity on a) cell of a lower dimension is
u. Thus ker(q,) = {u}. O

The following two lemmas show that in any non-empty ideal I in P there
is always a safe face for P.

Lemma 10.6. Let [ be a non-empty ideal in P. There is always a unary face
uel—~(P).

Proof. Suppose not, and let ¢ be a cell of minimal dimension and <*-
minimal in /. If ¢ is not unary then this contradicts condition 3., as c 1s of
minimal dimension in I and hence §(c) N I = (. If ¢ € ~(P), then this
contradicts the choice of ¢ as, if v(b) = ¢, then §(b) contains only unary
faces, and as cisin [, by 3., §(b) C [. Thusc € (INU(P)) —v(P). O

Lemma 10.7. Let I be a non-empty ideal in P. There is always a face v € 1
safe for P.

Proof. Take a unary face u of maximal dimension in /. If v € d(v) with
v € U(P), then, since [ satisfies 2., v € I N U(P). This contradicts the
choice of u, as dim(u) < dim(v). O

Theorem 10.8. If I C P-, is an ideal, then there is an inner epi map qr :
P* — (Pyr)* such that it has I as its kernel and qr is moreover a universal
map with this property, i.e., whenever there is an w-functor f : P* — Q*
such that I C ker(f), then there is a unique map ' : (P;)* — Q* such that

f=Ffoaq.
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Proof. We can divide the opetope P by a unary cell u € I — v(I) of
maximal dimension, getting the map

q. - P* — (P/u)*

Then g, (I — {u}), the image of I — {u} in P,,, is an ideal in P,. Thus we
can iterate the construction until the resulting ideal will be empty.

To see that ¢; has the stated universal property, it is enough to notice that
if u € ker(f) is a safe face for P, then we have a factorization

(P/u>*

Using the description of q,, this is clear. O

Note that for an w-functor f : P* — )* it might seem that to say ‘that it
is mono (or epi)’ is ambiguous, since this can be applied to either just faces
of P or all the cells of P*. However, in both cases the notions of epi and of
mono coincide. Thus, in fact, they are not ambiguous no matter how these
notions are interpreted.

Lemma 10.9. Let f : P* — Q* an w-functor in pOpeCard,,. Then
ker(f) = 0 iff f is mono.

Proof. Suppose that f is not a mono. Let a,b € P,,, m € w, be two
different cells of minimal dimension such that f(a) = f(b). If m = 0, then
a <t b by linearity of <™ on Py, and if m > 0, then since

f(v(a)) =~v(f(a)) = ~(f(b)) = f(x(b)),

and by minimality of m, we have that v(a) = ~(b). Then by pencil linearity
we have a > b, as well. Suppose a <* b. Thus there is an upper path
a,aq,...,ap bin P. As f(a) = f(b), we have f(a;) = f(a) '®, and hence,
a; € ker(f) fori =,1,... k,ie,ker(f)#0. O

B(PLC) It is a peculiarity of the polygraphs of the form P* that non-identity cells have
non-intersecting domains and codomains.
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Theorem 10.10. The inner epis and inner monos form a factorization system

on the category pOpeCard, . of opetopic cardinals with inner maps. '°

Proof. Let f : P* — ()* be an inner map. Then, by Lemma 10.4,
ker(f) = I is an ideal. By the universal property of ¢; stated in Theorem
10.8 we have a factorization

with ¢; inner epi. Since ker(f) = I = ker(q;), it follows that ker(f’) = (.
Moreover, f’ is inner since [ is. O

11. The terminal positive-to-one polygraph

In this section we shall describe the terminal positive-to-one polygraph 7 as
an w-category.

The set of n-cells 7, consists of (isomorphisms classes of) positive
opetopic cardinals of dimension less than or equal to n. For n > 0, the oper-
ations of domain and codomain d”, ¢’ : 7, — 7T, are given, for S € T,,,
by 20

S if dim(S) <n
%”:{dw)ﬁmm@yﬂu

and

S if dim(S) <n
dﬁ:{c@)ﬁ%ﬂ&:n

9(PLC) Putting together the two factorisations, we have thus that an w-functor f in
pOpeCard,, decomposes as f3 o fo o fi with f; inner epi, fo inner mono and f3 an outer
map, and where f;(resp. f2) is non trivial iff f; maps at least one generator to an identity
(resp. fo maps at least one generator to a cell that is neither an identity nor a generator).

20(PLC) An equivalent description consists in setting d7 = d("~Y and ¢7 = ¢V (cf.
Section 6).
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and, for S, S" € T, such that c®)(S) = d*) ("), the composition in T is just
the special pushout
S/OkS:S/@kS,

1.€.,

S @y S S

The identity ids : T,,_1 — 7T, is the inclusion map. The n-indeterminates in
T are positive opetopic cardinals of dimension n.

Proposition 11.1. 7 just described is the terminal positive-to-one poly-
graph.

Proof. The fact that T is an w-category is easy. The fact that 7 is free
with free n-indeterminates being opetopes of dimension n can be shown
much like the freeness of S* in the proof of Proposition 9.1. The fact that 7
is terminal relies on the following observation.

Observation. For every pair of parallel positive opetopic cardinals of
dimension n, N and B (i.e., d(N) = d(B) and c(N) = c(B)) such that
B 1s principal, it follows that N is normal and there is a unique (up to an
1s0) principal positive opetopic cardinal N°® of dimension n + 1 such that
d(N)* = N and c(N)* = B.

The universal property of 7 is then established by induction on the di-
mension. Let P be a positive-to-one polygraph and let f be a morphism
from P to 7. Then f(«) has to be a generator, which is uniquely determined
by induction and by the observation. 0O

Lemma 11.2. Let S be a positive opetopic cardinal and ! : S* — T the
unique map from S* to T. Then, for T € S}, we have

1W(T) = T.

2I(PLC) That N is normal follows from point 1. of Lemma 7.2 and from the fact that the
codomain of NV is principal, being the codomain of B. Also, following up with the comment
on the uniqueness of N*® (Section 7), we also have, for parallel NV and B as above, that in

fact B = (dN)®.
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Proof. The proof is by induction on k& € w and the size of 7" in .S};. For
k = 0,1, the lemma is obvious. Let £ > 1 and assume that the lemma holds
for i < k.

If dim(T) = | < k, then, using the inductive hypothesis and the fact that
l'is an w-functor, we have

: k K
(T) =1, (1)) = !(l()T) =1 =T

Suppose that dim(T) = k and T is principal. As ! is a polygraph map,
l.(T) is an indeterminate, and thus principal. Using again the inductive hy-
pothesis and the fact that ! is an w-functor, we obtain

c(%e(T)) = k1(c(T)) = e(T).

As T' is the only (up to a unique iso) positive opetopic cardinal with the
domain d(7") and the codomain c(7'), it follows that ! (7") = T, as required.

Finally, suppose that dim/(T") = k, T is not principal, and that the lemma
holds for all positive opetopic cardinals of size smaller than the size of 7.
Thus there are | € w and a € Sd(T); so that

W(T) = (T @ T™) = W(T*) ol (T) =T @, T™* =T,

as required O

12. A description of the positive-to-one polygraphs

In this section we shall describe all the cells in positive-to-one polygraphs
using positive opetopic cardinals, in other words we shall describe in con-
crete terms the functor:

mn : Set | D,,_1 — pPoly,,.

More precisely, the positive-to-one polygraphs of dimension 1 (and all
polygraphs, as well) are free polygraphs over graphs and are well under-
stood. So suppose that n > 1, and we are given an object of Set | D,,_1,
i.e., a quadruple (| P|,, P, d, ¢) such that
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1. a positive-to-one (n — 1)-polygraph P;

2. aset |P|, with two functions ¢ : |P|, — |P|,_1 and d : |P|, —
P,_1 such that, for z € |P|,, cc(z) = cd(z) and de(x) = dd(x); we
assume that d(x) is not an identity, for any x € |P|,.

If the maps d and ¢ in the object (| P|,, P, d, ¢) are understood from the con-
text, we can abbreviate the notation to (|P|,, P).

Recall that for a positive opetopic cardinal S, with dim(S) < n, we
denote by S*" the object (S,, (S<n)*,[0],[7]) in Set | D,_;. In fact, we
have an obvious functor

(=)*" : pOpeCard — Set | D,_,

S (égnw (£;<31)*7[5]7[’Y])'

We shall describe the positive-to-one n-polygraph P = (|P|,, P, d, c)n
whose (n — 1)-truncation is P and whose n-indeterminates are | P|,, with the
domains and codomains given by maps ¢ and d.

n-cells of P. An n-cell in P, is a(n equivalence class of) pair(s) (.5, f),
which we shall call auxiliary descriptions, where

1. S is a positive opetopic cardinal, dim(S) < n;

2. f: (Sn, (S<n)5 10, [v]) — (| P, P, d, c) is a morphism in Set |
Dy _y,ie., f = (|f|n, f<n), and

[Pl
oI |1 d| |c

(S<n)” P

f<n

commutes.

We identify two pairs (S, f), (5', f') if there is an isomorphism h :
S — S’ such that the triangles of sets and of (n — 1)-polygraphs
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N /@

[Pl

commute. Clearly, if such an h exists, it is unique. Even if formally cells
in P, are equivalence classes of triples, we will work on triples themselves
as if they were cells understanding that equality between such cells is an
isomorphism in the sense defined above.

Domains and codomains. The domain and codomain functions
are defined for an n-cell (.S, f) as follows:

WS, f) = (d¥($),dVf)
where, for z € (d®(9)),

(A® f)i(a) = fil[2])(x)

(i.e., we take the positive opetopic cardinals [x] contained in S, then the
value of f on it, and then we evaluate the map in Set | D,,_; on z, the only
element of [z]),

(d(k)f)z = fi
forl < k;
(S, £) = (c®(S),c™(f))

where, for = € (c®)(9)),

(P (i) = frl[z])(z)
and
AP ()= fi

for [ < k, i.e., we calculate the £-th domain and k-th codomain of an n-cell
(S, f) by taking d®) and c*®) of the domain S of the cell f, respectively, and
by restricting the maps f accordingly.
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Identities. The identity function
i: ?n—l — ﬁn
is defined, for an (n — 1)-cell ((9, f) in P,_1, as follows:

: [ (S f) ifdim(S)<n—1
1(5.4) = { (S.f) ifdim(S) =n—1.

Note that f is the map pPoly,,_, which is the value of the functor (—) on a
map f from Set | D,;. Soitis in fact defined as ‘the same (n — 1)-cell’
but considered as an n-cell.

Compositions. Suppose that (S, f*) are n-cells for ¢ = 0, 1 such that
(S0, f) = d™ (S, f1).
Then their composition is defined, via pushout in Set | D,,_1, as

(%, 1) on (5%, f7) = (ST @ S%, [f, 1)),

1.€.,
0 r1
6] il d c
((SO @k? Sl)ﬁn—l);—l 0 1 > Pn—l
[ n—1 fn—l]

This ends the description of the polygraph P.

Now let A : P — (@ be a morphism in Set | D,,_, i.e., a function
hy : |Pl, — |Q|. and a (n — 1)-polygraph morphism h,, : P-,, — Q-
such that the square

hn
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commutes serially. We define
h:P—Q
by putting hy, = hy, for k < n, and, for (S, f) € P,, we put

h(S, f) = (S,ho f).

Notation. Let x = (S, f) be a cell in P, as above, and a € Sd(S). Then
we denote by x+* = (S¥¢, f49) and 21 = (ST, f1%) the cells in P, that are
the obvious restrictions of z. Clearly, we have c¢*) (z+%) = d®)((21*) and
x = 21% o), 2%, where k = dim(a).

In the following proposition, we collect several statements concerning
the above construction. This includes that the above construction is correct.
We need to prove them together, that is, by simultaneous induction.

Proposition 12.1. Let n € w. We have

1. Let P be an object of Set | D,,. We define the function
np : |P‘n — ?n

as follows. Let x € |P|,. By induction, there is a unique description
(as defined in Section 9)

< Td(x), Td(x) . T;(x) — P<n >
of the cell d(x), where Ty, is a normal positive opetopic cardinal. 22

Then we have a unique auxiliary description in P
T = ((Td(x)).a ([Tl : {(Td(ﬂc)).}—> | PlodTa)<n: ((Td(x)).)in—)P<n>)
(note: |(Tyw))®ln = {(Tuw))*}) such that

‘?x‘n((Td(fE)).) =

22(PLC) This follows from the observation in the proof of Proposition 11.1 and from the
following one: since by definition of positive-to-one polygraphs d(z) is not an identity cell,
it follows that Tj(,) has the same dimension as 7., which is principal and parallel to it.
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and

(Tda:)n—l(s) lfS g Td:c
and (T3) <(n-1) = (Taz)<(n—1). We put np(x) = 2.
Then P is a positive-to-one polygraph with np the inclusion of n-
indeterminates. Then any positive-to-one n-polygraph Q) is equivalent
to a polygraph P, for some P in Set | D,,_1.

(To)n1(S) = { () if S = c((Tuw))*)

2. Let P be an object of Set | D,_1,!: P — T the unique morphism
into the terminal object T and f : S*" — P a cell in P,,. Then

L(f: S = P)=S.
3. Let h : P — QQ be an object of Set | D,,_1. Then h : P — Q is a
polygraph morphism.

4. Let S be a positive opetopic cardinal of dimension at most n. For a
morphism f : S¥" — P in Set | D,,_1, we have that

[1(T) = fo(ir)*"
where k < n, T € S} and iy : T" — S is the inclusion.

5. Let S be a positive opetopic cardinal of dimension n, P a positive-to-
one polygraph, g, h : S* — P polygraph maps. Then

g=nh iff gn(S) = hy(9).

6. Let S be a positive opetopic cardinal of dimension at most n, P be an
object in Set | D,,_1. Then we have a bijective correspondence

f:8%" — P cSet] D,
f:8*— P ¢ pPoly,

such that f,(S) = f, and, for g : S* — P, we have g = g,(5). **

B(PLC) The correspondence f — f shows the equivalence between descriptions and
auxiliary descriptions (a terminology introduced in the revision). Systematically unfolding
an auxiliary description yields the following informal third description: a cell of a positive-
to-one polygraph is a positive opetopic cardinal all of whose faces are (consistently) deco-
rated by generators.
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7. We have a bijection

Kl HpPoly(S*,F) — P,
s

g:S* =P = g,(9)

where the coproduct is taken over all (up to iso) positive opetopic car-
dinals S of dimension at most n. In other words, any cell in P has a
unique description.

Proof. Ad 1. We have to verify that P satisfies the laws of w-categories
and that it is free in the appropriate sense.

The laws for w-categories are left for the reader, as they easily follow
from the fact that S* is a positive to one-polygraph for any positive opetopic
cardinal S. We shall show that P is free in the appropriate sense.

Let C' be an w-category, g, : P-, — C., and (n — 1)-functor and
Gn | P|n — C,, afunction so that the diagram

1P|, In -C,

commutes serially. We shall define an n-functor g : P — C extending g,
and g,,. Forx = (S, f) € P,, we put

Lo, rofui(9) if dim(S) <n
G, (z) = gno fu(ms) if dim(S) = n, S is principal, S,, = {mg}
g, (1) 0, G, (z*) if dim(S) = n, a € Sd(9)y.

We need to check that g is well defined, that it is unique extending g, and
that it preserves domains, codomains, compositions and identities.

All these calculations are similar, and they are very much like those in
the proof of Proposition 9.1 and use facts from Section 8. We shall check,
assuming that we already know that g is well defined and preserves identities,
that compositions are preserved. The proof is by induction on the size of the
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composition and uses Lemma 8.7. So let T', T, T5 be positive opetopic
cardinals such that 7' = T5 @ T;. Since g preserves identities, we can
restrict our attention to the case dim/(71}), dim(1y) > k.

Fix a € c™ (7)), N v(T}). Soa € SA(T);. If Ty = TV and Ty, = T,
then we have

g(T) =g(T"*) 0, g(T™*) = g(T») ok g(T1).

If a € Sd(T})g, then

oy
v Q|
/\
Hj

The remaining verifications are similar.

Ad 2. Let! : P — T be the unique polygraph map into the ter-
minal object, S a positive opetopic cardinal such that dim(S) = [ < n,
f:S8%" — Pacellin P,,.

If [ < n, then by induction we have !,,(f) = S. If [ = n and S is
principal, then we have, by induction

L () (d(S)F" = P)=d(S)  lu(e(f) : (e(S))H" = P) = c(S).

As f is an indeterminate in P, !,,(f) is a positive opetope. But the only (up
to an iso) positive opetope B such that

d(B) =d(s)  d(B)=d(5)

is S itself. Thus, in this case, !,(f) = S.
Now assume that [ = n, and S is not principal, and that for positive
opetopic cardinals 7" of smaller size than S the statement holds. Let a €

Sd(S)k. We have

() = FTYorl (Y =0 (1)l (f4) = ST @), St = §

where ¥ = fo(k'*)*" and f1* = fo(k')*" and k** and £ are the maps
as in the following pushout:
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]

STa -— C<k) (S)

Ad 3. The main thing is to show that i preserves compositions. This
follows from the fact that the functor

(—)*" : pOpeSet, — Set | D,,_;

preserves special pullbacks.
Ad 4. This 1s an immediate consequence of 3.

Ad 5. Let S be a positive opetopic cardinal S of dimension at most n.
To prove 5., we are going to use the auxiliary description of the n-cells in
positive-to-one polygraphs given in 1. Moreover, note that by 3. and Lemma
11.2 we have that for 7" € S}, the value of g at T"is a map in Set | Dy such
that g,(T) : T** — U, (P), i.e., the domain of g, (T') is necessarily T%*.

The implication = is obvious. So assume that g, h : S* — P are
different polygraph maps. Then there is £ < n and x € Sy such that
gr([z]) # hi([z]). We shall show, by induction on the size of 7', that for
any 1" € S} such that x € T', we have

ge(T) # h(T). (6)

If T = [z], then T has the least size among those positive opetopic car-
dinals that contain z, and (6) holds in this case by assumption.

Suppose that (6) holds for all U € S;; whenever I’ < [ and z € U.
Suppose that T" = [y], for some y € S}, and = € [y]. Then either x € d|y]
or € c([y]). In the former case we have, by inductive hypothesis, that
gx(dT) # hy(dT). Thus

d(gk(T)) = gk(dT) - hk(dT) - d(gk:(T))'

But then (6) holds as well. The latter case (z € c([y])) is similar.

Now suppose that 7" is not principal x € 7" and that, for U of a smaller
size with z € U, the condition (6) holds. Let a € Sd(T),. Then either
x € TV or x € T'. Both cases are similar, so we will consider the first
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one only. Thus, as 7% has a smaller size than T', by inductive hypothesis we
have

gi(T*) # hi(T*). (7)

As the compositions in P are calculated via pushouts, we have that

gl(TTa) Op gl(Tia) = [gl(TTa)a gl(Tia)]a

where [g,(T*?), g;(T"*)] is the unique morphism from the pushout as in the
following diagram:

(|Pln, P, d, c)

Tw
/ L1 ( TT“ ), gi(T+)]
(TTe)#! - T q(T1)

(c(T7))" (T4

Similarly
h(TT) o, hy(T*) = [hy(T™™), hy(T)].

As morphisms from the pushout are equal if and only if both of their com-
ponents are equal we have

g(T) = gi(T"* @, T*) = g(T") 0, gi(T**) =

g:(T"), i (T*)] # [P(T"), Iy (T*)) =
= h(T™) o, hy(T**) = hy(T™ @, TV) = hy(T).
Thus (6) holds for all " € S* such that x € T'. As x € S, we get that
gn(S) # hn(5),

as required.

Ad 6. Fix a positive opetopic cardinal S of dimension at most n.
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Let f : S*" — Pbeacellin P,. By 4., we have
Ful8) = folis)" = fo(1s)" = fo (1§") = f.

Let g : S* — P be a polygraph map. To show that g = g,,(.5), by 5., it
is enough to show that

(9n(5))n(S) = ga(9).

Using 4. again, we have

(9n(S))n(S) = gn(S) o (is)*" =

= gn(S) 0igin = gn(S5) 0 1gan = gn(S5).
Thus, by 5., (¢.(5)) = g.
Ad 7. It follows immediately from 6. O

From Proposition 12.1.7 we know that each cell in a positive-to-one
polygraph has (up to an isomorphism) a unique description. The following
proposition is a bit more specific.

Proposition 12.2. Let P be a positive-to-one polygraph, n € w, and a € P,.
Let T, be '"(a) (where '¥ : P — T is the unique morphism into the

n

terminal polygraph). Then there is a unique polygraph map 7, : 1, — P
such that (1,),(T,) = a, i.e., each cell has an essentially unique description.
Moreover:

1. For any a € P, we have
Tda —= d(’]’a) —= Tda == Tao(dTa)* Tc(a) — C(Ta) - Tc(a) — TaO(CTa)*

T, = Tqg-

a

2. Forany a,b € P such that c® (a) = d*)(b), we have
Tayb = [Ta, o) + Ty +emps Ty — P.
3. For any positive opetopic cardinal S, for any polygraph map f :

S* — P,
Tra(s) = [
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4. For any positive opetopic cardinal S, any w-functor f . S* — P can
be essentially uniquely factorized as

S* f P
f (S)

N, T
Tis)

where f™ is an inner map and (778, Ts(s)) is the description of the
cell f(.5).

Proof. Using the above description of the positive-to-one polygraph P,
we have that a : (T,)*" — (|P|n, P,d,c). We put 7, = a. By Proposition
12.1.6, we have that (7,),(7,) = @,(T,) = a, as required.

The uniqueness of (7}, 7,) follows from Proposition 12.1 point 5.

The remaining part is left for the reader. O

13. Positive-to-one polygraphs form a presheaf category

In this section we want to prove that the category pPoly is equivalent to
the presheaf category [Y);e. In fact, we will show that both categories are
equivalent to the category sPb((pOpeCard)®, Set) of special pullbacks
preserving functors from (pOpeCard)® to Set.

First note that the inclusion functor i : pOpe — pOpeCard induces
the adjunction

Ran;

If)p\e pO@ard

- >

i
where i* is the functor of composing with i and Ran; is the right Kan exten-

sion along i. Recall that for F' in pOpe, S in pOpeCard, it is defined as
the following limit

(RaniF)(S) = Lim(F o X5°)

where 2% is the dual of the functor X° defined before Lemma 9.6. Note
that, as (pOpe | S)? = S | (pOpe)??, we have

x> : S | (pOpe)” — (pOpe)™.
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As i is full and faithful, the right Kan extension Ran;(F’) is an extension.
Therefore the counit of this adjunction

er: (Rani F)oi — F

is an isomorphism. The functor Ran;F' is so defined that it preserves special
limits. Hence, by Lemma 9.6, it preserves special pullbacks. As any posi-
tive opetopic cardinal can be constructed from positive opetopes via special

pushouts, for GG in pO@ard, the unit
ng : G — Rani(G o)

is an isomorphism iff G preserves special pullbacks. This establishes the
following proposition.

Proposition 13.1. The above adjunction restricts to the following equiva-
lence of categories

- Ran; ‘
pOpe . _sPb((pOpeCard)®, Set).

3%

1

O

Now we will set up the adjunction

—_—

(=)

sPb((pOpeCard)?, Set) ~ pPoly

—

(=) = pPoly((~)*, —)

which will be later proved to be an equivalence of categories. The functor

—

(—) sends a positive-to-one polygraph P to the functor

P= pPoly((—)*, P) : (pOpeCard)” — Set.

—

The action of (—) on morphisms is defined in the obvious way, by composi-
tion.

Lemma 13.2. Let P be a positive-to-one polygraph. Then P defined above
is a special pullbacks preserving functor.
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Proof. This is an immediate consequence of the fact that the functor (—)*
preserves special pushouts. O

Now suppose we have a special pullbacks preserving functor F'

(pOpeCard)®? — Set. We shall define a positive-to-one polygraph F.
As n-cells of F' we put

F, =[] F(S)
S

where the coproduct is taken over all**

S of dimension at most n.
If £ < n, the identity map

(up to 1s0) positive opetopic cardinals

is the obvious embedding induced by identity maps on the components of
the coproducts. N

Now we shall describe the domains and codomains in F. Let S be a
positive opetopic cardinal of dimension at most n, a € F(S) — F,,. We
have in pOpeCard the k-th domain and the k-th codomain morphisms:

S
d® \g@)
d® s c®)(S)

We put
d®)(a) = F(dY")(a) € F(A®(S)) = F,

c®(a) = F(c)(a) € F(c™(S)) < F.

*In fact, we think about such a coproduct [ [ F'(S) as if it were to be taken over a suf-
ficiently large (so that each isomorphism type of positive opetopic cardinals is represented)
set of positive opetopic cardinals S of dimension at most n. Then, if positive opetopic
cardinals S and S’ are isomorphic via (necessarily unique) isomorphism h, then the cells
x € F(S) and 2’ € F(S’) are considered equal iff F'(h)(z) = «'.
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Finally, we define the compositions in F. Let ny,ng € w, n =
max(ny,ng), k < min(ny,nsy), and

~

a € F(S) = F,, be F(T) < F,

such that
(@) = F(eg”)(a) = F(dy)(b) = d® ().

~

We shall define the cell b o, a € F,,. We take a special pushout in
pOpeCard:

K1

T @ S = S
/fz Cgkj)
T < c (S
i (5)

As F preserves special pullbacks (in (pOpeCard)?), it follows that the
square

F(lil)

F(T @ S) F(S)
F (k) F(cy)
c®)
F(T) S F(c®(S))

is a pullback in Set. Thus there is a unique element
T e fWQSEQkaj — ﬁz

such that
F(k1)(z) =a F(kg)(z) = 0.

We put
bora=uwx.

This ends the definition of F.
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For a morphism « : F' — G in sPb((pOpeCard)®, Set), we put

~

& = {an: Fy — Gy lnew

such that B B
S

where the coproduct is taken over all (up to iso) positive opetopic cardinals
S of dimension at most n. This ends the definition of the functor (—).

Proposition 13.3. The functor

—

(=) : sPb((pOpeCard)?”, Set) — pPoly

is well defined.

—

Proof. The verification that (—) is a functor into wCat is left for the
reader. We shall verify that, for any special pullbacks preserving functor
F . pOpeCard” — Set, F is a positive-to-one polygraph whose 7-
indeterminates are

F|, = I F(B) < 1T F(S) = F,.

BepOpe,dim(B)=n SepOpeCard,dim(S)<n

~We call R the object of Set | D, ; defined by R =
(|F|n, Fen, d(”_l_), c(™=1). We shall show that F,, is in a bijective corre-
spondence with R described in the previous section. We define a function

¢: R, — F,
as follows: for a cell f : S*” — Rin R,,, we put
1fn71(S) if dzm(S) <n
o(f) =< falmg) if dim(S) = n, S principal, S,, = {mg}
o(f1) o p(f*) if dim(S) = n, a € Sd(S)y.

and the morphisms in ¢(f+*) and o(f1) in Set | D,_; are obtained by
compositions so that the diagram
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(8 m({\fia\‘

gin —L . g

ofe T

commutes. We need to verify, by induction on n, that ¢ is well defined,
bijective and that it preserves compositions, domains, and codomains.

We shall only verify (partially) that ¢ is well defined, i.e., the definition
¢ for any positive opetopic cardinal S of dimension 7 that is not a positive
opetope does not depend on the choice of the saddle point of S. Let a,x €
Sd(S) so that k = dim(x) < dim(a) = m. Using Lemma 8.4 and the fact
that (— )" preserves special pushouts, we have

@(fTa)OWL¢(f¢a)

= (2(f71) o o (f17)) om ((S*17) on o (f+47))

(1) o @ (F412)) og, (@(fT) 0 (f+44))

((f119) 0 o (f15)) 0g, (@(F71) 0 0 (f+74))
= o(f1) om @ (f*7),

as required in this case. The reader can compare these calculations with

those, in the same case, of Proposition 9.1 (F' is replaced by ¢ and 7' is
replaced by f). So there is no point to repeat the other calculations. O

For P in pPoly, we define a polygraph map
np: P — ]N3
so that, for x € P,, we put
Npn(x) =7, : T — P.
For F in sPb((pOpeCard)®, Set), we define a natural transformation
EF - ; — F

such that, for a positive opetopic cardinal S of dimension n,

~
~

(ep)s: F(S) — F(9)
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and g : S* — F € F(S), we put

(er)s(g) = gn(S).

Proposition 13.4. The functors

—

(-)
sPb((pOpeCard)?, Set) " pPoly

—

(=) = pPoly((~)", -)
together with the natural transformations 1 and € defined above form an
adjunction ((—) 1 (=)), which is an equivalence of categories.

Proof. The fact that both 1 and € are bijective on each component
follows immediately from Proposition 12.1.6. So we shall verify the tri-
angular equalities only. Let P be a polygraph, and let /' be a functor in
sPb((pOpeCard)?, Set). We need to show that the triangles

P F
nAp/ Xﬁ n/ X\F/
P P F " F

commute. So let f : $* — P € P(S), dim(S) = n. Then we have

eponp(f) =cp(mpof)=(npo fn(S) =

= (p)n(fn(S)) = Tr.5) = [
Solet z € F(S) — F,. Then we have

2 o np(@) = Er (1) = (ro)allr) = .

So both triangles commutes, as required. O

From Propositions 13.1 and 13.4 we get immediately the following corol-
lary.
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Corollary 13.5. The functor

—

() : pPoly — pOpe

such that, for a positive-to-one polygraph X,

~

X =pPoly((—)", X) : (pOpe)”? — Set

is an equivalence of categories.

14. The principal pushouts

Recall the positive opetopic cardinals o™ from section 9. A total composi-
tion map is an inner w-functor whose domain is of form (a™)* (which we
also write as a™*), for some n € w. If S is a positive opetopic cardinal of
dimension n, then the total composition of .S (in fact S*) is denoted by
S* . nx *

w” oottt — 5.
It is uniquely determined by the condition p” (™) = S. We have the fol-
lowing

Proposition 14.1. Let N be a normal positive opetopic cardinal. With the
notation as above, the square

%
N* dN' N**
N* NQ,*
Iz Iz
an,* . an—i—l,*
an+1

is a pushout in pOpeCard,,.

Proof. This is an easy consequence of Proposition 7.3, particularly point
4. O

Pushouts described in the above Proposition are called principal
pushouts.
From the above proposition we immediately get
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Corollary 14.2. If n > 0 and P is a positive opetope of dimension n, then

the square
*
d P+ £ pr
dp P
K ©
n—1,% n,*
o d.. o

is a (principal) pushout in pOpeCard,,. O

Theorem 14.3 (V.Harnik). * Let ' : (pOpeCard, ) — Set be a spe-
cial pullback preserving functor. Then I' preserves the principal pullbacks,
as well.

The proof of the above theorem will be divided into three Lemmas. The-
orem 14.3 is a special case of Lemma 14.6, for k = n — 1.

Before we even formulate the next three Lemmas, we need to intro-
duce some constructions on positive opetopic cardinals and define some w-
functors between positive opetopic cardinals. Along the way, we whall in-
troduce some notations for them, and we shall make some comments on how
they are going to be interpreted by special pullback preserving morphisms
from (pOpeCard,, )’ to Set.

Notation for presheaves. To simplify the notation concerning presheaf ' :
pOpeCard,*” — Set, foramorphismg : P — () € pOpeCard,, and an
elementa € F'(Q), we will write a-g for F'(g)(a), i.e., we treat F' as a family
of sets with a right action of the category pOpeCard,,. This convention is
explained, for example, in [13] page 121. Such notation suppresses the name
of the presheaf F’ but it will be always clear from the context. In this section

23The original statement of V. Harnik is saying that the nerve functor from w-categories
to (all) polygraphs is monadic. However, in the present context the argument given by
V.Harnik, c.f. [9], is directly proving the present statement, i.e., that the principal pullbacks
are preserved whenever the special ones are. This statement is used to show that the category
of w-categories is equivalent to the category of special pullback preserving functors from
(pOpeCard,,)°? to Set, c.f. Corollary 15.2. From that statement, the monadicity of the
nerve functor is an easy corollary, c.f. Theorem 16.5. In the remainder of this section,
Harnik’s argument, adopted to the present context, is presented.
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we deal only with one presheaf named F' that preserves special pullbacks.
We also have (a-g)- f =a-(go f) and a-idg = a whenever these formulas
are well defined.

Fix 0 < k < n, and a P positive opetope of dimension n. We say that P
is k-globular iff dV) P is a positive opetope, for k < [ < n,i.e., 6 (p,)is a
singleton, for k < [ < n, where P, = {p,}. The k-globularization uP of P
is the k-globular positive opetope of dimension n defined as follows. We put

{pn} forl = n
p — {ai, pi} fork<l<n
BT 65 () U fpea} forl=k —1
Py otherwise.

_J p1 itz =qforsomek <[ <n
P (z) = { vF(x) otherwise.

and
aq ifx €emP 4, forsome k <[l <n

() =< 67(pr) ifr €wPy

6P (x)  otherwise.

Note thatmP is P itself and mP is o™. Thus the elements of the shape mP* are
k-globularized versions of the elements of the shape P*. As the following
positive opetopic cardinals

cPp = cWpp = ccttVgp = dc*pP =~ dWeP

are isomorphic, we can form the following special pushouts

c(k+1) p* aJ! C(k+1)P+c(k)plEIP*
C:(k—f—l)P K2
C(k:)P* ~ gP*

and
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/Q/

ck+Dpp* — 1 ck+gpP +ck) p BP*

* /
Cele+gp Ko

ck) p* > mP*

(),*
dyp
We describe in detail the positive opetopic cardinals we have just defined.
Their faces are described in the following table:

. P =ckthp P’ = ckHgp
dim (=51] g wl o pP o P
n {pn} {pn} {pn} {p.}

n—1 {qn—h pn—l} {qn—h pn—l} {qn—b pn—l} {qn—h pn—l}

k+1 {qk+17pk+1} {qk+1apk+1} {I‘k+1,Qk+1,Pk+1} {I‘k+1,CIk+1,Pk+1}

k a(pk—Fl) {qka pk} 5(pk+1> U {qka pkﬁ} {rkv gk, pk‘}
k1| Py 9(pr) Py O(pr)
[ P P P P

0 < I < k. The functions v and § in P’ = c**VP +_up P are given by
the following formulas

p-1 ifrxr=q and k<Ii<n
)= @ if © =1
vF(x) otherwise.

({Ou—1} ifr=q and k<l <n
orz=p; and k<[l <n
07 (x) = { 0" (pry1) if 2 =T

o(pr)  ifr=aq

oF (z) otherwise.

\

The functions  and § in P = c*+YgP + ) pwP are given by the following
formulas
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pi.1 frx=q and <[l <n
Py _ ) 9k Of T = Ikt
v (@) = Pr_1 Or T =Ty
v (z) otherwise.

({q1} ifr=q and k<l<n
orx=p; and k<[ <n

7 (x) =4 {ry} ifr=rp,

5P(pk) ifx € {rka Ak, pk}

6F(x)  otherwise.

Now we shall define some w-functors between some positive opetopic
cardinals just defined. To describe their meaning, let us fix a special pullback
preserving functors from F' : (pOpeCard,)?? — Set.

The w-functors denoted by letter p are interpreted as operation that

‘globularize’ cells. We have two of them. The first one
“S* C vty G

was already introduced at the beginning of this section for any positive
opetopic cardinal S. The second is the w-functor

Wy : BP* — EmP”

such that

(X —A{ae}) Ud(Pry1) ifar € X
Kol X) = { X otherwise.

for X € mP*.
The fact that these operations are interpreted as globularization of cells
can be explained as follows. The function

F(pg) - FEP") — F@P’),

takes a (k + 1)-globular n-cell a € F'(zmP*) and returns a k-globular n-cell
a-pg = F(pg)(a) € F(@P*). Intuitively, F'(pu) is composing the k-domain

-273 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

of a leaving the rest ‘untouched’. So it is a ‘one-step globularization’. On
the other hand, the function

F(pu) F(S*) — F(a™)

is taking an n-cell b € F(S*) of an arbitrary shape S* of dimension 7, and
it is returning a globular n-cell b - u° € F(a™*). This time F(u®") is
composing all the domains and codomains in the cell b as much as possible,
so that there 1s nothing left to be composed. This is the ‘full globularization’.

We need a separate notation for the w-functor p, : c*VpP* —
c*+1) P* such that

cktUp if X = c*tlpp
py(X) =< dPpP  if X = dPgP
X otherwise,

for X € c**VgP*. It is a version of . The w-functor
vp: P"— dP”

is given by
dP ifcPCX
vp(X) = { X  otherwise,

for X € P*. vpis akind of degeneracy map and it is interpreted as ‘a kind
of identity’. Foracellt € F(dP*),t-vp € F(P*) is ‘identity on ¢’ but
with the codomain composed. The w-functor

B, : cHpr — d® p*

such that
dOp if X =chp

Br(X) = { X otherwise.

for X € P*, is the operation of ‘composition of all the cells at the top’
leaving the rest untouched. The map 3,,_; is equal to the composition

Cp Vp
cP* - P*

- dP*.
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The following two w-functors
[dg{)’* OV (k+1)p, H'P] . C(k+1)P +C(k)p eP* — P~

and
[dgp)’* O Vo(ktgp, lmp] cFHDgpP +.0 p P — mP”

are defined as the unique w-functors making the following diagrams

V. (k+1) px
C(k—l—l)P* K1
Cothtn) p 2 %
C(k) P* o) > IEIP*
dyp
and
d®ppP
Vc(k‘H)lElP*
K d®owv, 1p
cktgpx 1 | ((k+1)p + 0 pEP* [ Eﬁ)]= aP*
Cotktgp Ky P

(k)FM > o P*
C 1]
(k),*
de

commute in pOpeCard,,.

Finally, we introduce two maps that are a kind of binary composition
combined with wiskering. The first

O EP* — MV P 4 ) pwP
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is given by

)= { XUl X0 ) 1

X otherwise,

for X € emP*. The other composition map is
op :mP* — P +em pmP,

given by the same defining formula as <, for X € mP*.

In the following diagram all the morphisms that we introduced above are
displayed. Most of the subscripts of the morphisms are suppressed for clarity
of the picture.

C(k—}—l)P* K1

- "I P + ) p mP”

272

d(F):*
ck) p* - mP*

The above cube contains two special pushouts mentioned above. The fol-
lowing lemma describes some other commutations.

Lemma 14.4. With the notation as above we have, for k > 1,

* _
1. I/C(k+1)P* o Cc(k_"l)P = Bk’
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2. Krodup = (0mm) 0 i,

3. Vet pr 0 Xy p = Law ps,

4. (Gmm) © g = (Hy + 1wp) © (),

5. B © Vetkrigps = Vekt1) ps O M,

6. [déa@* O Vo(ktiigps, lmp+] © (©k) = lgp+,
7. 1A% o v i pes ] © ((Omm) = Ligspe.
Proof. Routine check. O

Lemma 14.5. Let ' : (pOpeCard,)? — Set be a special pullback
preserving functor, P a positive opetope of dimension n. Then, for any 0 <
k < n, F preserves the pullback in (pOpeCard,,)°?

(k),*
B, Mg
c) p* ~mP*

(k)
A

Proof. Let F': (pOpeCard, ) — Set be a special pullback preserv-
ing functor, P a positive opetope of dimension n. We need to show that the
square

(k)
F(d(k)P*> J F()

F (EP*)
F(c® p*) < F (mP*)

F(dgp”)

is a pullback in Set. Let us fix t € F(d® P*) and a € F(mP*) such that
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We will check that it is a pullback, by showing existence and uniqueness of
an element b € F'(zmmP*) such that

b:t-d%g and b=a- py.

Existence. Putt’' =t - v (11 p-. By Lemma 14.4.1, we have

! * == * — — (k)’*
U Copryp =1 Vet ps " Coppnyp = 1 Br=a- dﬁp .

Since F preserves special pullbacks and c**Y P + ) » &P is a special pull-
back in (pOpeCard,, )", we have an element

(t',a) € F(c"VP) X pewp) F@P) = F("™VP + o puP)

such that
(t'a)y-k1 =1t and (t,a) ke =a.

We put b = (t', a) - opm € F(=mP*). We have

b - dmp (def of b)

= ((t, a) - %) - dfg%; = (F presheaf)
— (t',a) - (ogm o LM%Y = (Lemma 14.4.2)
= (t',a) - (k1 0 A}y p) = (F presheaf)
= ((t',a) - k1) - A1) p = (F pres. special pb's)

=t" - d’41)p = (F pres. special pb's, def t')

= (t - Vet pr) - iy p = (F presheaf)
=t Vet ps 0 diurny p) = (Lemma 14.4.3)

=t- lqwp- = (F presheaf)
=t

and
b- p; = (def of b)

= ((t',a) - Ogm) - by = (F presheaf)
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= (t',a) - (%mm o py) = (Lemma 14.4.4)
= (t';a) - ((py + 1) 0 0},) = (F presheaf)
= ((¢',a) - (pu;, + 1)) - o), = (F pres. special pb's)
= (t' -, a) - o = (def t')
= ((t - Vet p«) - Py, @) - O = (F presheaf)
= ((t - (Vetkrn) px © py,), a) - o = (Lemma 14.4.5)
= ((t - (B, 0 Vgthingp«), a) - o = (F presheaf)
= ((t- By) * Vetrngp=, a) - O = (assumption on a and t)
— ((a-dYW)*) - vowingp-, a) - o = (F presheaf)
= (a - ( B o Voktngps ), @) - Op = (F pres. special pb's)
= (a- [dgji* O Vg(hiygp+s lmp+|) - ok = (F' presheaf)
=a- ([dé_jD)* O Vg(hiygp+s lmp+] 0 0) = (Lemma 14.4.6)
= a - lgp+ = (F presheaf)
= a.

Uniqueness. Now suppose that we have two elements b, b’ € F(=mP™*) such
that d® (b) =t = d® (¥') and p(b) = a = p(V'). Then, using Lemma 14.4
7 and the assumption, we have (we won’t mention that we use the fact that
F'is a sheaf anymore)

b = (Lemma 14.4.7)

=b- ([dgﬁ)’* O Ve(ht1) pry Mgl © () =
= ((b-d¥™) - vogern pe, b+ p) - (Oem) = (assumption on b and ¥)
= (V- dB") - vewrnpe, - ) - () =
=10 ([dﬁf)’* O Vg(kt1) pry U] © (Omm)) = (Lemma 14.4.7)
=10

So the element with these properties is unique. O
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Lemma 14.6. Let ' : (pOpeCard,)” — Set be a special pullback
preserving functor, P a positive opetope of dimension n. Then, for any 0 <
k < n, F preserves the following pullback in (pOpeCard,,)?

(k). *
Yo o ®)

d) p

Md(’“)P* ‘ P
ok

J* %

;&’

d(k)7*

Proof. The proof is by double induction, on the dimension n of the posi-
tive opetopic P, and k£ < n. Note that if £ = 0, then, for any n > 0, the ver-
tical arrows in (8) are isomorphisms, so any functor from (pOpeCard,,)°”
sends (8) to a pullback. This shows in particular that the Lemma holds for
n = 1. As we already mentioned, if £ = n — 1, the square (8) is an arbitrary
special pushout.

Thus, we assume that F' : (pOpeCard,,)? — Set is a special pull-
back preserving functor, and that P is a positive opetope of dimension n,
0 < k < n, F preserves the pullback (8). Moreover, for m < n and the
positive opetope () of dimension m, F' preserves the principal pullback in
(pOpeCard,,)?:

(m—1),%
d? Q)
dQ* Q Q* d(m—l)Q* > EEJQ*

— (m—1) )= *
pd9 e pdm e =
m—1,* m,* am—l,* - o™

07 ’ d:.. a d(m—l),*

We shall show that F' preserves the pullback
(k+1),*
Ay 9)

d*+D pr EP*
d(k+1) p* ER2P*
Iz 1%
k+1,% - T
a'I’L

- 280 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

in (pOpeCard,,)??, as well. In the following diagram (most of the sub-
scripts and some superscripts were suppressed for clarity):

k+1),%
> d(k+1)P* d( ) > IEZIP*
Bt I [
k+1 d+b-
K clk+l) p* > P
m d’ Q0
d® p~ Iz
I I II
o
* d(k)’*
@k+1 * d Oék * > a’iL *
d(k:—l—l),*

all the squares and triangles commute. Moreover, F' sends the squares 7, /1,
117 to pullbacks in Set: I by Lemma 14.5, 11 by inductive hypothesis for
k, I1T by inductive hypothesis since dim(c**1)P) < n.
Let f : X — F(d**UP*)and g : X — F(a™*) be functions such
that
F(ud™™) o f = F(d3) o

Since F' applied to /1 is a pullback in Set, and all squares and triangles in
the above diagram commute, there is a unique function h; : X — F(emP*)
such that

F(dE>Yohy = F(d: g p)oF(Byiy)of and  F(pE Yohy = g. (10)
To get a unique function hy : X — F'(==2P*) such that
F(dgop™)ohy = [ and  F(p) © hy = hy, (11)

we use the fact that F' sends /71 to a pullback in Set. The application of
F' to the diagram above will give the following diagram in Set, where we
added the additional functions f, g, hq, and hs:
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f
Y F d(k+1),*
F(d*+D pr) ( ) F(zP*) ha
hy
F(Byi1) F(p)
\ 4 F(d(k+1)’*) \ 4
F(p) F(ct)P) - F(mmP")
F(d*)
F(p) F(d® p*) F(w) 9
F(p)
\ F d* Y F(d(k) *) Y
F(ak+1,*) ( ) . F(Oék’*) F(Ckn *) «
F(d®+1)
Thus in order to verify that
F(Bry) o f = F(dgge™) o Iy
and to get ho satisfying (11), it is enough to verify that
F(ue™" ) 0 F(Byia) o f = F(ue™ ") o F(dggp' ) o b (12)
and
F(dgunp) 0 F(Brin) o f = F(djump) 0 F(dggp ) o b (13)

For (12), we have
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(™) o F (W) o hy =

(uc(k+l)P*) o F(di(%l_’_Pl)*) o h17

F
F

and for (13), we have

F(d;k;(k—Fl)P) © F(Bkﬂ) of=

= F(dgp) © hn =
— F(A ey p) 0 F(AL™Y 0 g

By uniqueness of both A; and hs, hs is the unique function such that

At ohy = f and  p= o hy =g,

i.e., ' sends (9) to a pullback in Set, as required. O

15. A full nerve of w-categories

Let S denote the category of simple w-categories, described in [15]. It was
proved there that any simple w-category is isomorphic to one of form (a%)*
for some ud-vector u. In fact what we need here is that any simple w-
category can be obtained from those of form (a”)*, with n € w, via special
pushouts. For more details the reader should consult [15].

As every simple w-category is a positive opetopic cardinal (considered
as an w-category), we have a full inclusion functor

k:S — pOpeCard,

whose essential image is spanned by the opetopic cardinals all of whose
faces are globular.

In [15] we have shown that sPb(S°P, Set), the category of special pull-
backs preserving functors from the dual of S to Set, is equivalent to the
category w-categories. We have in fact an adjoint equivalence

wCat ~ sPb(S, Set)
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where R
C:8%° — Set

is given by

C(A) = wCat(A, ),
where A is a simple w-category.

Proposition 15.1. The adjunction

Rany

S pOI@rdw

k*
restricts to an equivalence of categories.

Rany

sPb(S, Set) " sPb((pOpeCard,,), Set)

k*

where sPb((pOpeCard, ), Set) is the category of the special pullbacks
preserving functors.

Proof. First we shall describe the adjunction in details.
The counit. Let G be a functor in sPb(S°, Set) and A be a simple

w-category. We have a functor
A
(kA T, v G g

with the limit, say (Lim(G o ), o). Then the counit (¢¢) 4 is

A
o1,

(eq)a : (Rany(G) ok)(A) = Lim(G o 74) G(A)

As k is full and faithful®®, for any G, ¢ is an iso. Thus ¢ is an iso.

The unit. Let /" be a functor in sPb((pOpeCard,,)?, Set), T a positive
opetopic cardinal. We have a functor

26This condition translates to the fact that 14 is the initial object in (k | A)°P and there-

fore that we have an iso o, : Lim(G o ) =2 Gom(14) = G(A).
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T*
(k| T*)? T+ S K hopeCard, & Set

with the limit, say (Lim(F ok o 717),¢1"). Then the unit (1g)7- is the
unique morphism into the limit:

F(T*) () - - Rany(F i k)(T)
F(b) Lim(F ok on™)
Fla 07 .
: F(4) J‘ F(B)

where the triangle in pOpeCard,,

VAN

f

A B

commutes.

Note that, as F' preserves special pullbacks, and any simple w-category
can be obtained from those of form o” with n € w, we can restrict the
limiting cone (Lim(F okon®"),o1") to the objects of form o™, withn € w.

After this observation we shall prove, by induction on the size of a posi-
tive opetopic cardinal 7, that (ng)r- is an iso.

If dim(T) < 1, then (ng )7+ is obviously an iso.

Suppose T is not principal, i.e., we have a € Sd(T), for some k € w. By
inductive hypothesis the morphisms

(MF)(@sey,  (NF)ewy(riayss  (MF)(Trey

are i1sos, and the square

Tt

Tte

C(k) (T\lfa)
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is a special pushout (see Proposition 6.2) which is sent by [’ to a pullback.
Hence the morphism

(TIF)T* = (UF)(T¢a)* X (UF)(T“)*

is indeed an iso in this case.
If T is principal and T' = (a™)*, then the category (k | (a™)*)° has the
initial object 1(4n)«, so the morphism

(nF)(@amy- = F((a")) — Ran(F o k)((a")")

1S an iso.
Finally, let us assume that 7" (= P) is any positive opetope of dimension
n. Thus, by Corollary 14.2, we have a principal pushout

d*
(dP)* P p
“dP [,LP
(") — g (")’

which, by Theorem 14.3, is preserved by F'. By induction hypothesis the
morphisms

(Mr)@py- (M) @@an—1)- (NF)(an)~
are 1s0s, so we have that the morphism
(nr)p = (NF)@py X (NF)(an)-
1s an 1so, as well. O

Corollary 15.2. We have a commuting triangle of adjoint equivalences
wCat

=) (=)

sPb((pOpeCard,,)?, Set). " sPb(S°, Set)
Rany
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In particular, the categories wCat and sPb((pOpeCard, )%, Set) are
equivalent.

—_——

Proof. 1t is enough to show that in the above diagram k* o (—) = (—).
But this is clear. O

16. A monadic adjunction

In this section we show that the inclusion functor e : pPoly — wC'at has
a right adjoint which is monadic.

First we will give an outline of the proof. Consider the following diagram
of categories and functors

pPoly € - wCat

)| )

sPb((pOpeCard)®, Set)

4

> sPb((pOpeCard,,)?, Set)

Lcmj

-« P

J

where e is just an inclusion of positive-to-one polygraphs into w-categories
and j = (—)* : pOpeCard — pOpeCard, is the essentially surjective
inclusion functor. We have already shown (Proposition 13.4, Corollary 15.2)
that the vertical functors constitute two adjoint equivalences. The proof that
e has a right adjoint takes a few steps. We begin by presenting Lan; as a
familially representable functor (or local right adjoint). Then we check that
Lan; is well defined, i.e., we will check that the functor Lan;(F'), the left
Kan extension of special pullbacks preserving functor F', preserves SIEC\ial

pullbacks. Next we shall check that the above square commutes, i.e., (—) o

—_—

e = Lan; o (—). This will reduce the problem of monadicity of wCat over

pOpe to verification whether j*, the left adjoint to Lan;, is monadic. The
last statement 1s verified directly checking assumptions of Beck’s monadicity
theorem.

We describe the left Kan extension along j in a convenient way, c.f. [12],
as a familially representable functor.
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Proposition 16.1. The functor of left Kan extension
Lan; : pO@ard o pOI@rdw
along the functor
j : pOpeCard — pOpeCard,,

is defined, for F' € pOp/eEard, as follows. For a positive opetopic cardinal
S, we have

Lan;(F)(S*) = Ha:S*—>T* imner T (1) : B(T)

where the coproduct is taken over all up to iso inner maps in pOpeCard,,
with the domain S*, with the coprojections as shown.

If h : ST — 53 is an w-functor and as : S5 — T is inner, by Lemma
10.3, we can form a diagram

SN gy

T ———— 15

(n')”
with ay inner and h' a map of positive opetopic cardinals, i.e., the map (h')*
is an outer map. Lcmj(h) is so defined that, for any h, b/, a1, ay as above,
the diagram

S
* ’%GQ
LanJ(F)(S2) - Hag:SS—)Tg inner F(T2) < F(T2)

Lan;(F)(h) ()

LG?%(F)(ST) — HaySi‘—)Tl* inner F<T1) < g F(Tl)

1
Raq

commutes.

Proof. Fix F' in sPb((pOpeCard,)?, Set) for the whole proof. Let
S be a positive opetopic cardinal. Then Lan;(F')(S) is the colimit of the
following functor
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S
i? | S ™ (pOpeCard)” L+ Set,

ie., Lani(F)(S) = (Fon® o). Amap f : a — binj* | S,is a
commuting triangle

o N\
Iy Iy
in pOpeCard,,, and hence by Lemma 10.3 we can take the inner-outer
factorizations, c.f. 10, of both a = (a”)*oa’ and b = (b")* o ¥/, with ¢’ and ¥’
inner maps. Then, again by Lemmal0.3, there is a morphism f’ : ¢’ — ¢’ in
pOpeCard which must be an iso. In this way we get a commuting diagram

/ S* /
oy Ny
@y | I

- N

ES

1y

in pOpeCard,,, which corresponds to the following part of the colimiting
cocone:

. Lanj(F')(S*)\F
() or F(N@
F(CLH) ‘ ‘F(b//)
F(Ty) - ) F(Ty)

Thus if there is a morphism f : a — b between two objects in j°7 | S, we
have a commuting diagram

a/
AN
-

“f
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in j°7 | S with o’ being the inner part of both @ and b. There are no other
comparison maps between these objects. But this says that in fact
K
La’nj (F)(S*) - Ha:S*—)T* inner F(T) < 5 F(T)7

where the coproduct is taken over all (up to iso) inner maps with the domain
S*, with the coprojections as shown.

To define Lan;(F') on morphisms, fix an w-functor h : S; — S5 in
pOpeCard and an inner map a, : S; — 75. By Lemma 10.3, we can form
a diagram

SN gy
alk \CLQ
T ——— 1T
Ly

with a; inner and (h')* outer. Lan;(h) is so defined that, for any /', a4, a; as
above, the diagram
S3
* Ka
Lan;(F)(53) = HGQ:S;—)T; inmer £(12) = : F(T3)

Lany(F)(h) F(h)

LCLHJ(F)(ST) - HaySf—)Tl* inner F(Tl) ~ Sy F(Tl)
Ka1
commutes. This shows that the functor Lan; is a familially representable

functor. O

Lemma 16.2. The functor of the left Kan extension along j restricts to
Lan; : sPb((pOpeCard)?”, Set) — sPb((pOpeCard,,)?, Set),

i.e., whenever F . (pOpeCard)®” — Set preserves special pullbacks,
so does Lan;(F') : (pOpeCard,, ) — Set. Moreover, Lan; is the left
adjoint to

j* : sPb((pOpeCard,,)?”, Set) — sPb((pOpeCard)®, Set).

-290 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

Proof. Note that once the first part of the statement will be proved, the
part following ‘moreover’ will follow immediately.

Fix F' in sPb((pOpeCard)®, Set) for the whole proof. We shall use
the description of Lan;(F') from Proposition 16.1 to show that Lan;(F’) pre-
serves special pullbacks. So assume that S; and S, are positive opetopic

cardinals such that
c®(Sy) = d™(Sy),

i.e., we have a pushout

Sy il S1BrSs
(k) (S) ——— S
C 1 2
a

in pOpeCard. We need to show that the square

Lan;(F) (k1)

Lan;(F)(Sy) Lan;(F)(S1®xS2)
Lanj(F)(c?) Lan;(F)(k2)
Lan;(F)(c™(S)) Lan (F)(@®) Lan;(F)(S2)

CLTLj So

is a pullback in Set, i.e., that the square

Lan;(F)(k
Ha:Sf—)T* inner F(T) < J< )( 1) Ha:(51;k52)*—>T* inner F(T)
Lanj(F)(cg?) Lan;(F)(k2)
Ha:(c(k)(51))*—>T* inner F(T) < (k) Ha:S§—>T* inner F(T)
Lan;(F)(dg, )

is a pullback in Set. So suppose we have
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*

xy € F(Tl) = Ha:ST—)T* inner F<T)

*

xa € F(TQ) 2 Ha:SS—)T* inner F<T)

such that
Lany(F)(c)(21) = Lan;(F)(d®)(x2),

i.e., we have a commuting diagram in pOpeCard

(k) (k)
C d
g ey = @y — 220 L,
aj Qg a2
T* N T* > T*
! J1 e ?
such that

F(fi)(z1) = F(f2)(x2).

By Proposition 10.2,
c(k)al = Qg = d(k)

and the square

T - T,
f2 ?

1s a special pushout. We have a commuting diagram
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T
a aq @k a9
ag Y as v
///////’/TT V(jleBkjé)*
T* - T3

where the bottom square is the above square, and the top square is the one
we formed earlier. All the horizontal morphisms are outer. Since a; and a,
are inner, a,(S1) = 11 and as(Ss) = T3, we have

(a1 Bk a2)(S1 Bk S2) = a1(S1) B a2(S2) =11 By, 1,

ie., a; @ as : (S1®rS2)* —> (T1®BxT»)* is inner, as well. So in fact all
vertical morphisms in the above diagram are inner.

Suppose we have another inner map u and outer maps Y, x5 so that the
squares

* *
K1 Ko
St (51 @kSQ)* 5
a1 U a2
* * . *
Tl 1% > U h 1% T2
Ky Ko

commute. A diagram chasing shows that
1"* * Ik *
Ky o ffoar =Ky ofyoan

As inner-outer factorization is essentially unique, it follows that

Ko fi = Ko .
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By the universal property of the pushout (77®;75)*, we have an w-functor
v (TorTh) — U”
such that
K =uok] Ky=uok.
Then again, by a diagram chasing, we get
uo Kk; =vo (a1®raz) o Ky,

for i = 1,2. Hence, by universal property of the pushout (S;1P;S55)*, we
have that v = v o (a1 @y az). But both v and (a; @y, az) are inner so by
uniqueness of factorization, see Lemma 10.3, v must be an iso, as well. This

means that we need to find an
(S10552)*

K
VIS F(Tl Dk T2) (11r02) > Ha:(51®k52)*—>T* inner F(T)

such that
Lani(F)(k1)(x) = 1, Lani(F)(k)(z) = 2.

But F' sends special pushouts in pOpeCard to pullbacks in Set so the
square

F(T) Frm)

F(f1)
F(T)

F(T1®.T3)

F(r3)

Flpy L)

is a pullback in Set. Thus indeed there is a unique = € F(T1®,T5) such
that F'(k})(z) = x; for i = 1,2. This shows that Lan;(F') preserves special
pullbacks. 0O

Lemma 16.3. The following square

pPoly € ~wCat

— —_—

(=) (=)

sPb((pOpeCard), Set)

op
Lan; sPb((pOpeCard,,)?, Set)
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commutes, up to an isomorphism.

Proof. We shall define two natural transformations ¢ and v which are
mutually inverse, i.e., for a positive-to-one polygraph () we define

Yo
Lan; (pPoly((—)",Q)) wCat((—)", Q).
(26
Leta : S* — T be an inner map and g : T — () be a polygraph map,
1.e., g 1s in the following coproduct/

KJS

g € pPoly(T*,Q) a [ls . p+ iuner PPOLY(R*, Q).

Then we put
valg) = goa.

On the other hand, for an w-functor f : S* — @ € wCat(S*,Q), by
Proposition 12.2.4, we have a factorization

f

S* Q
f’m\ /Tf(g)
Ty s)
Then we put
S*
K:fin

wQ(f) — Tf(S) < pPOly(T}k(S)7 Q) HS*—)R* inner pPOlY(R*, Q)

The fact that these transformations are mutually inverse follows from the fact
that the above factorization is essentially unique.

The verifications that these transformations are natural is left for the
reader. O

Theorem 16.4. The functor
j* : sPb((pOpeCard,,)”, Set) — sPb((pOpeCard)?, Set)

is monadic.
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Proof. 'We are going to verify Beck’s conditions for monadicity. As j
is essentially surjective, j* is conservative. By Lemma 16.2, the adjunction
Lan; - j* restricts to the above categories. So j* has a left adjoint. It remains
to show that sPb((pOpeCard,,)?, Set) has coequalizers of j*-contractible
coequalizer pairs and that j* preserves them. To this aim, let us assume that
we have a parallel pair

F
A B
G
of morphisms in sPb((pOpeCard,, ), Set) such that
F_y-
A(=)) b B(()) e
G ’

is a split coequalizer in sPb((pOpeCard)?, Set), i.e., the following equa-
tions

gos=1g qoGry=qoF iy F_yot=1p()y) Gryot=s0¢q
hold. We are going to construct a special pullbacks preserving functor
C : (pOpeCard,,)” — Set
and a natural transformation
H:B—C

so that the diagram in sPb((pOpeCard,, ), Set)

F
A B
G

H

C

is a coequalizer, and H_) = q.
The functor C' on a morphism f : T} — T3 is defined as in the diagram
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Q(Th) Q(Tz)
STy \ ‘QTQ
B(T7) By B(T3)

ie., C(T;) = Q(T;), fori = 1,2and C(f) = qr, o B(f) o s1,-
The natural transformation H is given by

Hrp« = qr,
for T' € pOpeCard. It remains to verify that
1. C'is a functor;
2. H is a natural transformation;
3. C((-)) = s
4. H_y- = q;
5. C preserves the special pullbacks;

6. H is a coequalizer.

Ad 1. Let

A R
be a pair of morphisms in pOpeCard,,. We calculate

C(g) o C(f) = qry © B(g) © 51, © qr, © B(f) 0 57, =

=g, 0 B(g9) o Gy oty 0 B(f) o sy, =
= qr; © Gy © A(g) o tr, © B(
= qr; © Fry 0 A(g) o tr, o B(f
(

= qr, 0 B(g) o Fiz o tr, o B(f
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= qr, 0 B(g) o 1p(ry)- o B(f) o sy, =
= (4713 OB(g) OB(f)OSTl -
=qp, 0 B(fog)osy =C(foyg),

i.e., C preserves compositions. If 7" is a positive opetopic cardinal, we also
have

C(lp+) = qro B(1p+) o sp = qr o sp = 1oy = Lo,

i.e., C preserves identities, as well.
Ad 2. Let f : T — T} be a morphism in pOpeCard,,. We have

:C(f)Oqu :C(f)OHTl*a
1.e., H is a natural transformation.

Ad 3. Let f : T, — T3 be a morphism in pOpeCard. Thus q is
natural with respect to f. So we have

C(f*)ZQT2OB(f*)OST1 :Q(f)holoSTl :Q(f)01T1 :Q(f)7

i.e., C(_)* = Q
Ad 4. H_y- = q holds by definition.

Ad 5. Since special pullbacks involve only the outer morphisms (i.e.,
those that come from pOpeCard), and () preserves special pullbacks, so
does C'.

Ad 6. Finally, we shall show that H is a coequalizer. Letp : B — Z be
a natural transformation in sPb((pOpeCard,, ), Set) such that pF' = pG.
Weput k = s;p: C — Z, so that we have a diagram
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D k=s;p

Z

We need to wverify that k£ is a natural transformation in
sPb((pOpeCard,, ), Set), such that p = H;k. Then the unique-
ness of k will follow from the fact that ¢ is a split epi. Let f : Ty — T} be
a morphism in pOpeCard,,. Then

kry o C(f) = kry o gr, 0 B(f) o sy =

ZPT;OSTQOQTQOB(f)OSTl =
= pry o Gy oty 0 B(f) osp =
= pry o Fry oty 0 B(f) o sy =
=pry o B(f)osp =
:D(f)OPTl*OSTl :D(f)Ole*,

i.e., k is a natural transformation and hence H is indeed a coequalizer of F'
and GG in sPb((pOpeCard, ), Set), as required. O

Theorem 16.5. The nerve functor

—

(=) : wCat — sPb((pOpeCard)?, Set)
sending the w-category C' to the presheaf

wCat((—)*,C) : (pOpeCard)” — Set
is monadic.

Proof. This is obtained by combining the previous theorem with Corol-
laries 13.5 and 15.2. O
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Proposition 16.6. The functor
Lan; : sPb((pOpeCard)?, Set) — sPb((pOpeCard,,)?, Set)
preserves connected limits.

Proof. This is a consequence of Lemma 16.1, where Lan;

pO@ard o pO@rdw is described as a familially representable
functor. In particular, it preserves connected limits. The above functor is a
restriction of a familially representable functor to the category of functors
preserving special pullbacks. Since limits commute with limits, the functor

Lan; : sPb((pOpeCard)?, Set) — sPb((pOpeCard,,)?, Set)
preserves the connected limits, as well. O

Theorem 16.7. The embedding functor
e : pPoly — wClat

preserves connected limits. O

Proof. This follows immediately from Propositions 13.4, 16.6, Lemma
16.3 and Corollary 15.2. O

17. More on monadic adjunctions and distributive laws

We have shown that wC'at is monadic over pPoly with the free functor
being the embedding pPoly — wCat. We also know that the category
of positive-to-one polygraphs is equivalent to the category of presheaves
on pOpe and to the subcategory of special pullback wving functors

sPb((pOpeCard)?, Set) of the presheaf category pOpeCard. Because
of the last equivalence we shall freely use the notation X (()) when X is a
presheaf on pPoly and () ranges over all positive opetopic cardinals. In
this section we shall describe explicitly the whole strongly cartesian monad

(T, Nws 1) ON @ whose category of algebras is equivalent to wClat.
We also show that this monad decomposes into two other strongly carte-
sian monads of ‘pure composition’ (7,7, it.) and of ‘adding identities’
(T,,m,, it.), in analogy with the decomposition of the strongly cartesian free
monoid monad 7,,,, into free semigroup monad and pointed set monad, c.f.
[3, p. 258]. In particular, the nerve theorem, c.f. [17, 6], applies.
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The monad 7,

We write P -& () to indicate that the map q is inner, i.e., it is an w-functor
between w-categories P* and Q* so that ¢(P) = Q. Letu : X — Y be a
map of presheaves on pOpe, and S be a positive opetope. Then T;,(X)(.S)
is given by the coproduct " T,,(X)(S) =

[T X(@) ={{z.¢)|S 4 Q € pOpeCard, z:Q — X € X(Q)},
S Q

with coprojections

Moreover we set
To(X)s + T(X)(S) — T (X)(S")

(x,q) = (zo f',q),

where (¢, f') is the inner-outer factorization of g o f

S’ f S
SR
QT’Q

and
Tio(u)s : To(X)(S) — TL(Y)(S)

(z,q) = (uox,q).

27(PLC) For example, Q) can be of the form S; @®,, S2, with S;, So opetopes of the same
dimension n as S, with ¢ mapping the generator S' to the free composite of the generators
S and Ss, so that an element of X (Q)) is a pair of an element in X (S;) and an element in
X (S2). Then the (@, ¢)-component of a T,,-algebra « will provide an actual composition
of these elements.
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The iteration 72(X)(.S) is given by the coproduct

2x) 9 =11 [] X@) =

s&r ReQ

— {(2,0,4)|S % R,R-% Q € pOpeCard, z € X(Q)},
with coprojections
ey X(R)— [ ]I X(R) =T2(X)(5)
s&qo QSR
X(R) 2z (2,q,¢).

The unit is given by

() x)s = Kigg : X(8) — T(X)(S) = [] X(Q)
()

X(S) 3z (x,ids)

and the multiplication is the unique map commuting with the following co-
projections

22(0)(8) =y, g, X(R) W) T, X(R) = TL(0(S)

1.€.,
(z.q,q) = (z.q04).
The factorization of a morphism

f:P—T,(1)

through an inner map ¢y is

P

qf TW(Qf)—'Tw(l)v

where ¢; = fp(idp).
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The comparison functor K

Now we will describe the comparison functors between the category of w-

categories wCat and the category of 7;,-algebras IY)E: “, ie., we shall
define the functor K in the diagram

< L T
wCat . pOpe
i%6 PYp
RN P
pOpe

and its left adjoint L. 28

If H:C — C'is an w-functor, and f : S — S’ a morphism in pOpe,
then
K(C)(S) = wCat(S*,C),

and

K(C)(f): K(C)(5) = K(C)(S)
h:S"—=Cw~ hof.

Moreover, the 7;,-algebra map
S : Tu(K(C)) — K(C),
for S € pOpe is given by
(&e)s : Tu(K(C))(S) — K(C)(S)

(S48 8Ly hog: S* = C.
In particular, for P, S € pOpe,

—_—

Z(PLC) Here, in reference to Section 1, we can set F,, = e o (=) o Rany, i.e., F, is e

up to the characterization of pPoly as @. One can chase a candidate for N similarly.
One then could embark on proving the commutation of the triangles, which could provide
an alternative direct proof of the monadicity result of Section 16.
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K(P)(S) = I x,pOpe(S, P)
{(h,k)|h: S S, k.S — P cpOpe}

T.,(P)(S).

e 1 1i

For an w-functor f : P* — )* in pOpe_, the map
K(f) : Tu(P)(S) — T.(Q)(S)
is given by
(g: S S x:5 =>Py—{(d:5e 5" 2:5 —Q),
where (¢, 2') is the inner-outer factorization of the map in pOpe,

q S,* .CU* . P* f . Q*

S*

The comparison functor L

Below we describe explicitly the left adjoint, the essential inverse to the
functor K.

For a T,,-algebra (X, ¢ : T,,(X) — X), the w-category L((X,¢) is de-
fined as follows. The set of n-cells is

L(X,&), = X(a"),
and the map
Mp e @ X (") X xor) X(a") = X (a"™F™) — X (a™),

composing n-cells compatible over dimension £ is the composition of the
maps

n,k.n /{m”’kvn n gan n
X(a™mm) T,(X)(a") To,(am).

Moreover, as there is a unique map from a” to any opetopic cardinal ()
of dimension less or equal n a"-¢ (), we have

L(T.(P))n =T.(P)(@") = ] pOpe(s',P).

din(S")<n
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Generic maps and the generic closure.

Recall the notion of a 7,,-generic map from [17, 6].

Letg: P — T,(D) be amap in pOpe. Then we have a unique exten-
sion g as in the diagram

The morphism g : P — T,,(D) is T,,-generic iff z is an isomorphism, where
Gplidp) = (P -6 P'.P' 5 D).

To see this, consider maps w — T,,(X),v: Q — Y andu: X — Yin
pOpe, so that the diagram

P Y T (X)
g

Q) 7

commutes. Then if w(idp) = (¢’,2') withz = 2’ o¢ : P — X, and
g(idp) = (q,idg), then the above commutation is equivalent to the commu-
tation of the square

P L X
|
Q 5 Y

Since (g, v) is an inner-outer factorization and w is outer, there is an outer
map d : (Q — X making the square commute. Hence T;,(d) is the lift in the
previous square showing that g is indeed generic. Moreover, if z as above is
not an isomorphism then we do not have a lifting d in general, and hence g
1S not a generic morphism.
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Thus, since any positive opetopic cardinal is a codomain of a 7,,-generic
map whose domain is a positive opetope, in fact a”, for some n € w, see
page 242, the T ,-generic closure of pOpe consists of all opetopic cardinals,
1.e., pOpeCard is the 7 ,-closure of pOpe.

T, as a local right adjoint

The functor 7, is a local right adjoint as it is familialy representable. Below
we describe explicitly the left adjoint L., ; to the functor

T..1: pOpe — pOpe/T,(1).
Let7: X — T,(1) be an object of @/Tw(l). We have a functor
Dx : X — Iﬁ;e

pOpe
such that the image of a morphism

p—t ——p
X

in prpeX is the map Dx(f) : Dx(P,h) — Dx(P’, 1) defined from the
diagram

P L . p
DN
q X q
(P, h) DX( (P 1)
N |
7.,(1)
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where (g, h) is an inner-outer factorization of 7 o h, (¢/, h') is an inner-outer
factorization of 7w o b/, and Dx(f) is the unique map making the whole
diagram commute. Then L, ; (X, ) is the colimit of the functor Dx.

The distributive law.

If we replace in the above formulas the inner maps by inner epis (resp.
inner monos), we still get strongly cartesian monads (73, ,, .., flw..)

(To.c5 Nw,cs Pwc)) ON If)Fe. These monads do compose to the monad
(T, Nw, 14w )- This is because there is a (cartesian) distributive law

/\w . Tw,c o Tw,L — Tw,L o Tw,c-

For X in @ and S in pOpe, both ((T},.0T,,,)x)sand ((T,,, 0T, ) x)s
are given by double coproducts with coprojections as displayed

oit X(R)— ] [l X(B) = ((TucoTu)x)s

S-8 Q mono Qei R epi

ot X(R)— ] [T X(®)=(Tu.o0Tuox)s.

Sg; Q' ept Q’Q,R mono
The component
(()\w)X)S . ((Tw,c % Tw,L)X)S — ((Tw,L % Tw,c)X)S

of the distributive law )\, is the unique map making all the following trian-
gles

Aw
HS&Q mono HQ@R epi X(R) <( )X>S ” HSE; Q' epi Q’Q;R mono X(R)
X(R)

commute, where €/, m’ is the epi-mono factorization of the inner map e o m,
i.e., we have the following square of inner epi’s and mono’s in pOpe,

- 307 -



M. ZAWADOWSKI POSITIVE OPETOPIC CARDINALS

ST, Q

O B

that commutes.

All the above constructions and consideratiwn be to truncated to the
level n, for n € w. Thus nCat is monadic over pOpe,, and the corresponding
monad (7}, N, iin ), the n-truncation of the monad (73,7, i) is strongly
cartesian decomposing into two strongly cartesian monads (7}, ,, M., fin..)
and (7}, ¢, Mn.c, tin.c), related by a distributive law

)\n : Tn,c o Tn,a — Tn,L o Tn,ca

so that we have
Tn - Tn,L o Tmc

as monads.

18. Appendix: a definition of positive-to-one polygraphs

The category of positive-to-one polygraphs pPoly, a replete subcategory
of the category of w-categories wClat, is a limit of a tower of categories of
positive-to-one polygraphs of dimension n pPoly,,, replete subcategories of
the category of n-categories nCat. Thus we shall describe a diagram
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Puw

pPoly - wCat

pPoly, ., _ Pt (n+ 1)Cat

tr, try,
pPoly,, o - nCat
pPoly, 1 ~ Cat
tro trg
pPoly, 20 ~ Set

Having defined the subcategory pPoly, of nCat, we define the category
CatPoly,,, to be a non-full subcategory of the category of (n + 1)-
categories (n + 1)Cat such that an (n + 1)-category C' is an object of
CatPoly,, ,, iff its truncation to nCat is in pPoly,, and an (n + 1)-functor
J :C — Dis CatPoly,_, iff its truncation to nCat is in pPoly,,.

The first two stages of the above tower are built as follows.

Set < Dy pPoly, 1 ~ CatPoly, L Cat
=/ /F///
Set | Dg ///// U tro 7o
|—h / \
Set pP(V)ly0 %0 CatI;OIyO T» S‘et

The categories pPoly0 and CatPoly are the category of sets, the func-
tors oy and )y are the identity on Set, and the functor D, sends set X to its
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product X x X. CatPoly, is Cat and 7/; is an identity on Cat. Having
this data, we form a comma category Set | Dy with projections

| —|1: Set { Dy — Set and ty: Set | Dy — pPoly,.

There is a forgetful functor from U; : CatPoly, = Cat — Set | D, send-
ing a category (C,d, ¢, 0,7) to (C,d, ¢). The functor U; has a left adjoint F
building a free category on a graph. Then pPoly, is the replete subcategory
of Cat such that

—1

Set | Dy (=) ~ pPoly, 1 ~ Cat

is a full and faithful/essentially surjective factorization. Thus pPoly, is a
category of free categories over graphs with functors that send generating
morphisms to generating morphisms. Finally, we define the functor

D, : pPoly, — Set

X—={{z,y)€ Xy | z||y, y is a generator and z is a non-identity morphism},

i.e., sending a free category X to the set of parallel pairs of morphisms (x, 3},
i.e., d(z) = d(y) and c¢(z) = ¢(y), noted z||y, such that y is a generating
morphism and z is a non-identity morphism.

The inductive stage in the construction of the above tower is similar to
the second one.

Set « Dni1 pPoly, ., . Potl CatPoly,, Y1 (n+1)Cat
—n+1 nt1
R e
/
Set | D, Unt1 try, try,
|_wii5//// \\\\\\x
Set pPoly,, » CatPoly, ——— nCat

¥n Un

Having defined the subcategory pPoly, of nCat and the functor D,,
pPoly, — Set, we built the other parts of the above diagram. We form
a comma category Set | D,, with projections

| — |ny1: Set | D, — Set  and t,: Set | D, — pPoly,.
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There is a forgetful functor from U, : CatPoly, , — Set | U, send-
ing an (n + 1)-category C in CatPoly, , to its n-truncation together
with the set of (n + 1)-cells and functions assigning their domains and
codomains. The functor U, has a left adjoint F},, — building free (n+1))-
categories.Then pPoly,, ., is the replete subcategory of CatPoly,_; such
that

n+1
Set | D,, (=) ~ pPoly,, ., _ Pnil CatPoly,

is a full and faithful/essentially surjective factorization. Thus pPoly, ,; isa
category of free (n+ 1)-categories whose generators/indeterminates are cells
of positive-to-one shapes, and of (n + 1)-functors that send indeterminates
to indeterminates. 2 Finally, we define the functor

Dy :pPoly, ., — Set

X — {(z,y) € X,,y1| z|ly, vy indeterminate , x non-identity cell},

i.e., sending a free category X to the set of parallel pairs of cells (z,y), i.e.,
d(x) = d(y) and c¢(x) = ¢(y), noted x||y, such that y is an indeterminate and
 is a non-identity map.>°
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